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Introduction

These notes go over the 168 questions that PhD students in the Astrophysics Division of MIT’s Physics
Department are expected to know in preparation for their oral qualifying exam. The list of questions is
updated for the 2023-2024 academic year, and covers all areas of astrophysics from the solar system
to large scale structure and cosmology. I have written these notes primarily for my own sake while
studying these questions, and have borrowed a lot of materials from previous generations of students’
notes, but perhaps they may be useful for others studying in the future. The appendices in particular
(§12.1}-812.12) may be useful as a quick reference for various information like constants, acronyms,
telescopes, filters, notations, and a few topics that I felt warranted further expansion beyond what
was covered in the questions themselves.

Conventions
Unit System:

Throughout these notes, I utilize the CGS (centimeter-gram-second) system of units since it is the
most commonly used system in the current astrophysics community. This includes electromagnetism,
where I use the CGS standard Gaussian units instead of SI units. This means that some E&M formulae
may look foreign to students who have primarily worked in SI units (which use MKS, meter-kilogram-
second, as a base). I personally find the Gaussian system more elegant, as it removes the factors of
€, and u, that pop up frequently in SI units, and it also puts the E and B fields on equal grounds,
measuring them both in the same units. These units are also supplemented by commonly used units in
astrophysics, such as the solar mass (M), parsec (pc), gigayear (Gyr), kilometer per second (kms™),
angstrom (A), Jansky (Jy), etc. For definitions and conversions for some of these non-standard units,

see 812.1|in the Appendix.
Notations and Normalizations:

I adopt the common convention of denoting vectors as bold, non-italicized characters. For example,
v is a vector which has a scalar magnitude of v = |v]|.

For the Fourier transform, I adopt the symmetric normalization:

F 1 ~ —iwt - _ L oo iot £
f(w)_EJ_oodte f(t) f(t)—mj_oodwe f(w)

Relativity Conventions:

Explicit relativistic calculations do not pop up frequently in these notes, but for the few instances
where they do, I always write 4-vectors with the index notation, i.e. x*. The time component of 4-
vectors is always the 0-component, and I use the “mostly positive” (—,+,+,+) Mike Wazowski metri

100 0
0 100

= n*’ =

Nuy =M 0 01 0
0 00 1

For the index notation on tensors, the first index always labels the rows of the matrix and the second
index always labels the columns of the matrix.

!More commonly known by the boring name of the Minkowski metric

7



Before continuing, I also must warn you to turn back now, for your own sanity.

STOP DOING ASTROPHYSICS

* THE UNIVERSE WAS NOT SUPPOSED TO BE UNDERSTOOD BY MORTALS

* CENTURIES OF OBSERVING yet NO REAL-WORLD USE FOUND for any
object that is LIGHTYEARS AWAY or any law beyond an EMPIRICAL
POWER LAW

* Wanted to look at further objects anyways for a laugh? We had a tool
for that: It was called “STONEHENGE”

* “This star has a brightness of -23 magnitudes”; “An early-type galaxy is
older than a late-type galaxy”; “Yes, radio jets can appear to move
faster than the speed of light”; “Man, SDSS J0944-0038 sure looks
beautiful today!”; “Over 70% of the matter in the universe is some
kind of ‘dark matter’ that we can’t see.” — Statements dreamed up by
the utterly deranged.

LOOK at what Astrophysicists have been demanding your respect for all
this time, with all the telescopes and satellites we built for them

(This is REAL Astrophysics, done by REAL Astrophysicists):

4.5

4.0

3.5

r (Ro)

N

297 LR,
I 06081 152 3 4 567890 1520 50

?2297?22797 —

P22277?722292722297727222?

8tG

“Hello I would like G, + Ag,, = —T,

— Ly curvature please”

They have played us for absolute fools

If you're still undeterred, then continue at your own risk.



1 The Solar System




1. Describe, qualitatively, the standard model for the formation of the solar
system, and discuss observational evidence for this model. Describe obser-
vations of exoplanets that have challenged this simple picture as a universal
explanation for planet formation.

Formation Model:
The Sun, Protoplanetary Disk, and Planets

1. A dense cloud of molecular Hydrogen becomes Jeans-unstable and collapses under its own
weight. Since the cloud is denser at the center, it collapses inside-out, forming a protostar
which contains most of the mass of the cloud.

2. Released gravitational energy increases temperatures in the protostar until it reaches hydro-
static equilibrium. Eventually it gets hot enough to start fusing deuterium (*H), and then
Hydrogen (‘H).

3. The outer parts of the cloud can be prevented from reaching the center if they have some
amount of rotation, which causes them to instead form a protoplanetary disk around the
protostar. Even a very slowly rotating cloud would contain much more angular momentum
than the star could contain without breaking up, so most of the angular momentum remains
in the disk.

4. As the protoplanetary disk cools, pm-sized silicate, iron, and water-ice grains condense out
of the gas at different temperatures (i.e. different distances from the star). The star’s gravity
causes these grains to fall toward the midplane of the disk, causing collisional growth up to
mm-cm. Further growth up to km sized planetesimals then occurs through collisions with
other grains in the disk.

5. Motions of sub-cm grains are strongly coupled to the gas, which rotates sub-Keplerian due to
an outward pressure gradient in the disk. Larger planetesimals will be at Keplerian speeds and
thus encounter a headwind, causing them to lose angular momentum and migrate inwards.

6. Growth of planetesimals into planetary embryos (the largest planetesimals in different regions
of the disk) is dominated by gravitational interactions, which depend on both the relative ve-
locities and escape velocities of planetesimals. If the relative velocities are small relative to the
escape velocities, the largest members of the population grow most rapidly, leading to runaway
growth.

7. For the terrestrial planets, protoatmospheres can form once they are large enough (~0.01 M)
by degassing of accreted planetesimals. Optically thick protoatmospheres can trap heat in a
blanketing effect, melting the planetary surface and causing differentiation. The present-day
atmospheres were probably formed near the end of the accretionary epoch from outgassing
of the hot planet and small planetesimal impacts. Solar winds prevent them from accreting
massive atmospheres like the giant planets.

8. For the giant planets, once they become massive enough (several M), they accumulate sub-
stantial envelopes of gas from the surrounding protoplanetary disk. Runaway gas accretion can
occur once the protoplanet is massive enough to gravitationally compress its gas envelope.

9. Planetary orbits can migrate towards or away from their star through angular momentum ex-
changes:

10



* Type I migration occurs when a planet is too small to clear a gap around its orbit and is
linearly proportional to the planet’s mass.

* Type II migration occurs when a planet has cleared its orbit, causing it to be dragged by
the disk as it viscously evolves.

Satellites

Regular satellites (with low-eccentricity prograde orbits) formed via accretion in a circum-
planetary disk of gas/dust around the planet’s equatorial plane.

Irregular satellites (high-eccentricity, high-inclination orbits, lower masses) were captured
from heliocentric orbits.

Ring systems form because tidal forces prevent accretion within an object’s Roche limit.

Earth’s Moon is peculiar, as it has a large mass ratio compared to Earth and its composition
more closely resembles that of Earth’s mantle than it does solar composition. Therefore, the
collision ejection theory states that a collision between Earth and a Mars-sized planetary
embryo ejected material into Earth’s orbit which then cooled and formed the Moon.

Asteroids and Comets

The asteroid belt between Mars and Jupiter likely formed due to resonant perturbations from
Jupiter which excited eccentricities and inclinations of asteroid zone planetesimals, preventing
them from accreting. Much of the material may have been scattered into Jupiter-crossing orbits
and ejected from the Solar System.

Trojan asteroids (60° ahead of and behind Jupiter in its orbit) likely were moved there from
the asteroid belt due to changes in Jupiter’s orbit over time.

Comets’ highly volatile composition means they formed in the outermost parts of the proto-
planetary disk. The Kuiper belt consists of Kuiper belt objects which likely formed close to
their present locations.

The Oort cloud likely consists of planetesimals that formed closer to the Sun and were then
ejected by gravitational perturbations from the giant planets. Some Oort cloud comets may
have formed around other stars in the Sun’s birth cluster before being captured by the Solar
System.

Observational evidence:

In the Solar System today, > 98% of the angular momentum is contained in planetary orbits,
while 99.8% of the mass is in the Sun, supporting the molecular cloud collapse formation
channel.

The low-eccentricity, coplanar orbits of the Solar System planets are well explained by dynam-
ical models of planetesimal accretion within a protoplanetary disk.

Prograde planetary rotations of Jupiter and Saturn are a deterministic result from gas accretion.

Cratering of planetary surfaces as evidence for the sweeping up of debris in planetary formation
and an early high bombardment rate.

The masses and bulk compositions of the planets all generally align with expectations for for-
mation in a disk with decreasing temperature and surface density as a function of radius from
the Sun.

11



* Volcanic and tectonic activity as evidence of hot protoplanets and differential heating during
the accretionary epoch. Atmospheres of the rocky planets from outgassing.

* Radioisotope dating with 2°’Pb/2%°Pb puts the age of the Solar System at 4.568 Gyr.

Exoplanet challenges™:

* So-called “hot Jupiters” are giant planets in close-in orbits to their stars, which is difficult to
explain with current models. Migration speeds are expected to increase as a planet approaches
the star, so the chances of a giant planet migrating so close to its star without being completed
destroyed seem very unlikely. These orbits can also be inclined, which cannot be explained by
simple planet-disk interactions. It’s possible that they transitioned from highly eccentric orbits
to nearly circular ones through tidal interactions with the star near periapsis.

HOT JUPITERS, HOT JUPITERS EVERYWHERE

FORMATION = EXOPLANET
THEORISTS i $ OBSERVERS

12



2. Explain the steps that you would take to show that both the orbital period
and the total energy of a Keplerian orbit depend only on the semimajor axis,
and not on the orbital eccentricity.

Total Energy“: The total energy of an orbit can be written as

1 GM
E=T+U=Juv’- i (1.1)
r
1 1 ,., GM
= —uf2+ —,ur2¢2— # (1.2)
2 2 r
1 >  GM
= Zpit4 — — (1.3)
2 2ur? r

where M = m, + m, is the total mass, u = m;m,/(m; + m,) is the reduced mass, and £ = ur?¢ is
the angular momentum. Since energy is conserved, the energy at periapsis and apoapsis should be
equal. Using the equation of an ellipse with semimajor axis a and eccentricity e (see §12.9.1):

a(l—e?)
= - 1.4
() 1+ecos¢ (1.4
And
a(l—e?) a(l—e?)
rpn=——=a(l—e) , rpn=—"-=a(l+e) (1.5)
1 1—e
Plugging these in and equating them (with 7 = 0):
(2 1 GM
E(rmin/max) = o - a (16)
2uaz(l1+e)? a(l+e)
2 1 1 GM 1 1
[maaend s Ferit e an
2uazf (1+e)?2 (1—e)? a Ll14+e 1—e
(2 —4e —2e
— =GMu® 1.8
2a (1+e)2(1—e)? H 1—e2 (1.8)
Which, using (1 +e)?(1 —e)* = (1 —e?)?, gives
> =GMp2a(l—e?) (1.9)
Then plugging this result back into E(r,;,):
1 GMuy2a(1—eé? GM
_ 1 GMp*a(l—e) GMp (1.10)
2u  a?(1—e)? a(l—e)
1 1+e 1
=GMu| = — 1.11
M[Za(l—e) a(1—e)] ( )
The dependence on eccentricity all cancels out:
GM
E=-——"F (1.12)
2a

13



Orbital period“: The area that an object sweeps out over time in its orbit is

1 dA 1 14
dA=-rvdt — —=—-rv=—
2 dt 2 2U
The period, therefore, can be written as
A 2mabu

P = =
dA/dt l

(1.13)

(1.14)

where the semiminor axis b = av'1—e2. Squaring both sides and using the expression for £ from

(1.9):
p? 4m2a*(1—e*)u? _ 4n?a*(1—e*)u?
(2 a(1—e2)GM u?

Once again, the dependence on e cancels out and we are left with Kepler’s 3rd law:

2
_4n” 5

P?=—"qa
GM

14
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3. Calculate the approximate distance to the heliopause. Does the local inter-
stellar medium begin at this boundary? Explain.

The heliosphere is the space around the Solar System that contains magnetic fields and plasma

of solar origin. The heliopause is the boundary where the heliosphere meets with the interstellar
medium (ISM).

%o ayadend

2>

Heliosphere

“eaysoner

%
3
2
=
S

&

}-OO

o

Figure 1.1: Schematic diagram of the heliosphere (credit: NASA)

This boundary can be found by solving for where the solar wind pressure is equal to the ISM pressure.
The solar wind pressure is given by ram pressure:

Po(r) = p(r)v3(r) (1.17)

The only solar wind particles that will make it out of the heliopause will be at or above the escape
velocity of the Sun:

1 GmM
2 _TMWe _ (1.18)
2 esc,® R®

2GM,

Vv~ vesc,@ =

~ 600 kms™! (1.19)

(O]

We can use the mass loss rate of the Sun, M ~ 10714 M, yr', and conservation of mass to determine
the density of the solar wind at some radius:

M _ d—M(g)_l = i = 4np(r)r (1.20)
dr — dt \dt)  v(r) p )

15



Which simplifies to

M
= —. 1.21
p(r) o (1.21)
And the ISM pressure is mostly thermal:
Pigy = mysuk Tisy (1.22)

Typical values in the ISM are nyg ~ 107! cm™ and Ti5 ~ 10* K for the warm phase, but the phase
doesn’t really matter as they all have roughly the same pressure of P/k ~ 3x10® Kcm ™ (see Q72).
Equating the two pressures and solving for r:

M
py— v(r) = Py (1.23)

ey MY (1.24)
47 Pigy

Doing a rough order of magnitude calculation

( 10—14+33—7 % 102+5

1/2—13
2.5
TISDECETE ) ~10>% ~ 100 AU (1.25)

Note, as in Figure the heliopause is not spherical, so this is a very rough order of magnitude
approximation.

16



4. Describe the physics involved in the Earth-Moon interaction whereby the
Earth’s rotation rate is slowing and the orbital separation is increasing.

The Moon’s gravitational force on the Earth creates a tidal force, which is a differential gravitational
force between the equator and the poles. This creates a bulge in the oceans around the center where
the force is strongest (see Figure (1.2]).

Figa = F(R) —F,(0) (1.26)
Where
F,(0)= GM;+MM§( , F,(R)= GJW;+IWM(COS PpX—sin¢oy) (1.27)
A&
‘ > s
R j ks M .
e / r —

Figure 1.2: The tidal force creating bulges in the Earth’s oceans. Credit: 3.

Using the law of cosines to get s%:

(1.28)

2R 4 cos 0
s> =r>+R. —2rRycos 0 ~ rz(l - e’—)

r

R? is small relative to r and can be ignored. Plugging this back in and using the binomial approxi-
mation:

GM M 2R4 cos O
|F,(R)| ~ +M(1+“’—) (1.29)
r r
Then, using the law of sines:
i inf in6 R
sin ¢ 3 R idal AN sin ¢ ~ —2sin6 (1.30)
Rg s r r

R2
cosqbz\/1—sin2¢~1—2—;’;sin29~1 (1.31)

Thus,
GMg M 2R 0 Rgsinf
F,(R) ~ ﬂ(l + ﬂ)(x— o 5101 y) (1.32)
r2 r r
And the tidal force becomes proportional to r—> (dropping terms of order r~* or higher):
GMgM,R
Fiqu(0) = @—BM(Z cos X —sin 0y) (1.33)
r

17



However, Earth rotates faster than the Moon orbits, so it drags the tidal bulge ahead of the line from
the Earth to the Moon. Thus, the Moon exerts a net torque on the tidal bulge, causing so-called “tidal
friction” (see Figure[1.3)).

[y
~

@ torgue
inte page

=7 F
& *uri.uu sut of page

1L

Figure 1.3: The Earth-Moon tidal interaction®.

The torque on the bulge is transferred to the Earth, which slows down its rotation rate. And by New-
ton’s 3rd law, the Earth also exterts a net torque on the Moon, which increases its orbital separation
(the affect on the rotation rate of the Moon is higher-order since it is also differential and depends
on the size of the Moon, which is much smaller than the Earth).

There should be negligible net external torque on the whole system, so we can use conservation of

angular momentum to relate the change in Earth’s rotation rate to the change in the Moon’s orbital
distance:

le+0y;,=0 (1.34)

b =Iwe — {g=0.33MzR20, (1.35)

. 1
Ly ~+vVGMu2a — £M=§\/GM,u2/ad (1.36)

Notes:

1. The factor 0.33 Earth’s moment of inertia I, is slightly smaller than that for a uniform sphere
(2/5), since the Earth’s density changes as a function of radius.

2. I have assumed, for simplicity, that the Moon’s orbital eccentricity is O, and that the Moon’s
orbital plane equals the Earth’s rotational plane (i.e. its inclincation is also 0).

We can solve for a or w, in terms of each other, i.e.

2
g =—— 1| EM¥, (1.37)
20033)MRE \  a

But in general we cannot solve for both of them from first principles since we would need to know
exactly how the Earth deforms in response to the tidal force and how strong the tidal friction mech-
anism is. Modern estimates of ¢ are ~ 4 cm yr ', which gives wg &~ —2 x 107" rad s7! yr~!. Thus,
the day is getting longer by (see Ref. [3))

b= —p22% L og s yr! 1.38
o GBZTCN Msyr ( )

18



5. Describe the Oort cloud and the Kuiper belt, and theories of their origins.

Kuiper Belt

Inner "“1 : Y Outer
Solar System > — Solar System

Inner extent Orbit of
Sedna

Figure 1.4: Zoom-out diagram of the Kuiper belt and Oort cloud. Credit: NASA/JPL.

Kuiper belt*: A thick disk of icy/rocky bodies beyond the orbit of Neptune, at ~35-50 AU, that is
far more massive than, and contains more massive/more icy objects than, the asteroid belt. This is
the primary reservoir for short-period comets. It is also home to Pluto and other dwarf planets. The
estimated number of Kuiper belt objects with radii 2 1 km is ~108-10'°. Dave Jewitt and Jane Luu
(MIT graduate student) found the first trans-Neptunian/Kuiper belt object.

Oort cloud”: A nearly spherical region at heliocentric distances of ~1-5x10* AU that is a giant
reservoir for long-period, dynamically new comets. The estimated number of comets in the Oort
cloud with radii = 1 km is ~10'2-10"3.

The “Nice” Formation model*>°:

1. The giant planets initially formed much closer to the Sun (~5-17 AU) along with a massive
disk of planetesimals out to ~35 AU.

2. Planetesimals from the inner edge of the disk are gravitationally perturbed by the giant planets,
scattering them inwards while the planets are nudged outwards.

3. The planetesimals are then scattered by Jupiter, sending them on highly eccentric, inclined
orbits and sometimes ejecting them entirely.
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4. After a few Myr of slow migration, Jupiter and Saturn approach a 1:2 orbital resonance that
causes them to rapidly increase in eccentricity and destabilize the whole system. They drift
outwards, interacting with Uranus and Neptune and causing them to become eccentric and
drift outwards as well.

5. The ice giants plow through the planetesimal disk, displacing 99% of its mass into the outer
Solar System.

6. The giant planets eventually reach their present-day distances and through dynamical friction
they settle down into mostly circular orbits.
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6. Explain why solar system bodies are often found with integer ratios of orbital
periods.

This is due to the formation of mean motion resonances”. This can be thought of like a driven
harmonic oscillator where the driving frequency is very close to the natural frequency, causing large
amplitude effects:

X+ ng =f cos(wf t) — A (1.39)

—w?
Wy — W5

In most cases, these resonances drive unstable interactions where momentum is exchanged between
bodies until the resonance no longer exists. But there are certain situations in which they can be
held in place (self-correcting) by stable “locks” that result from nonlinear effects. Differential tidal
recession (see Q4) can bring Moons into resonance, with nonlinear interactions locking them
there. “First-order” resonances of the form (N + 1)/N are usually the strongest.

Examples:

lIo:Europa:Ganymede orbit Jupiter in a 4:2:1 ratio (this specific ratio is called a Laplace reso-
nance)

Trojan asteroids are locked on a 1:1 resonance with Jupiter
Neptune:Pluto have a 3:2 resonance
Saturn’s Moons have several pairs of resonances (Janus:Epimetheus, Mimas: Tethys, Enceladus:Dione)

Seen in the asteroid belt (with Jupiter) and Kuiper belt (with Neptune)

There are also secular resonances’ which occur when the apses/nodes of orbits precess at the same
rate. In a restricted 3-body problem where the mass of the 3rd body is small relative to the other 2,
secular perturbations can change the small body’s orbital inclination and eccentricity, exchanging one
for the other. For high inclinations, the Kozai-Lidov mechanism forces the argument of periapse to
oscillate around a constant value, producing large periodic variations in eccentricity and inclination
as they are exchanged between each other. Specifically, the quantity L, = /1 —e?cosi is conserved
and remains constant.
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7. How did the Greeks determine the size of the Earth and the distance to the
Moon?

Figure 1.5: Geometry to calculate the size of the Earth

Size of the Earth”: The Greek mathematician Eratosthenes (c. 276-195 BC) was able to calculate
the circumference of the Earth by using the difference in the angles of shadows cast in two different
cities at the same time.

Calling the distance between the cities d and the angle of the shadow 6 (see Figure[1.5), the circum-
ference C can be found:

C=2nr and 06 = % (1.40)
L C= %ﬂd (1.41)

Eratosthenes used the cities of Syene (modern day Aswan), Etypt, and Alexandria, Egypt, which
were measured to be ~5,000 stadia apart. When the Sun was directly overhead in Syene, casting
no shadows, the angle of shadows on sundials in Alexandria was measured to be 1/50th of a circle.
He therefore measured the circumference to be ~250,000 stadia. The length of the stadion that
Eratosthenes used is thought to be ~157 m, which gives a circumference of 39,250 km. This is
remarkably accurate compared to the modern value of 40,075 km (within ~2%).

Figure 1.6: Measurement of the relative size of the Moon and the Earth’s umbral shadow
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Distance to the Moon®: The Greek mathematician Aristarchus (c. 310-230 BC) took advantage of
lunar eclipses to directly measure the size of the Moon relative to Earth’s umbral shadow (see Figure
[1.6), obtaining a ratio of ~ 1/3. From there, he extrapolated an estimate for the distance to the
Moon using geometry.

Figure 1.7: Geometry during a lunar eclipse

The size of the Earth’s umbral shadow projected onto the Moon is smaller than the true size of
the Earth. Note that in the figure, since r, > rg, the total angular size of the Sun is given by
~ 2 x a/2 = a. Since the angular size of the Sun is approximately the same as that of the Moon
(a ~ ay; ~ 0.5°, which was observed at the time by eye), the Earth’s umbral shadow radius is smaller
by exactly 1 Moon radius (see Figure[1.7). Thus,

r
E=-%~3 (1.42)
Ty
a e a e

r, =rs—D —> = — Iy = 1.43
e 3 rv Ay M7 14¢ ( )

oy Iy 2 2
tan— = — Dy~ —ry,=——r 1.44
2 Dy, o Pu ay M ay(1+¢) ® ( )

where the last line utilizes the small angle approximation. This gives an estimate of D,, ~ 60rg,
which is once again surprisingly close to the modern value of 60.3r, (given in units of Earth radii,
as Aristarchus predates Eratosthenes and his measurements of the size of the Earth).
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2 Exoplanets

Jupiter & Major Moons

TRAPPIST-1 System

3

Inner Solar System

Metcury
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8. TESS finds an exoplanet. What can one directly determine from this mea-
surement? What additional observations are needed to determine the mass of
this planet?

light curve
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Figure 2.1: Exoplanet transit diagram (Credit: NASA Ames)

Direct observables®?: TESS uses the transit method to detect exoplanets (see Q13), which mea-
sures the dip in brightness as a planet passes in front of its star (Figure|2.1). Measurables: P, R,/R,,
a/R,, i (inclination) / b (impact parameter), p,.

The orbital period P can be directly determined by measuring the time between repeated transits.
The magnitude of the dip (or “depth”) can be directly related to the planet’s radius R, relative to the
star’s R,, since the amount of light the planet blocks is proportional to its cross-sectional area:

F baseline O TCRi > F in—transit O H(Ri _RIZ;,) (21)
5= Fbaseline - Fin—transit N 5= (&)2 (22)
F baseline R*

Thus, 6 is directly observable from the transit depth, and the stellar radius R, can be independently
modeled using isochrones with stellar photometry or spectra, leading to an estimate for R,. If the
planet has a large enough atmosphere, differences in the transit depth in different wavelength bands
can be used to measure broad spectroscopic features. If the atmosphere has mean molecular mass
um,, temperature T, and gravitational acceleration g, then the atmospheric scale height H increases
the “effective” planet radius:

R+ NyH\?2
o(A) = (ﬁ) where H = kT (2.3)
R, um,g

The duration of the transit Ty, can be related to a few different orbital parameters. In the simplest
case, assuming a circular orbit with no inclination (Figure left):

R T 26 p R
sing =—= | —dw_=2 Tgur = — arcsin(—*) 2.4)
a p 2T T a

We can include the effects of inclination with only a small adjustment (Figure right):

. L a .
sinf = 2 where L = \/(R* +R,)?—(bR,)? , b= Ecosz (2.5)

*
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Figure 2.2: Transit duration geometry with and without inclination

Thur = arcsm( \/(1 + \/_)2 — bz) (2.6)

One can also get the stellar density purely from transit observables P and a/R, by using Kepler’s 3rd

law (1.16):

4m2q®
M, + M, =~ 2.7)
R\ 37 (a)’
P
(&) #o+p= grel) “o
37 (a)’
PN s (R—) 2.9)

Getting the mass®: To get the mass of the planet, spectroscopic RV follow-up is necessary (see
§2/Q13). The amplitude of the radial velocities imposed on a star by a planet are directly related to
the planet mass by the binary mass function. This is derived in §3/Q20 in the context of a binary
star system, but it can be easily applied to a star-planet system by just replacing all of the quantities
associated with star 2 to the planet:

X (27-5(;)1/3 M, sini 1
P (M, +M,)*3 JT—¢2

Notice it is proportional to M, sini, the planet mass degenerate with the inclination angle i.

(2.10)
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9. With what velocity precision must one measure the reflex motion of a sun-
like star to detect an Earth-mass planet in a 1-year orbit about it? What astro-
physical processes complicate the measurement of radial velocities with this
precision?

We can plug in M, sini = Mg, P = 1y1, and M, = M, into the RV amplitude equation to see
that it generates a signal of ~10 ems™!. This is beyond the current limits of RV precision which can
only get down to ~1 ms™!, 0.5 ms™! in the absolute best cases.

The main astrophysical process that bottlenecks sensitivity is stellar activity™. This is includes stellar
rotation, granulation from near-surface convection, and intrinsic variability (i.e. starspots). These
sources of noise are most prominent in younger and cooler stars, and tend to go away as they age
and lose angular momentum to stellar winds. However, there are other problems with measuring
RVs for hot stars (i.e. A, B, and O-types): they have relatively few absorption lines to measure RVs
from, and the ones they do have tend to be Doppler broadened much more due to higher rotational
velocities (~200 kms™' compared to ~2 kms™! for Sun-like stars), which makes the line velocities
harder to measure precisely. Additional important sources of systematics include:

» Earth’s time-varying rotation and revolution, and the Sun’s motion relative to the star

* Atmospheric seeing and turbulence, which requires stable reference spectra
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10. What is meant by the “obliquity” of an exoplanet orbit about its host star?
How can obliquity be measured, and what are typical values?

The obliquity in this case is the angle between the rotational axis of the star and the orbital axis
of the planet. It can be measured using the Rossiter-McLaughlin Effect: A rotating star will emit
slightly redshifted light from the side moving away from us and slightly blueshifted light from the
side moving towards us. When a planet passes in front of the star and partially blocks some light
from the blueshifted side, it looks like a small anomalous redshift in the radial velocities, and vice
versa when it passes over the redshifted side of the star (see Figure [2.3). However, this can only
measure the angle between the projections of the vectors on the sky. The true angle is usually poorly
understood because i, is not well constrained. Typical values of obliquity are between ~10°-30°.
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Figure 2.3: A diagram showing the Rossiter-McLaughlin effect'®

In other contexts, obliquity can also refer to the angle between a planet’s rotational axis and its orbital
axis, but with current techniques it is not possible to measure this angle for any planets outside of our
own Solar System. It might be possible to do it with a version of the Rossiter-McLaughlin effect using
an exomoon’s orbit around the exoplanet, but we don’t currently have the sensitivity to be able to do
it (we would need to be able to measure exomoon-induced RVs which will be < than the previously
estimated exo-Earth induced RVs of 10 cms ™!, which are already too small for current techniques).
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11. What is meant by tidal locking between an exoplanet and its host star?
What are the circumstances where planets are likely to be tidally locked?

Tidal locking™ occurs when the rotation period of the exoplanet is the same as its orbital period,
meaning that the same hemisphere of the planet always faces the same hemisphere of the star. This
is the stable end state of a system undergoing tidal friction, see §11Q4. The tidal force is proportional
to 1/r3, so it falls off quickly with distances, meaning only the most close-in planets are likely to
be tidally locked. In most cases, the end state is synchronous rotation where there is a 1:1 ratio
between the rotational and orbital period. However, there is also asynchronous rotation where it
reaches another ratio, i.e. 3:2 for Mercury.
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12. Describe qualitatively one of the theories explaining the presence of hot
Jupiters — Jupiter mass planets orbiting at separations of less than 0.05 AU
from the star. Why was the discovery of these planets such a surprise?

The discovery of hot Jupiters was surprising because it was not thought that giant planets could have
formed so close to their host stars’. Close to the star in a protoplanetary disk, local feeding zones
for planetesimals are small enough that it would be difficult to grow a large enough core (~10M).
If gravitational instability (i.e. like the collapse of a molecular cloud) plays any role in giant planet
formation, the gas conditions close to the star would prevent such a collapse from occurring. Thus,
it is thought that these planets must have formed further out and migrated inwards.

There are mechanisms that can cause planets to migrate inwards: disk-planet interactions, planet-
planet perturbations and scatterings, and tidal forces from the central star. However, with these
mechanisms, migration speeds are expected to increase as a planet approaches its star, so it would
be highly unlikely for a Jupiter-like planet to get so close to its star without falling completely onto
it. There are two mechanisms that have been proposed to counteract this effect:

* Tidal torques from the central star counteract torques from the disk, or the disk torques them-
selves are reduced when the planet enters a nearly empty zone close to the star. This method
does not explain the observed close-in giant planets that do not experience significant tidal
forces, which have been observed.

* Adynamical mechanism where planet-planet perturbations place planets into high-eccentricity
orbits with periapses very close to their star. When the planets approach periapse, extreme tidal
torques from the star can then circularize them. A side effect of these interactions is that they
can also produce high inclinations via the Kozai-Lidov mechanism, which are observed in a lot
of hot Jupiters.

Observational signatures in support of these mechanisms include:

* High inclination angles due to the Kozai-Lidov mechanism

e Orbital resonances due to tidal effects
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13. Describe four methods for detecting an exoplanet, and the potential biases
in the inferred populations of planets associated with each method. Roughly
how many planets have been detected using each?
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Figure 2.4: Top Left: Direct imaging example with a coronagraph on HST**. Top Right: RV curve
for an eccentric orbit’®. Bottom Left: Schematic of a microlensing event (Credit: NASA, ESA, and K.
Sahu (STScI)). Bottom Right: Schematic of a transit light curve?.

Method 1 - Direct Imaging®'*: The most conceptually straightforward method is to directly image
the flux from the exoplanet. However, this method is made difficult because the contrast between
starlight and planet light is so large, and the separations are so small, that in most cases it’s impossible
to identify planet light. The contrast can be reduced by utilizing coronagraphs, which block the
starlight, interferometry, or by observing at IR wavelengths.

* ~70 confirmed as of Jan 2024
* Observables: Orbital radius, period, planet temperature

* Biased towards larger orbital separations, larger planet radii, and hotter planets (i.e. more
blackbody flux)
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Method 2 - Radial Velocities®!*: The RV method is done by measuring periodic variations in the
radial velocity of a star as it wobbles around its barycenter due to the gravitational influence of
the planets orbiting it. The radial velocities are measured from stellar absorption lines using high
resolution spectroscopy. The amplitude of these variations is proportional to the mass of the planets
and the star (degenerate with the orbital inclination).

* ~1000 confirmed as of Jan 2024

* Observables: Planet mass (degenerate with inclination), orbital period, orbital eccentricity

* Biased towards larger planet masses and smaller orbital separations
Method 3 - Transits®'*: The transit method is done by measuring the periodic dip in starlight as a
planet passes in front of its star and eclipses it. This is achieved by performing photometric measure-

ments of a star over time. The magnitude of the dip (AKA “depth”) of the transit is proportional to
the planet radius relative to the star radius.

* ~4000 confirmed as of Jan 2024
* Observables: Planet radius, orbital period, inclination

* Limited to exoplanets with low enough inclinations that they pass in front of the star along
our line of sight, the chances of which decrease as the distance to the star increases

* Biased towards larger planet radii and smaller orbital separations
Method 4 - Astrometry>*: The astrometry method uses the reflex motion of the star, similar to the
RV method, but instead measures the changes in the position of the star on the sky over time.

* ~3 confirmed as of Jan 2024

* Observables: Orbital radius, inclination, planet mass

* Limited to only the closest stars since the angular size of the exoplanet’s orbit decreases with
distance to the star, thus also decreasing the amount the star moves in response

* Biased towards larger orbital separations since this also increases the star’s semimajor axis

o @lens
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Figure 2.5: A simple example of gravitational lensing geometry

Method 5 - Microlensing®'*: When a massive object passes in front of a background star, it acts as
a gravitational lens, bending the light from the background star (which is essentially parallel at the
location of the lens; see Figure [2.5). The lensing images cannot be resolved at this scale, but there
is a characteristic increase in brightness in the light curve that can be measured. If there are planets
around the object acting as the lens, they can also act as lenses and introduce structure into the light
curve that can be measured. This works best when the planets are close to the Einstein radius.

¢ ~200 confirmed as of Jan 2024

* Observables: Orbital radius, planet mass
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* Biased towards larger orbital separations that are close to the Einstein radius

Method 6 - Pulsar Timing>"'%: The arrival time of pulsar pulses can deviate from perfect periodicity
if the pulsar moves about its barycenter due to the motions of orbiting planets. This is most easily
measured around millisecond pulsars since they have the highest sample rate. The first two exoplan-
ets ever discovered utilized this method"?. The origins of planets around pulsars is unknown, as they
should not survive when their star goes supernova.

* ~7 confirmed as of Jan 2024

* Observables: Orbital period, planet mass (degenerate with inclination)

* Biased towards larger masses
Method 7 - Transit Timing Variations (TTVs)*"*: The timing of an exoplanet’s transit is determined
precisely by its period. However, the presence of other gravitating bodies, such as other planets, in
a system can introduce perturbations that cause slight variations in the timing of a planet’s transits.

Even if these other bodies do not themselves transit, their effects on the bodies that do transit can be
used to find their masses and periods.

* ~30 confirmed as of Jan 2024
* Observables: Orbital period, planet mass

* Biased towards larger masses
In summary
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Figure 2.6: Summary of confirmed planets using different detection methods™*®.

The first confirmed exoplanet seems to depend on who you ask. Technically the first discovery was of
two rocky exoplanets orbiting the pulsar PSR B1 257412, using the pulsar timing method, in 1992
by Wolszczan and Frail*”. However, the first discovered exoplanet around a main sequence star was
51 Pegasi b, using the radial velocity method, in 1995 by Mayor and Queloz'®, who won the Nobel
Prize for their discovery in 2019.
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14. Describe a sequence of observations to identify an exoplanet, to determine
that it has a rocky composition, and to measure the chemical constituents of its
atmosphere. What have we learned about exoplanet interiors and atmospheres
from these observations?

1.

Identification: Use the transit method to identify an exoplanet. This method has been very
successful in identifying exoplanets (~4000 confirmed detections) and is easy to perform with
large time-domain surveys like TESS. From these observations we can obtain the planet radius
R,, orbital period P, and orbital inclination i (from the transit duration).

. Composition: We can get a mass for the exoplanet by performing spectroscopic RV follow-up

observations. This gives M, sini, which in combination with i from the transit gives us M,
unambiguously. Then we can get a bulk density p, = M,/ (47'ch) /3), which can tell us if the

planet has a rocky (p, ~ 5 gem ™) or gassy (o, ~ 2 gcem ™) composition.

. Atmosphere: We can perform transmission spectroscopy. This technique involves taking

a spectrum of the planet’s atmosphere as it passes in front of its host star and measuring the
absorption features in the spectrum. Or one can take transit observations in different filters and
measure the difference in transit depth to get broad spectral features (A52 ~ 2R,NyH /R?).

What have we learned?1

There is a large population of “super-Earths” and “sub-Neptunes” with masses ~1-20M, on
realtively close-in orbits. These lie close to the detection thresholds, so they are likely very
common types of planets.

Planets tend to follow a pretty tight mass-radius relation (sometimes called the Chen-Kipping
relation'?) of the form R/R, = (M /M,)® where b ~ 0.274 for M < M. b decreases for larger
planet masses since the effect of compression due to pressure becomes more prominent. The
larger pressure gradient means these planets have larger cores and mantles and smaller upper
mantles. The radius of the core depends a lot on the equation of state of Fe and silicates which
is not well known at the high temperatures and pressures expected in these planet cores.

The interiors of solar system planets can generally be described by 4 structure equations,
similar to the 4 equations of stellar structure (see QSO). For planets, the equivalents are:
(1) mass conservation, (2) hydrostatic equilibrium, (3) energy transport, and (4) equation of
state (which is very much NOT the ideal gas law—we’re dealing with solid/plastic materials
here in the case of terrestrial planets / giant planet cores). It’s nearly impossible currently to
do this analysis for exoplanets, where we only have 2 data points (mass and radius).

Giant planet atmospheres are dominated by molecular hydrogen (H,), followed by Helium.
They have temperatures ranging from 2500 K at birth to 50 K for older exoplanets in wide orbits.
There are no internal sources of energy, so after formation the atmosphere cools and shrinks
over time (modulo stellar irradiation). Hot Jupiter atmospheres typically sit at 1000-2000 K
and have significant variation in day-side and night-side composition, suggesting nonequilib-
rium chemistry.

Exoplanet atmospheres reflect stellar radiation in the optical /NIR (based on their albedo) and
emit thermal radiation in the NIR/MIR. A higher albedo can indicate the presence of clouds,
and thermal radiation can trace surface temperatures.
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* Terrestrial planet atmospheres display a wide variety of characteristics. There are a few differ-
ent general categories:

1.

Super-Earths (M ~1-10M) with no atmosphere, often found to be tidally locked and with
no atmosphere due to escape processes.

Super-Earths with a hot atmosphere (Z1500 K) that have lost H, C, N, O, and S through
hydrodynamic escape.

Super-Earths that have outgassed their atmospheres.

Outgassed H-rich atmospheres that have retained against atmospheric escape and include
observable signatures of H,0, CH,, or CO.

. Young, cold, more massive super-Earths that have retained a primordial atmosphere from

the protoplanetary disk, dominated by H and He.
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15. Why are M Dwarfs thought to be promising candidates for identifying
Earth-sized, temperate (but not necessarily habitable) planets?

M dwarfs have a few properties that make them appealing candidates for detecting an Earth-sized,
temperate planet"%:

* They are less massive, so the RV amplitude K o< M*_z/ 3 becomes larger.

* They are relatively cool, making their habitable zones closer in, which in turn leads to an
increased likelihood that an Earth-sized planet in the habitable zone will be detectable since
K o< a /2. The transit method is also biased towards closer-in planets since there is a higher
likelihood that their inclination will produce a transit along our line of sight.

* M dwarfs are the most common type of star in the Milky Way (~75%)

However, the prospects of actually finding life on one of these planets is less promising, since M dwarfs
exhibit a lot of stellar activity (flares, strong magnetic fields, etc.) that can affect the atmospheres of
nearby planets.

36



3 Stars and Stellar Evolution
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16. Describe the spectral classification scheme for stars: O, B, A, E G, K, M.
What are the characteristic effective temperatures for stars of each class? What
are the characteristic absorption lines observed in the spectra of stars of each
class? What are the characteristic luminosities for main-sequence stars of each
class? What are the approximate masses for stars in each class?

There are a few different important classification systems for stars. The one mentioned in the question
is the Harvard Spectral Classification system, which, as the name suggests, primarily differentiates
stars based on spectral properties.

Type Tegr (K)

M (M)

L (Lo)

R (Re)

Characteristics

0]

= 33,000

=16

= 30,000 = 6.6

Hottest blue-white
Strong He 11 absorption
He 1 absorption

Few lines

10,000-33,000

2.1-16

25-30,000 1.8-6.6

Hot blue-white
Strongest He 1 absorption (B2)
Weak H 1 absorption

7,300-10,000

1.4-2.1

5-25

1.4-1.8

White
Strongest H 1 absorption (AO)
Weak Ca 11 H & K absorption

6,000-7,300

1.04-1.4

1.5-5

1.15-1.4

Yellow-white

Ca 11 H & K absorption

Weaker H 1 absorption

Neutral metal (Fe 1, Na 1 D) absorption

5,300-6,000

0.8-1.04

0.6-1.5

0.96-1.15

Yellow

Solar-type spectra

Stronger Ca 11 H & K absorption
Stronger metal (Fe 1, Na 1 D) absorption

3,900-5,300

0.45-0.8

0.08-0.6

Cool orange
Strongest Ca 11 H & K absorption (K0)
Dominant metal (Fe 1, Na 1 D) absorption

2,300-3,900

0.08-0.45

< 0.08

Cool red

Dominant molecular absorption
(Particularly TiO and VO)

Strong metal (Fe I, Na 1 D) absorption

~1,300-2,300

< 0.08

$0.08

Very cool, dark red

Stronger in IR than visible
Strong molecular absorption
(CrH, FeH, H,0, CO, Na, K, ...)

~550-1,300

$0.08

$0.08

Very cool, infrared
Strong methane (CH,) bands
Weakening CO bands

< 550

$0.08

$0.08

Coolest, infrared
Ammonia (NH;) absorption
Jupiters?

A few notes:

* An outdated and iffy acronym that I was taught to memorize this is “Oh Be A Fine Girl/Guy,
Kiss Me! (Less Tongue, Yo)” An alternative, less troublesome one I've seen is “Oh Be A Fine

Goat, Kick Me!”
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* Each type can be subdivided further into 10 subtypes ranging from 0-9 (i.e. A0, F5, K9) based
on their temperature, with O being the hottest and 9 being the coolest.

* TheL, T, and Y classes are separated from the rest since they are mostly representative of brown
dwarfs and substellar objects. These have an unresolvable overlap in luminosity/mass/radius
since brown dwarfs aren’t fusing and thus cool through different spectral classes over time.

* The table above is taken mostly from [11/ and 20.
* For clarification on the Ca 11 “H & K” and Na 1 “D” line notation, see the appendix section on

line notations (§12.7.4).

In addition to the spectral classifications, there is also the Morgan-Keenan (MK) Luminosity Clas-
sification system, which divides stars mainly based on their luminosity, which is highly correlated
with their evolutionary stage™4%,

Type Description
[a-O Extreme, luminous supergiants
Ia Luminous supergiants
Iab Intermediate-luminosity supergiants
Ib Less luminous supergiants
I Bright giants
11 Giants
1\Y Subgiants
\Y% Dwarfs (main sequence stars)
VI, sd Sub-dwarfs
VII, D White dwarfs
More notes:

* These classes are determined observationally by looking at the widths of absorption lines in
the star’s spectrum. Stars with larger radii have a smaller pressure broadening effect, so their
lines are narrower.

* Once again, we have some classses (VI and VII) separated from the others because they are on
the borderline between being actual stars vs. something closely related to stars (in this case,
stellar remnants)

* The Sun is a G2V star with a T4~ 5,700 K.
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17. Sketch the HR diagrams for a typical globular cluster and open cluster.
Identify the various observed populations and interpret them on the basis of
stellar evolution theory. How would you go about constructing lines of constant
stellar radius on the diagram?

The Hertzsprung-Russell (HR) Diagram shows stars in temperature-luminosity space, making it a
useful tool for differentiating evolutionary stages of stars. Note that due to traditions, the x-axis is
usually flipped so hotter stars are on the left and cooler stars are on the right (this is because this
maintains the same spatial relationship as plotting the B —V color on the x-axis, which puts redder
stars on the right and bluer stars on the left). See what the HR diagram in general looks like, where
stars of different spectral and luminosity classes occupy different regions, in Figure (3.1

Spectral Clas

(Temperature)

10 000

0.0001

0.000m

+1.0
Colour (B-V)

Figure 3.1: The HR diagram for a general population of stars throughout the whole Galaxy. Just used
an illustrative example of what the HR diagram looks like",
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Figure 3.2: The HR diagrams of a globular cluster (left) and open cluster (right) labeled with different
evolutionary stages.

Globular Clusters

Globular clusters are old, so the evolution of stars on the HR diagram becomes important for studying
them. Main sequence stars tend to fall along a diagonal line, maintaining a constant temperature-
luminosity relationship. As they age, they inflate into red giants, becoming both brighter and cooler
at the same time, moving to the top-right of the diagram. Hotter stars exhaust their fuel quicker,
so they evolve faster than cooler stars. Thus, for a globular cluster where all of the stars formed at
around the same time, we can see a distinct turn-off in the main sequence where the hotter stars
have started evolving into red giants while the cooler stars are still on the main sequence. Therefore,
the HR diagram of a globular cluster looks something like the left panel of Figure The location
of the turn-off point can be used to estimate the age of the globular cluster, since the older the cluster
is, the further down the main sequence the turn-off point moves.

Open Clusters

Open clusters are young, so their main sequence turn off occurs much higher up—only the most
massive/luminous stars have begun evolving off the main sequence. There is a lack of white dwarfs,
since the evolved massive stars turn into neutron stars or black holes. The Hertzsprung gap is also
apparent here since the subgiant branch evolution is very quick for these stars. See Figure (3.2

Lines of constant radius

Stars are blackbodies, so we can use the Stefan-Boltzmann Law at the surface of the star to relate
the luminosity to the temperature and radius:

F(R) = = O'SBT4 — |logL =log(4mogs) +210gR + 4log Toi (3.1)

eff

4mR2

Thus we have a power law with L oc R? Te‘}f, appearing on the log-log HR diagram as a straight line
with a downwards slope (since T increases to the left). The main sequence roughly (but not exactly)
follows a line of constant R = 1R, which is why the dynamic range of the radii of different stellar
classes in §3/Q16 is much smaller than some of the other properties (~ 1 order of magnitude, as
opposed to L which varies by ~ 6 orders of magnitude).
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18. From a physics perspective, how does the quantity (B—V) help to determine
a star’s effective (surface) temperature?

The radiation from a star is approximately blackbody radiation, given by Planck’s Law (see §12.11
for a derivation):

2hv? 1
B T)= 2
AT c2 exp(hv/kT)—1 (3.2)

Where B, is a specific intensity (in units of ergs™' cm 2 Hz !sr™'). Or, we could write it in terms of
wavelength:

2hc? 1
B,(A,T)= 3.3
(A1) A5 exp(hc/AkT)—1 (3.3)

For derivations of these formulas, see §12.11.14in the appendix. See what this looks like for different
temperatures in Figure (3.3

7 I T I I

6 L —
sk .
T B i
g
NS: 4 1
|E |
= s L
"’E 5777 K
s 2 /\
= Visible light
M s < >

1L

I 4000 K
/’——-

0 "] 1 | | 1 | 1 | 1

200 400 600 800 1000 1200 1400
Wavelength A (nm)

Figure 3.3: The Planck function at different temperatures™*.
Then, if we observe a star at two filters in the blue B and visual V bands, which have central wave-

lengths of ~ 4400 A and ~ 5500 A, respectively (see §12.6), the quantity B—V is effectively a crude
measurement of the slope of the blackbody spectrum between these two wavelengths:

F
B—V=mg—my =—2.510g(F—B) 3.4)
1%
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The slope strongly depends on the temperature. Notice in Figure that the hotter blackbodies
are much brighter in the blue band than the visual band, leading to a smaller B—V color (because
remember, smaller magnitudes correspond to brighter fluxes, §12.11)). Conversely, cooler blackbodies
have a shallower slope, leading to a a larger B —V color. Thus, T, and B —V have an inverse
relationship! This is why the temperature axis on the HR diagram has to be inverted—it was originally
plotted with B —V on the x axis, so people got used to the hotter (bluer) stars being on the left*,

Note: the relationship between the temperature T and the peak wavelength A, is known as Wein’s

displacement law (or just simply Wein’s law), and has the form

Apeak =

2898 umK

T
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19. What are stellar populations? Give several examples of Pop. I and Pop. II
objects in our galaxy.

Stellar populations are a general categorization of stars based on their properties, originally in-
troduced by Baade (1944)2 to distinguish between the two observed groups of stars in the Milky

Way@.

1. Population I

Metal-rich

Bright O/B stars

Young—thought to have formed more recently from metal-enriched gas

Typically found in the disks of spiral galaxies

Examples (stars): The Sun (Sol), Vega, Altair, Deneb, Polaris Aa, Betelgeuse, Arcturus
Examples (open clusters): Pleiades, Hyades, Butterfly Cluster, M7

2. Population II

Metal-poor
No O/B stars

Old—thought to have formed earlier than Pop I stars before the ISM had been enriched
by the deaths of stars

Typically found in the galactic bulge and halo (globular clusters)
Examples (globular clusters): M5, M13 (Hercules Globular Cluster), M22, «w Centauri

3. Population III (theoretical—not yet observed)

No metals at all

The oldest populations that would have formed at a z ~ 20
Hard to detect because we cannot resolve stars this far away
Examples: lol

NO POP Ill STARS?

Like many things in astrophysics, the numbering of the populations seems to be reversed from what
we would expect based on their relative ages (III is the first formed, I is the latest formed).
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20. What is the “mass-function” of a binary star system and how is it deter-
mined?

Consider two stars orbiting in a binary system, where some component of their relative motion is
along our line of sight. Then, they will have some radial velocity v,, which we can relate to their
masses using the binary mass function.

To derive this, let’s start by establishing some quantities. Star 1 has a mass M; and position r; and star
2 has a mass M, and position r,. We can represent the 2-body motion as a reduced 1-body problem
where a reduced mass orbits the center of mass of the system. We do this by setting the center of
mass position R at the origin, and define the following quantities:

M =M, +M, (3.6)
MM
u=s ——2 3.7)
M, + M,
r= Miti+ Moty _ 3.8)
M
r=r,—r, (3.9)

See a diagram in Figure Then we can relate the positions of each star to the relative position
vector r:

M
from (3.8) — r,= —ﬁlrl (3.10)
2
M,
from 3.9) — r=-r(1+M,/M,) — 1= " (3.11)

4

Figure 3.4: Reducing a 2-body orbit into an equivalent 1-body problem, with labeled quantities=>.

Circular orbits
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Assuming circular orbits (e = 0) makes things easier, so let’s examine that case first. We can use a
force balance equation to obtain:
2
v:  GMu , GM
= —

f=F, — u— 5 V= — (3.12)
r a

F

C

Then we convert to the velocity of star 1 by differentiating (3.11) and multiplying by sini (where
i is the inclination angle between the orbital plane and the plane of the sky) to get the maxi-
mum/minimum radial velocity when the star is moving directly towards/away from us:

M M, ,| GM
V., = +—2ysini = +—\| — sini (3.13)
’ M M a

To get the radial velocity amplitude K, we take (max(v, ;) —min(v,,))/2 and use Kepler’s 3rd law to
get:

(3.14)

M,,|GM . . (277.-(;)1/3 M, sini
(M + M,)*/3

Which shows that K o< M, sini, the mass of the second star degenerate with the inclination angle.
Eccentric orbits

Considering eccentric orbits requires a more careful examination. I'm fairly certain this is not some-
thing that is necessary to know for the exam. Nevertheless, I figured I would include a derivation
here for completeness’s sake.

Instead of just worrying about the minimum/maximum v, ;, which is less obvious in the eccentric
case than it was in the circular case, let’s derive a full expression for v,; as a function of the true
anomaly ¢. We'll work in a coordinate system where the orbit is in the x-y plane, in which case

X=rcos¢ —> V. =icos¢p—resing (3.15)
y=rsing — vy:fsian>+rqlicos¢> (3.16)
The unit vector pointing from our line of sight to the barycenter is (see Figure [3.5):

§ = sini sin wX + sini cos wy + cosiz (3.17)

Notes: X is the direction to periapse, Z is the normal to the orbital plane, and § is the normal to the
reference plane. The inclination i is the angle between the orbital plane and the reference plane, and
the argument of periapse w is the angle from the ascending node to the periapse.

Therefore, the velocity of star 1, which is v; = (—M,/M)(v,,v,,0), corresponds to a radial velocity

M
Vi =V1'§=—ﬁ2("x sinw + v, cos w)sini (3.18)

46



True anomaly
Argument of pgriapsis

(‘T‘\

Longitude of ascending node Reference
direction
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60

Ascending node

Figure 3.5: Orbital elements (line of sight is looking down from above, i.e. plane of reference is the

plane of the sky)

Differentiating the ellipse equation ([1.4) and using conservation of angular momentum:

2 2
T(¢)=M — (L*/GMu>)r'=1+ecos¢
1+ecos¢
— —(0?/GMu*)r 3 = eq[) sin ¢
LG L gt
21’ ¢_2,u —> ¢_u,r2

. GMy .
— 7= 7 esin ¢

— r¢ =%(1+ecos¢)

Thus, plugging in i and r¢ to our v, and v, and then plugging those into v, ;:

M M
vx:—Gg‘usinqb , vy = e'u(e+cos¢)
M M
V() = _ﬁz h(cos(qﬁ + w) + ecosw)sini

(3.19)
(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

Notice the e cos w term is just a constant, so taking the difference of the max and min as before gives
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us the same result, just with an extra factor of 1/+/1 —e2. Then we use Kepler’s 3rd law, like before,
to obtain:

K (ZTEG)U?’ M, sini 1 (3.26)

p (M + M,)?/3 /1T —e2

This is the full eccentric binary mass function®.

How is it determined?

We can get spectroscopic measurements of star 1 over time, measuring the Doppler shifts of the
spectral lines, to get a radial velocity curve, which should be described by v, ;(¢). This allows us to
get an estimate of the total mass M; + M, and the secondary mass (degenerate with the inclination
angle) M, sini. The shape of the radial velocity curve determines the eccentricity of the orbit, with
circular orbits being perfectly sinusoidal. An example of an eccentric radial velocity curve is shown in

the top-right panel of Figure A cool animation for this is shown here, where 2 frames at opposite
peaks have been extracted and shown in Figure (3.6

Alysa Obertas (@AstroAlysa) Alysa Obertas (@AstroAlysa)
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Figure 3.6: The binary orbit of 2 bodies, where the top-left shows a top-down view of the orbit,
the bottom-left shows an edge-on view of the orbit, the top-right shows the radial velocity curve

over time, and the bottom-right shows the Doppler shift of the spectral lines. Credit: Alysa Obertas
(@AstroAlysa)
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21. What is meant by the “gravothermal collapse” of a globular cluster, and
what can save the cluster from complete collapse?

For a purely self-gravitating system (like a globular cluster), if we use the virial theorem (see §12.9.2
for a derivation)

2K+U=0| — E=K+U=-K (3.27)

And then we treat the system as an ideal gas with temperature T and N particles (i.e. stars) such
that the total kinetic energy can be written

K= %NkT (3.28)

Then we notice that the heat capacity is negative

OE 3
— =—=Nk 2
oT 2 (3.29)

In other words, as the system loses energy, the temperature gets hotter. This should make sense since
we'’re talking about dynamical heat—as the system loses energy, stars’ orbits must fall in closer to the
gravitational center, which causes them to start orbiting faster.

With this in mind, the gravothermal collapse of a globular cluster can take place as follows. Consider
the cluster to be composed of 2 components: a central core, and a halo surrounding the core.

. The core starts out hotter than the halo
. Heat flows outwards from the core into the halo (e.g. via two-body scattering)

1
2
3. The core loses energy, which causes its temperature to increase due to its negative heat capacity
4. The increased temperature of the core causes the energy loss rate to increase

5

. This causes runaway acceleration of the collapse of the core
In reality, the core and the halo are not physically separate components, but these kinds of instabilities
have been observed in real systems<°.

To save the cluster from complete collapse, one needs some mechanism to inject energy into the core
to offset the energy losses into the halo. This can be accomplished through scatterings involving
binary systems?°.

1. When a binary system scatters with a third star, the binary system loses energy and becomes
more tightly bound, while the lone star increases in energy (to conserve total energy)

2. Thus, energy can be injected into the core through these interactions if there are enough binary
systems

3. If there aren’t any binary systems, they can be created as the core collapses and 3-body en-
counters become common, which can end up leaving 2 stars bound while the third one escapes
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22. Describe the various evolutionary phases of a low-mass (1 M,) star and
those of a high-mass (e.g. 12 M) star. Show the corresponding evolutionary
tracks on an HR diagram

First we’ll examine the case of the low-mass star. The following evolutionary track will work for any
star between 0.08-1.5 M. The timescales shown next to each step are for a [1 M /12 M,] star.

1. Molecular Cloud Collapse [~10 kyr / 10 kyr]

An optically thin cloud of molecular hydrogen (H,) gets perturbed by inhomogeneities in the
cloud or by nearby supernovae. It will collapse if it is bigger than the Jeans length A,

Vi
h=c\ o (3.30)

(see §31Q22). The sound speed, assuming an ideal gas, is

CSZ — a_P — i (LkT) — k_T (3.31)
op 9dp \um, um,

kT
Ay = | == (3.32)
Gpum,

Note that this ignores the effects of rotation, external pressure from the ISM, and magnetic
fields. The collapse is typically on timescales t ~ 1/4/Gp ~ 10% yr.

2. Protostar [-]

Thus

As the cloud collapses, it becomes optically thick (the opacity at this stage is dominated by
H™ ions). A protostar forms at the center with a radius of R ~ 100R, and temperature of
T ~ 10> K, while the rest of the gas will collapse into a disk due to conservation of angular
momentum. The protostar itself also continues collapsing, which converts gravitational energy
into thermal energy, and thus outwards pressure. At this point, the dominant energy transport
mechanism is convection (as opposed to radiation) because it is optically thicc. In these initial
stages, the temperature gradient between the core and the surface of the protostar is so large
that it emits energy through convection faster than it gains energy through contraction, so we
are not in hydrostatic equilibrium. The high energy flux from the convection rapidly heats up
the outer layers of the protostar faster than the gravitational contraction heats up the core,
which decreases the temperature gradient to adiabatic levels, moves the star left on the HR
diagram (increased T.g), and establishes hydrostatic equilibrium. At this point, the protostar
lands on the Hayashi track.

3. The Hayashi Track [~10 Myr / 100 kyr]

This is defined as the boundary of the “forbidden region” of the HR diagram where temper-
ature gradients are super-adiabatic, causing instability and preventing protostars from being
in hydrostatic equilibrium. Once a star reaches the Hayashi Track, it will contract on Kelvin-
Helmbholtz timescales at a roughly constant T:

_ GM?*/R

KH — L

(3.33)
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This means moving roughly straight down on the HR diagram. This track is shown in Figure

-
logl. | Heugodhd j;}m,

Figure 3.7: The Hayashi track separating the permitted and forbidden regions due to hydrostatic
equilibrium.

Why is the T.; almost constant on the Hayashi track? We can derive the actual form of the
Hayashi track if we assume a protostar is fully convective at this stage, in which case we have
an adiabatic equation of state, along with the ideal gas law

P=Kp' = MLka (3.34)
p

where y = 5/3 for an ideal gas. Since K is a constant, we can get it in terms of the total mass
M and radius R of the star by noting that the average density p,,, < MR™3 and the central
pressure P, o< MR, The central density is related to the average density by a constant, so
we can use the same proportionality:

K=Pp" oc M* TR ™* (3.35)
Then, we can also write K in terms of P and T':
K=Pp '=P(PT )" =pP7TY (3.36)
Equating these two reveals
P o< (M?>TRI—41 V0= = pf~1/2R=3/2T5/2 (3.37)

Now we want to eliminate P. On the Hayashi track, the protostar should be in hydrostatic
equilibrium, in which case we can use

j—l: - ——GM(:Z)p(r) — j—i - Gl\f—z(r)KLR — P, = Gl\fz(r)z—z (3.38)
The opacity at this stage is approximately given by
Kp < PT? (3.39)
Therefore we have
P oc MY2R7IT3/2 (3.40)

51



One more relationship we consider is that of the luminosity

L =4nR*0cszT* o< R*T* (3.41)
Finally, equating (3.37) with (3.40) and plugging in the luminosity gives
LocT®M ™ (3.42)

Notice the incredibly steep dependence on (effective) temperature! Thus, the Hayashi track is
a nearly vertical line on the HR diagram (log L vs. log T). Can think of it like this: if T is nearly
constant as the star contracts, then L must decrease like R?.

During the contraction along the Hayashi track, the central density p, and temperature T,
increase, while the opacity ky decreases (due to ionization of H™). This allows the dominant
energy transport mechanism to transition from convection to radiation, allowing the protostar
to move onto the Henyey Track.

4. The Henyey Track [~100 Myr / 1 Myr]

Once the protostar develops a radiative zone, energy can escape much more easily than be-
fore. This causes the luminosity to slowly and steadily rise as thermal radiation escapes, but
the change is slow enough that we can consider it roughly constant. Thus, as the protostar
continues gravitationally contracting, its effective temperature increases as

L ocR*T4 —> T ocR /2 (3.43)
The opacity is now described by a Kramer’s law:
kg o< pT ™7/ (3.44)

On the HR diagram, the protostar moves horizontally to the left until the core temperature
becomes hot enough that it can start fusing Hydrogen. At this point, it enters the Zero-Age
Main Sequence and is officially considered a star. This is shown in Figure |3.8

gl | -, H Heagosh

Figure 3.8: The Henyey track connecting the Hayashi track to the main sequence in an almost hori-
zontal line.

More massive protostars can reach burning temperatures in the core much more quickly, so
they leave the Hayashi and Henyey tracks faster than low mass protostars.
5. The Main Sequence [~10 Gyr / 10 Myr]

On the main sequence, the star is fusing Hydrogen in its core. When it initially enters the main
sequence, it is at a point called the Zero-Age Main Sequence (ZAMS). During its time on the
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main sequence, it barely moves, maintaining a constant L and T. Thus, at the end of its main
sequence lifetime, its location is nearly the same as it was at the beginning. Nevertheless, it is
still sometimes called the Terminal-Age Main Sequence (TAMS) to differentiate it.

How long does a start spend on the main sequence? See §3|Q33 for how this is calculated. A
typical lifetime for a G-type star like the Sun is 10 Gyr, with cooler stars lasting much longer and
hotter stars lasting much shorter. In all stars though, main sequence is the longest evolutionary
stage by far. After this point, the star runs out of Hydrogen fuel to fuse, and it enters the
subgiant branch.

Less massive stars primarily fuse through the pp chain and have an inner radiative layer sur-
rounded by an outer convective layer. More massive stars, on the other hand, primarily fuse
through the CNO cycle and have an inner convective layer surrounded by an outer radiative
layer. More massive stars also have shorter main sequence lifetimes due to their higher lumi-
nosities, and they have significant mass loss throughout all stages of evolution, even on the
main sequence.

. Subgiant Branch (SGB) [~2 Gyr / kyr]

Once the Hydrogen fuel starts to run out, we have a core of inert helium (the core is not hot
enough to fuse helium...yet) surrounded by a shell that is still fusing Hydrogen and depositing
more helium “ash” into the core. The core is now isothermal, with the stellar structure equations

dL
— =4nr’pe, =0 (3.45)
dr

ar _ 3kgpL(r)

— = 3.46
dr 16macT3r2 ( )

With no more nuclear fusion in the core, there is no longer sufficient pressure support against
gravity, so it can only handle so much mass before it starts to contract and get hotter. Once it
does, this releases gravitational energy that propagates outwards and causes the outer layers
of the star to inflate. So, while the core contracts, the outer layers expand. This causes the
surface (effective) temperature to get cooler, and the star to get redder. The radius also starts
to increase, which increases the luminosity (I o< R?), so the star moves up and to the right
on the HR diagram. A slice of what the star now looks like as a function of radius is shown in
Figure|3.9

We can find exactly when the core starts to contract by using hydrostatic equilibrium, multi-
plying by 47r® and integrating up to the core radius r,

. dp . GM
f dr 47rr3d— = —f dr 4nr3ﬂ (3.47)
0 0

r r2
The LHS can be integrated by parts, and RHS can be done if we assume we have a uniform

sphere such that M(r) = (4/3)nr3p

. 16
—3[ dr4nr?P(r) :—?Grczpzj
0

0

re T

4nr3p(r) dr r* (3.48)

0

4npkTr? 16
4nr’P(r.)— TR ——Gn*p*r’ (3.49)
um, 15

Where we used the ideal gas law, assuming p and T are constant, to solve the integral over
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Figure 3.9: A slice of a star on the subgiant and red giant branches, showing the different layers
inside the star and their relative radii for a 5 solar mass star.

P(r). Then, the pressure at the boundary of the core is

P(r,)=—<t—< _ c (3.50)

where T,, m_, and r, are the temperature, mass, and radius of the core, and «a is a constant equal
to 3/5 for a uniform sphere. The first term originates from thermal energy while the second
term is from gravitational energy. We can find the core radius r. by finding where dP/dr goes
to 0, which allows us to eliminate r, in favor of the other constants. Skipping the math, this
ends up getting a proportionality of

T4

P o< — 3.51
- i .

Our limiting condition for the core can now be examined by looking at these values just below
and just above the core radius. For stability, we need P.(r.) = P,,,(r.), which corresponds to

2
m m
—3 0.37(—“‘*“) — —50.1 (3.52)
M Uc M

This is the Schonberg-Chandrasekhar Limit, and it means that once the inert helium core
exceeds ~ 10% of the star’s total mass, the core will begin collapsing gravitationally on Kelvin-
Helmholtz timescales, as discussed at the beginning of this section.

Note: If the star has a mass M < 2 M, this limit does not apply because electron degeneracy
pressure can kick in and prevent the core from contracting before reaching the Schonberg-
Chandrasekhar limit. But degenerate cores have R oc M~'/3, so they will still contract, just
more slowly than non-degenerate cores. This is why the subgiant branch lasts quite long for
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low-mass stars (up to a couple Gyrs), but can be very short (thousands of years) for high-mass
stars. This causes an apparent gap between the main sequence and red giant branch called the
Hertzsprung gap.

. Red Giant Branch (RGB) [~500 Myr / 1 Myr]

As the T at the surface of the star continues decreasing, H™ opacity starts becoming important
again, and the optically thick regime causes the star to develop an outer convective layer. It
eventually hits the Hayashi track again, at which point it stops cooling because any cooler tem-
perature would create a super-adiabatic temperature gradient causing it to leave hydrostatic
equilibrium. The core is still contracting and getting hotter, but now the star can’t decrease T4
anymore to account for the increased energy, so instead it has to increase in radius. It moves
up the Hayashi track in the reverse process to what happened in the pre-main sequence phase,
causing its luminosity to rapidly increase. This is known as the red giant branch.

Due to the convection, some nuclear helium ashes can be mixed into the surface layers in a
process called the first dredge up. This alters the surface conditions of the star, particularly in
the ratios of *C/'*C and C/N (from the CNO cycle).

Because of the much higher luminosity, the lifetime of the red giant phase is much shorter than
the main sequence phase. Typically Lg; ~ 50Lyg, SO tgg ~ 0.02tys.

. Horizontal Branch [~100 Myr / 1 Myr]

Throughout the red giant phase, the core keeps getting hotter. At a certain point, a few different
things can happen depending on the mass of the star.

* High mass (% 1.5 M,): The contracting core gets hot enough to start helium fusion.
This creates a new source of energy/pressure that prevents the core from collapsing any
further. The H burning shell continues, but is no longer driven out of equilibrium by the
core contraction, so the outer layers of the star stop expanding, causing an increase in
the effective temperature (moving left on the HR diagram) and a slight decrease in the
radius/luminosity until we reach a new equilibrium point along the horizontal branch.
This can be thought of like a “helium burning main sequence.” Instabilities on this branch
can lead to the development of variable stars (RR Lyrae).

* Low mass (0.5-1.5 M,): In this case, the core will have become degenerate before reach-
ing the Schonberg-Chandrasekhar limit in the subgiant phase. Thus, when the core does
eventually get hot enough to start helium burning, it does so in degenerate conditions.
This means that the energy injected by the start of helium fusion cannot expand the core
fast enough to shut off helium fusion, leading to a runaway reaction called a helium flash.
This causes a sudden rapid rise in luminosity up to ~ 10'! L, for a few seconds, creating
a spike in the HR diagram called the tip of the red giant branch (TRGB). Afterwards, the
degeneracy in the core is released, allowing it to expand and reach an equilibrium state
similar to the high mass case.

* Very low mass (0.08-0.5 M): The core will never get hot enough to start burning helium.
Theoretically these should become pure He white dwarfs. These have not been observed
because their lifetimes are longer than the current age of the universe. As such, we will
not examine this case any further.

In both the high and low mass cases, working from the inside outwards, we have a core burning
He into C and O, a layer of inert He, a shell burning H into He, and a rich H envelope. For
solar-mass stars, this phase lasts on the order of 100 Myr.
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9. Asymptotic Giant Branch (AGB) [~10 Myr / 100 kyr]

Eventually we run out of He fuel to burn into C and O in the core. Just like in the subgiant
phase, this causes our core of inert C and O to contract and release gravitational energy, driving
the now shell of He burning into disequilibrium, which causes the outer evelope to expand and
cool, getting redder and more luminous. This temporarily causes the H-burning shell to cease.
This stage looks very similar to the subgiant and RGB phases and is called the asymptotic giant
branch because the star asymptotically approaches the Hayashi track on the HR diagram.

The envelope once again becomes convective because of the decrease in temperature (increase
in H™ opacity), which causes a second dredge up of core material (*He, '*N, 13C).

Later in the AGB phase, the H-burning shell reignites and we have double shell burning, with
the H-burning shell depositing He into the inert layer from the top, and the He burning shell
eating up the inert He layer from the bottom. See the different layers in Figure[3.10

Figure 3.10: A slice of a star on the AGB branch, analogous to figure

This is not a steady state—we go through cycles where the dominant shell switches. These are
called thermal AGB pulses. The cycle generally goes:

e H shell active, He shell dormant

* Inert He layer grows in mass and contracts, heats up

* He burning ignites non-degenerately in thin shell (“shell flash”)

* The increased energy expands and cools the envelope, extinguishing the H shell

* He burning eats through the He layer until it reaches the layer of H

* He burning runs out of fuel and stops, but its energy reignites the H burning layer

These cycles repeat on timescales of 10°~10° yr. They can also lead to periodic dredge-ups and
very strong stellar winds. The next stages of evolution depend heavily on the mass of the star,
so we break this up into two separate cases.
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10. A. (M < 8 M,) Planetary Nebula [~100 kyr]

The strong stellar winds driven by thermal AGB pulses cause significant mass loss in late-stage
AGB stars, as high as 107* M yr~!. This causes their outer envelopes to be completely blown off
until eventually shell burning stops. High energy photons can then ionize the surrounding gas
shell, causing it to fluoresce and creating a planetary nebula. For more info, see §3/Q27. The
luminosity of the star itself drops rapidly because of its decreased radius, while its temperature
rises rapidly because we are now seeing deeper into the layers of the star, closer to the core.
So during this phase it moves left and down on the HR diagram.

11. A. (M < 8 M,) White Dwarf [210-100 Gyr]

As the outer layers are stripped off, we'’re left with the inert CO core of the star, supported by
electron degeneracy pressure, called a white dwarf.

The evolution of a low-mass star on the HR diagram is shown in figure[3.11]
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Figure 3.11: The evolution of a low-mass star on the HR diagram.

10. B. (M Z 8 M,,) Post-AGB / Supergiant [~300 yr]

At the end of the AGB phase, once the degenerate CO core reaches a mass of 1.4 M, it can no
longer support itself and begins to collapse. It eventually passes the threshold for C burning,
which stabilizes it temporarily, but it will continue heating up and passing the thresholds for
further burning of O and Si, creating many overlapping layers resembling an onion. As Shrek
once said, “Ogres are like onions...Onions have layers.” Stars in these late stages of evolution,
much like ogres and onions, also have layers, so we can take Shrek’s wise words to heart here.
See all of these layers in Figure |3.12
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11.

Figure 3.12: The different layers of a massive star fusing everything up to Fe.

These repeated cycles of fusion ignition cause the star to evolve back and forth in temperature
on the HR diagram, essentially repeating faster and faster versions of the horizontal branch
and AGB. At this stage, the star is sometimes referred to as a post-AGB star or a supergiant.
Note: high-mass stars do not experience significant upwards evolution in the HR diagram like
low-mass stars do, because they are already close to the Eddington limit during their early
phases of evolution.

B. (M Z 8 M) Supernova [~1 s]

After the massive star starts burning Si, it builds up a core of inert >®Fe. The star has been trying
so hard to prevent its own gravitational demise by burning more and more elements, but at
this point our poor boi is doomed because *°Fe has the highest binding energy per nucleon.
This means that if we tried burning Fe into anything else, we would actually lose energy in
the process. Without any mechanism to push back against gravity, the core starts to collapse
uncontrollably.

During the collapse, the temperature gets hotter and hotter, and the Fe starts succumbing to
photodisintegration (T ~ 7 x 10° K) where it breaks up into its constituent protons and neu-
trons. Normally the neutrons would decay into protons by emitting an electron and a neutrino,
but they can’t here because the electron degeneracy pressure means there are no available
states for an electron to be created in. Instead, the protons start absorbing free electrons and
create more neutrons. As the collapse continues, eventually neutrons become degenerate and
we get neutron degeneracy pressure. Once this pressure kicks in, the core suddenly becomes
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incompressible (the neutrons are literally packed as close together as is possibly allowed),
which causes the collapsing outer envelope to bounce back at an incredible pace, creating a
supernova explosion.

The dynamical timescale of the core collapse is incredibly short, t4,, ~ 1/4/Gp ~ 1 second,
during which it releases an incredible amount of energy E ~ 10°3 erg. The vast majority of the
energy released is in the form of neutrinos (created when the protons combine with electrons
to form neutrons).

12. B. (M Z 8 M) Neutron Star [~10 Myr-10 Gyr]

In this case, the leftover core, composed entirely of neutrons and supported by neutron degen-
eracy pressure, is called a neutron star. These typically have radii of ~ 10 km.

If instead we have a really massive star (M5 & 25 M) such that the core mass is ~ 2 M,
then even the neutron degeneracy pressure will not be enough to prevent it from completely
collapsing. All the mass gets compressed into a single point with 0 volume and infinite density
called a singularity. This creates a black hole.

The evolution of a high-mass star on the HR diagram is shown in figure|3.13
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Figure 3.13: The evolution of a high-mass star on the HR diagram. Notice it is much more vertically
constrained than the low-mass case since the star already starts close to the Eddington limit.

References: [11122//27/28.
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23. Describe the types of stellar evolution that lead to type Ia, type Ib and type
I supernovae. What are the observational differences among these?

The observational classification of supernova types predates our knowledge of what these events
actually are physically, so the distinctions don’t actually make that much sense in terms of the physical
scenarios going on (type Ib and type II are much more similar than type Ib and type Ia). Nevertheless,
there is a helpful flowchart in figure that describes how the classification is determined. All of
the classifications depend on which species of absorption lines are detected in the spectrum at peak
luminosity%
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Figure 3.14: A flowchart to determine how supernovae are classified.

* Type Ia: CO white dwarf detonation

Type Ia supernovae are caused by thermonuclear carbon detonation in white dwarfs, the end
products of stellar evolution for low mass stars (M < 8 M,; see Q22).

White dwarfs, which are supported by electron degeneracy pressure, have a maximum stable
mass of ~ 1.4 M, called the Chandrasekhar limit. If a white dwarf were to somehow surpass
this maximum mass, it can no longer be supported by electron degeneracy pressure and it
starts to collapse gravitationally. This causes runaway carbon fusion because the degenerate
WD cannot expand to regulate its temperature. Heavy elements get fused on timescales of a
few seconds before an energetic explosion releases ~ 10°! erg of energy.

How can a white dwarf suddenly gain mass to surpass the Chandrasekhar limit? This can
happen if the WD is in a binary system and accretes mass from its companion star (“singly
degenerate”), or it can happen if two WDs merge with each other (“doubly degenerate”).
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Because the Chandrasekhar limit is the same for all WDs, all type Ia supernovae are approx-
imately the same luminosity, so these are good standard candles and are an important rung
on the distance ladder. This also makes them a good object of study for determining the dark
energy content of the universe 2, (since this has an effect on the luminosity distance d;, which
is what we measure with standard candles)—for details see §8/Q140.

* Type Ib and Ic: Core collapse

Type Ib and Ic supernovae are both caused by the core collapse of a star at the end of its evo-
lutionary stages. This only happens if the star is massive enough (M Z 8 M,) to fuse heavy
elements up to *°Fe in its core, at which point nothing further can be fused to prevent gravita-
tional collapse (see §3]Q22 for details).

Type Ib and Ic supernovae are special because they do not exhibit any H absorption lines in
their spectra, so they must have originated from extremely massive (M Z 30 M,) progenitors
that had strong enough stellar winds in the AGB phase to completely blow away their H-rich
envelopes before the core collapse phase. These are called Wolf-Rayet stars. The only differ-
ence between Ib and Ic is that Ic also do not exhibit He absorption lines, so they must have had
their He envelopes blown away before core collapse too.

* Type II: Core collapse

Like type Ib and Ic, type II supernovae originate from the core collapse of a M 2 8 M, star at
the end of its evolution. The difference is that these do exhibit H absorption, so they originate
from less massive stars that have not lost their H envelopes before core collapse. See §3/Q22
for more details.

A few related classes of events:
¢ (Classical & Dwarf Novae:

Accreting white dwarfs in binary systems that experience instabilities in mass transfer rates
and thermonuclear hydrogen detonation in their atmospheres that does not completely disrupt
them. See §41Q60.

¢ Kilonovae:

Neutron star-Neutron star mergers that also produce short GRBs and gravitational wave tran-
sients. They are ~ 1% as bright as a typical supernova and their light curves are thought to be
powered by r-process decay. See §4.Q68.

* Hypernovae:

Core-collapse events of extremely massive (Z 100 M) stars, which are linked to long GRBs
and the formation of BH remnants. About 10x as energetic as a typical supernova. See §4/Q68.

* Pair-Instability Supernovae:

In extremely massive stars (130-250 M) with low metallicities, gamma rays in the core can
become energetic enough that they produce electron-positron pairs. This reduces the radiation
pressure in the core supporting the star against collapse, causing the core to collapse in a
runaway process. This leads to a supernova. The rapidly contracting core has a runaway
nuclear fusion reaction for several seconds which completely disrupts it—no black hole or other
stellar remnant is left behind. This is predicted to contribute to a mass gap in the black hole
population (see Q38), but so far none of these events have been observed/confirmed.

61



—2.5 log f, + constant

Figure 3.15: Spectra of supernovae for each type, with important absorption lines labeled™.
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Figure 3.16: The light curve of a type II supernova??,
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Examples of spectra from supernovae of each type are shown in Figure And an example of a
light curve from a type II supernova is shown in Figure [3.16] This is powered by 2 sources:

* Shock-deposited energy from the initial explosion

« Radioactive decays of *®Ni and its by-products:

Ni — *°Co+e" +v, +y (3.53)
%Co— MFe+et + v, +y (3.54)

Most of the *°Ni decays during the initial explosion, while the following downwards slope is
due to the decay of *°Co.

Zooming in on the first few hundred days, a comparison between a type II and a type Ia supernova is
shown in Figure|3.17] Type II supernova experience a plateau thought to be caused by the expansion
and cooling of the star’s outer envelope as it’s blown into space. Type Ia supernova have a more
consistent decline.
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Figure 3.17: Light curves of type Ia and type II supernovae®’.
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24. What is a Cepheid variable? Explain the underlying stellar physics involved.
What is the Leavitt Law? Over what range of distances do Cepheids play a major
role in the “cosmic distance ladder”?

Cepheid variables are a class of pulsating stars with a brightness that varies over time in a predictable
way. They are named after the first discovered example, 6 Cephei. This star’s strangeness was
discovered in 1784 by John Goodricke, who contracted pneumonia while observing it and died at
the age of 21Y. It do be like that sometimes.

It turns out that the period of pulsation for Cepheid variables is correlated with their intrinsic lu-
minosity. Henrietta Swan Leavitt (1868—1921) singlehandedly discovered nearly 5% of the known
population of Cepheid variables, and she was the first one to discover this relationship between the
period and luminosity. As such, it’s called the Leavitt Law:

L
101, (<L—>) =1.15log,, P, + 2.47 (3.55)

®

where P; is the pulsation period measured in days. Or, in magnitudes in the V band:

This relationship is shown in Figure|3.18. Cepheids tend to be very massive and luminous evolved
supergiant / bright giant stars of spectral class F-K, with M ~ 4-20 M, L ~ 10°~10°> L., R ~ 50 R,
and P; ~ 1-50 days.
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Figure 3.18: The correlation between pulsation period and luminosity for Cepheids in the Small
Magellanic Cloud™".

Why are the period and luminosity related?

The pulsations are related to radial oscillations in the star that result from sound waves resonanting
in the interior. Thus, we can estimate the pulsation period IT by considering how long one of these
sound waves would take to cross a star with radius R and constant density p. The adiabatic sound
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speed is
, 0P P

—— =y— (3.57)

cT =
f9p p

And the pressure P can be found by using hydrostatic equilibrium

P GMp 4
—=— =—-1G 3.58
dr r2 37‘5 pr ( )

Integrating using the boundary condition that P = 0 at the surface

" dp ' 2
P(N=| dr— = —ﬂTCGpZ dr'r’ = =nGp*(R*—r?) (3.59)
R dr 3 R 3

Thus the pulsation period IT is

R R R
IT~ ZJ g A zf dr ~ 6 f dr (3.60)
o & o /2ynGp(R2—r?) JYﬂGP o VRZ—12

This is another one of those annoying trig integrals, so I'll just skip to the answer (the integral is 7t/2)

M| 27 (3.61)
2yGp

We see that IT oc p~/2. Now, Cepheid variables occupy a narrow vertical strip on the HR diagram
called the instability strip, meaning their T, is ~ constant. I'll explain why this is in just a second,
but taking this for granted we can see that this necessitates a proportionality between the period and
the luminosity since this means the luminosity is proportional to the radius and hence the density*!:

-1/2
L o< R*T4 ocR? |, Mo (E) oc MTYR? — Mo M~2L3/4 (3.62)

Why do Cepheid variables exhist in a narrow strip on the HR diagram?

This is because the mechanism thought to be responsible for creating the sound waves, the k mech-
anism (AKA the Eddington valve), can only occur at a very specific temperature. In normal cir-
cumstances, an increase in compression of the atmosphere causes an increase in temperature and
density, which decreases the opacity of the atmosphere (since x o< p T~7/?), allowing more radiation
to escape and regulating the temperature and density back down. This is a stable equilibrium. How-
ever, when the k mechanism operates, an increase in temperature and density cause an increase in
opacity. This can happen, for example, in a star’s partial ionization zone, where some of the energy
from the compression can go into ionizing more atoms instead of increasing the temperature. Then,
our opacity k o< pT~7/2 will go up since p increases and T does not change. Stars typically have a
partial ionization zone for Hydrogen (H 1 «— H 11) at ~ 10* K, and for Helium (He 11 < He 111) at
~ 4 x 10* K. In these zones, the k mechanism can create cycles if the circumstances are just right4.
The cycles, conceptually, evolve something like this:
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* The He partial ionization zone compresses and gets more dense, ionizing more He 11 — He III

7/2

* The opacity k o< pT~’/* goes up since p increases and T remains ~constant

* The layers beneath the zone heat up because they cannot radiate their energy through the
opaque layer

* The internal pressure increases and the layer expands, recombining He 111 — He 11

7/2

* The opacity k o< pT~’/# drops since p decreases and T remains ~constant

* The layers beneath the zone cool down because they can radiate their energy more efficiently

* Repeat ad infinitum

If the temperature is too low, convection starts dominating in the star’s atmosphere, which mixes
the gas and prevents He ionization from driving pulsations. If the temperature is too high, the He
ionization zone is too far out in the star’s atmosphere to drive pulsations. Therefore, we get the
instability strip. See the shaded Cepheid region in Figure [3.19]
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Figure 3.19: The HR diagram annotated with regions for different classes of variable stars"™.
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The Distance Ladder

Since we can get absolute magnitudes from the pulsation period, Cepheids play an important role in
the distance ladder. They can be used for distances much farther than parallaxes, since Cepheids are
bright supergiant stars (luminosity class Ib) and can be seen at intergalactic distances, but they’re still
relatively local since they require one to be able to resolve individual stars. Parallaxes can only go
out to about ~kpc at most (and that’s with a high level of uncertainty). Whereas the furthest known
Cepheid currently is in NGC 3370 at a distance of ~ 29 Mpc=?. This is closer than, for example, type
Ia supernovae, which can go up to 100s of Mpc. This gets a bit more complicated because differences
in metallicity and dust extinction can cause slight deviations in the period-luminosity relationship for
Cepheids.
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25. What are RR Lyrae stars, and how do they differ from Cepheids?

RR Lyrae stars are variable stars in the horizontal branch evolutionary phase that are found in
globular clusters (Population [I—metal poor, old). They occupy the same instability strip as Cepheids,
so the mechanisms that drive their oscillations are the same (x mechanism; see §3/Q24). Also like
Cepheids, they are named after the prototypical example, RR Lyrae. But since they are subgiant stars
with spectral types A-F (L ~50L,, M ~1M,), they are much dimmer than classical Cepheids, and
their periods are much shorter, on the order of hours to 1 day. Their period-luminosity relation is
also harder to calibrate and is typically less reliable than the one for Cepheids. See the shaded region
in Figure for reference.

Since RR Lyrae stars need multiple measurements to be averaged over time to obtain their “true” col-
ors and luminosities, they are often omitted from the HR diagrams of clusters and stellar populations
altogether, leading to an artificial gap where the instability strip should be. This is purely an artifact
of our choice to omit these stars and is not indicative of any underlying physics.
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26. What are HH objects? T Tauri stars? Bipolar flows? OH masers? Where
are they all found?

Herbig-Haro (HH) Objects™

First discovered by George Herbig and Guillermo Haro in the 1950s in the Orion nebula, these are
regions of gas around a young protostar that exhibit bright emission line spectra. The protostar emits
narrow jets of gas that expand supersonically and collisionally excite the gas, creating the emission
lines. The gas in the jets can be moving at 100s of kms™!. Continuous emission is also observed in
some cases due to reflected light from the protostar. See a diagram in Figure [3.20]

Herbig-Haro object

Polar jet

Accretion disk

S

Figure 3.20: Left: Diagram of an HH object. Right: A real HH object observed with Hubble. Credit:
NASA.

T Tauri Stars™!

A class of low mass (0.5-2 M,) pre-main-sequence stars, named after the prototypical example T
Tauri. These represent a transition between stars that are still obscured by dust and main sequence
stars, and they are characterized by unusual spectral features and rapid irregular variations in lumi-
nosity (timescales of days). They are often somewhere along the Hayashi or Henyey track, see Figure

Many exhibit strong emission lines from the Balmer series, Ca 11, and Fe, as well as absorption from Li.
They also show the forbidden lines of [O 1] and [S 11]—the existence of forbidden lines is indicative
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Figure 3.21: The positions of T Tauri stars on the HR diagram. The size of the circles indicates the
rate of rotation. Stars with strong emission lines have filled in circles, while stars with weak emission
lines have open circles™t,

of very low gas densities. The shapes of these lines is also often in the form of a P Cygni profile (see
§31Q28), indicating significant mass loss.

Bipolar flows

These are outflows of material launched by jets (narrow) or winds (wide) at each pole, which can
be induced either by protostars or post-AGB stars. In the case of jets, these are highly collimated
supersonic (100s of kms™!) streams of gas that create shock fronts that heat the surrounding gas to
~ 10* K (HH objects). The formation of the jet may be related to magnetic fields created by material
in the disk (use the right hand rule—a circular current in the disk would lead to a magnetic field going
vertically through the axis of rotation), which could allow the protostar to shed angular momentum
and prevent itself from being torn apart. In the case of winds, the outflows are slower (10 kms™!)
and cooler (10 K) and can be observed with molecular lines.

OH masers

Like a laser, the emission from a maser is stimulated and monochromatic. Electrons are “pumped up”
from a lower energy level into a higher, long-lived metastable energy state. When a photon with the
right energy level comes along, it can stimulate the electron (see §5/Q88 on stimulated emission) to
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move down and emit another photon with the same energy in the same direction and in phase with
the first photon. This causes a chain reaction that amplifies the radiation of this one energy transition
to be much brighter than would be expected in a purely thermal distribution.

In the late AGB stage of evolution, stars develop strong winds and experience significant mass loss
(see §3]Q22). The outer layers of the star expand out and become very cool and optically thick. These
clouds can form molecules that get photodissociated into OH (hydroxyl radicals), which develops
the perfect conditions for an OH maser to form. These can also form around protostars that are still
enshrouded by an optically thick molecular cloud, for similar reasons.
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27. What is a planetary nebula? What is our current understanding of the
formation of planetary nebulae?

A late stage AGB star produces strong stellar winds that strips it of its outer layers. These outer
layers create a surrounding shell of gas that is irradiated by UV light from the now exposed white
dwarf, causing it to fluoresce (mostly in the UV and visible) and produce a planetary nebula. The
morphologies of these nebulae can tell us a lot about the angular momentum of the star, magnetic
fields, possible companion stars, and more. They are only produced in stars with masses between
0.8-8 M,. More massive stars will lose their atmospheres too quickly (like Wolf-Rayet stars), while
less massive stars will never start fusing He into C and O in their cores, so they won’t produce ion-
izing radiation to cause their ejected atmospheres to fluoresce. The name is obviously a misnomer,
they have nothing to do with planets (they just sort of looked like gas giants when viewed through
nineteenth century telescopes)*%. See an example in Figure

L 10THCENTURY

Figure 3.22: Left: An example of a planetary nebula: The Cat’s Eye Nebula, in the optical and X-ray
using data from Hubble and Chandra. Credit: NASA. Right: The Butterfly Nebula, using data from
Hubble.

Typical characteristics:

* Length scale: 0.3 pc
* Expansion velocity: 10-30 kms™
e Temperature: 10* K
e Age: 10* yr (max ~ 5 x 10* yr before it dissipates into the ISM)

1
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28. What is a P Cygni line profile, and what does it signify?

A P Cygni profile is a line profile which has an emission component superimposed with a blueshifted
absorption component. It was first observed around the star P Cygni, hence the name. The presence
of a profile like this indicates that the star is experiencing significant mass loss, with an expanding
shell of cold gas that absorbs the emission from the star with a relative blueshift because of the
expansion (see Figure 1,

T T T T T T | T | T | T | T Expaﬂdin
— — Emussion from edges chell =

of shell perpendicular -
to line of sight (C)

i Eﬂ:lission_ﬁ"om e __ Enmssion from receding |
- approaching fromt rear portion of shell (D)
L portion of shell (B) .

Intensity

Continuum

Absorption due to

I~ approaching near
- side of shell (A) .
I 1 I 1 I 1 I 1 I 1 I 1 1 1 1 I 1 I
Blueshift Ao Redshift
A—
(a) (b)

Figure 3.23: Left: A P Cygni profile. Right: A model of how the P Cygni profile is formed, labeling
the different parts of the star that contribute to emission/absorptiont,
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29. Two stars are observed to have the same color and brightness. One of them
is a giant at a greater distance than the other, which is a main sequence star.
How could these be distinguished from spectroscopic measurements?

If two stars have the same color, that means the slope of their blackbody curve is the same, so they
have the same T, (vertical column on the HR diagram). If they have the same apparent brightness
but are at different distances, then the giant will have a larger intrinsic brightness but will be further
away.

We can distinguish these two cases by using spectra of each star and looking at the shapes of the
absorption line profiles. This is because pressure broadening becomes important in the atmospheres
of stars. The orbitals of atoms can be perturbed by collisions or close EM encounters with other
atoms/ions, which causes a general broadening of the line profiles produced by these orbitals. This
effect is proportional to the likelihood that one of these close encounters happens, which is the inverse
of the mean free path:

A o< % o nvo (3.63)

The important part here is the proportionality to the number density n of particles. This, in turn, is
proportional to the star’s radius like n oc R™3. Therefore AA o< R™3. Obviously a giant star with the
same T, as a main sequence star will have a larger radius:

L =4nR*0g T (3.64)

giant

So a giant star will have narrower absorption lines than a main sequence star:

A giame < Alpgs (3.66)

This is because the surface gravity (g = GM/R?) of a star with a larger radius is smaller, so the
atmosphere of a giant star is less compressed than the atmosphere of a main sequence star, and
pressure broadening becomes less important.

This is how the MK luminosity classes (§3/Q16) are determined!,
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30. Write down and describe the four basic equations of stellar structure.

1. Conservation of mass

Say that the enclosed mass at a radius r is M(r) and the density at this point is p(r). Conservation
of mass states that the mass within a thin spherical shell of volume 4nr?dr should just be dM =
4nr?p(r)dr. Therefore, we get our first stellar structure equation:

dM(r)
dr

= 4nr?p(r) (3.67)

2. Hydrostatic equilibrium

For a star to be stable (i.e. not expanding or contracting), the thermal pressure P(r) pushing outwards
at some radius should be balanced by the inwards pull of gravity at the same radius. Say we have a
small area element dA at r. The pressure pushes outwards from the bottom with a force of P(r)dA,
and it pushes inwards from the top with a force of —P(r + dr)dA. If we say P(r +dr) = P(r)+dP,
then the net force from pressure on the area element is —dPdA. Then we just set this equal to the
gravitational force:

GM(r)
r2

—dPdA— p(r)drdA=0 (3.68)

The area elements cancel out, and we get the equation of hydrostatic equilibrium:

dP(r) _ _GM(Dp(r)

o = (3.69)

3. Energy generation

Nuclear fusion generates energy, which is transported outwards in a spherically symmetric shell of
volume 4nr?dr. This produces a luminosity (i.e. a power) of L(r) through the shell. If we have
an energy generation rate per unit mass of €, (r) (units of ergs™ g!) and we assume the star is in
thermal equilibrium, then the change in luminosity across dr is dL = ¢,,(r)dM. However, in general
if we’re not in thermal equilibrium, this will equal the heating rate:
dQ ds
e (r)dM —dL = —dM =T—dM 3.70

(1) = = (3.70)
where Q is the heat and S is the entropy. Therefore, writing out dM, our energy generation equation
becomes

dL(r)
dr

(3.71)

dil (tr) ]

= 47'cr2p(r)[€m(r) —T(r)

where the T dS/dt term goes to 0 in thermal equilibrium.
4. Energy Transport

The energy generated by nuclear fusion creates a luminosity gradient, as we saw in the last equation,
but this difference in energy also creates a temperature gradient depending on how the energy is
transported throughout the star. Energy transport can come in two forms: radiative and convective.
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These each have a corresponding stellar structure equation that describes the temperature gradient
in the star when each one is the dominant mechanism.

4.A. Radiative Energy Transport

We can start with the equation of radiative transfer in a plane-parallel stellar atmosphere

dr,
=1

y— S, (3.72)

dr,

where u = cos 6. Multiplying by u/c and integrating over the solid angle dQ = sin6d6d¢ = 2ndu,
we get

1 1
d I, 2
277:—J duuzl=—nf duu(l,—S,) (3.73)
dr, J, c c J,

We identify the left integral as the radiation pressure (e.g. equation (12.56))). For the right integral,
the source function S, is isotropic (blackbody), so it can be pulled out of the integral—this term then
vanishes when integrating over the solid angle. Then we’re just left with the integral of I, u over the
solid angle, which is just the flux (equation (12.51))). Therefore

dera F dPVI‘a
rd Ty, p = & T (3.74)
dt c a, dr

v

The sign flipped when we replaced dt, with a,dr since the optical depth gets larger as r gets smaller
(we get closer to the center of the star). Now we integrate over the frequency. Typically we don’t
know the form of a,, = pk, precisely, so we define the Rosseland mean opacity k; such that
dp
F=—— " (3.75)
pKg dr

The radiation pressure is dominated by blackbody emission, P, = u,/3 = (47/3c)B,, so the pressure
gradient is dP,/dr = (4m/3c) B,/dT x dT/dr. Then the Rosseland mean opacity is defined by

o« 1 0B
f ——dv
1 ° k,0T
= = (3.76)
0 aT
(the dT/dr terms cancel out). Now we replace F with L/47nr? and we have
L d dT
:_L_(Eﬂ) __fea p5dT 3.77)
4mr? prkgrdr \ 3 3pkgr dr
Solving for the derivative of T gives us our stellar structure equation
dT(r) _ _3x(NLDP(r) 578)
dr 16macr2T(r)3

4.B. Convective Energy Transport

Say a bubble with p, and P, expands adiabatically (i.e. with no exchange of heat) to a new p, and
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P,. The density and pressure of the environment at these two locations will be designated (o}, P;)
and (p;, P,) respectively. We’ll assume for simplicity that the bubble starts out in the same conditions
as its environment, so p; = p; and P; = P;. See Figure

PN

pi-R

Figure 3.24: Adiabatic expansion of a bubble.

Since we’re assuming adiabatic expansion, then we have an equation of state such that
Pocp’ , pocPr (3.79)
Now we’ll approximate the density of the bubble at the new location with a first-order Taylor series

dp dP
LN =py + LLE Ar (3.80)

dp
=p1+——Ar=p;+
P2= 0 ke dP dr yP, dr

dr

Whereas the density of the environment at the new position p., will be

dp
Py, =p;+ EAr (3.81)
Here we can’t do the same replacement that we did for the bubble since the environment is not in an
adiabatic process. But, recall that p{ = p,. Therefore, the density contrast between the bubble and
the environment at the new location is
/I __ P1 dP dp

—p,=——Ar——A 3.82
P27 P, yP, dr Tt (3.82)

For the environment we can use the ideal gas law (P o< pT) to obtain (dropping the “1” subscripts)
, p dP pdP pdT] [ ( 1)de pdT]

—p ==+ =—Ar=|—|1—=|=—+=—1A 3.83

P2 P [}der Pdr Tdrl o yJPdr Tdr g (3.83)

Thus, for convection to drive the energy transport the LHS must be positive. We can take the boundary
for convection to be very close to the actual temperature gradient during convection, since it’s an
extremely efficient energy transport mechanism that only requires an energy gradient slightly steeper
than the critical value. Thus, we just set the quantity in brackets to 0 and solve for the temperature
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gradient

(1

1
Y

)Mdp(r) (3.84)

P(r) dr

dT(r) _
dr
Review
The four equations of stellar structure are*>
M
dm(r) =4nr?p(r)
dr
dP(r) __GM(r)p(r)
dr r2

dr

3L ()

dT(r) _ 16macr2T(r)3
dr _1\T(r)dP(r)
(-5)

P(r) dr

(conservation of mass)

(hydrostatic equilibrium)

dL(r) _ 47-cr2p(r)[5m(r) — T(r)d‘z—(tr)] (energy generation)

(radiative energy transport)

(convective energy transport)
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31. Make a dimensional analysis of the equation of hydrostatic equilibrium
using a polytropic equation of state to find a general mass-radius relation for
spherically-symmetric, self-gravitating bodies. For which two polytropic in-
dices is the configuration unstable?

Using hydrostatic equilibrium (3.69) and an equation of state with a polytropic index y, we have
Y
dp(r) _ dp(r)"  M(r)p(r)

dr dr r2 (3.85)

d M
rp(ry1 22U o pz(r) (3.86)

dr r
When r =R, we have M(r) = M and p(r) o< M /R>:
MY M M2

=) moecar (3.87)
M772 oc RT3 (3.88)
M o< RGr=4/0r=2) (3.89)

This relationship shows how M must change with R in order for hydrostatic equilibrium to hold in a
polytropic gas. We can see that this is unstable in two cases:

Y :g — M o<cR%| (constant) (3.90)
y=2 — M o<R*® | (infinite) (3.91)

The first case is unstable because, as R decreases, the gas pressure P,,; o< p’ o< (M /R®)" does not
increase fast enough to counteract what is required by hydrostatic equilibrium Pyg; o< M?/R* (see

(3.100)):

dP,,, o< —R*""'dR (3.92)
dPygz < —R°dR (3.93)
—R¥>-R* — R¥<R* — yv> g (3.94)

So any y < 4/3 will be unstable?4,

Note: If instead of a polytropic equation of state we use the ideal gas law (P o< pT) and ignore the
scaling with T (the nuclear energy generation mechanisms all have a very steep dependence on T, so
for all intents and purposes, all stars have roughly the same core temperature), we obtain the main
sequence mass-radius scaling relation

Ro<c M (3.95)

Doing a more careful analysis to find how the temperature actually scales with the mass yields a
slightly refined scaling relation

R o< MO8 (3.96)
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32. Make a dimensional analysis of the equation of radiative diffusion in stars
to show that the luminosity of a star scales as its mass cubed, if the opacity is
taken to be a constant and assuming that radiative diffusion is the dominant
mechanism for energy transfer.

Looking at the equation of radiative diffusion (3.78]), assuming a constant opacity:
T L
drT(n) ___L)p()

3.97
dr r2T(r)3 ( )
T(r)*dT
L(r) oc p2 LI AT () (3.98)
p(r) dr
Evaluating everything at r =R (so p o< M /R®) and approximating the derivative as T /R
RPT* R'T*
L o< RP*—— o< (3.99)
M R M
And using the ideal gas law (P o< pT) and hydrostatic equilibrium:
dP  P(0)—P(R) GM(M/R?) M?
—~ ~ — P0)~— 3.100
dr 0—R R? ©) R4 ( )
Gives
R4 P 4 R4 MZ/R4 4 R4 M 4
Loc—(—) oc—( ) oc—(—) — | LocM? (3.101)
M\p M\ M/R3 M\R

Note: Considering the opacity more carefully leads to a few different scaling relations depending on
the source of the opacity, since
M3
L o<c— (3.102)
Kr
For example, Thomson scattering has x ~ const, so L. o< M? as before, but a Kramer’s opacity law
has

M M _3.5
Kp o< pT ™3> o (E)(E) o< M™2°R%> oc M2 (3.103)
which gives L oc M°. The observed mass-luminosity relation for main sequence stars above ~ 1 M,
lies in between these two cases, with an exponent of ~ 3.5:

L oc M3® (3.104)
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33. Use the known luminosity and mass of the Sun to estimate its nuclear
lifetime. What is the current age of the sun, roughly?

The main sequence is by far the longest stage of a star’s lifetime, so its total age can be estimated just
from its lifetime on the main sequence when it’s burning hydrogen. This can be estimated by taking
the amount of energy the star could potentially produce by fusion, and dividing by its luminosity
(energy released per unit time). Thus

fXnM,c?

MS I (3.105)

*

Where
* f ~ 0.1 is the fraction of the star’s Hydrogen that will ever get hot enough to be burned
* X ~ 0.7 is the mass fraction of Hydrogen—how much of the star’s mass is actually Hydrogen

* 1= (my,—4m,)/4m, ~ 0.00685 is the efficiency of each nuclear reaction—how much of the
mass-energy of each Hydrogen atom is actually converted into energy

 Thus, fX1nM,c? gives the total energy the star is expected to release from fusion over its main
sequence lifetime

The mass of the Sun is M, ~ 1.989 x 10*® g, and its luminosity is L, ~ 3.846 x 10* erg s™!. So,
doing an order of magnitude estimation,

107! x 1 x 1072 x 10%3 x (10%9)?

tas ~ o ~10"s (3.106)
Converting to Gyr
1017
Errs ~ > — ~[10Gyr (3.107)
107 syr—! x 109 yr Gyr

The Sun’s current age, based on radioactive dating of meteorites in the Solar System and modeling
of the solar spectrum, is estimated to be

t ~4.5Gyr (3.108)

So we've still got a good 5 billion years before we have to worry about being engulfed by the Sun as
it enters the red giant phase’*42,

For higher/lower mass stars, we can use the main sequence mass-luminosity scaling relation (§3}Q32)
to see how the lifetime changes as a function of mass. Since L o< M>>, we have

M
tMS < W o< ]\4_2'5 (3109)

However, for very low mass stars below < 0.3 M, they are fully convective (see Q37), which
allows them to fuse closer to 100% of their hydrogen over their lifetimes, so f — 1 and the lifetime
increases by another factor of ~ 10.
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34. Describe the prominent neutrino producing reactions in the sun, and the
experiments designed to detect them. What was the solar neutrino problem
and how was it solved?

Neutrinos are produced in the PP chain in the following reactions, all mediated by the weak force

(see §3/Q35):

'H+'H—*H+e" +v, (PP-D
‘Be+e” — "Li+ v, (PP-1I)
8 — ®Be +e' +v, (PP-III)

In the first one, two protons combine while one of them f3-decays into a neutron, producing a deu-
terium nucleus along with a positron and an electron neutrino. This is the same logic for the third
reaction except the proton that decays starts inside the boron nucleus. For the second one, we in-
stead have a proton absorbing an electron to become a neutron, which also emits an electron neutrino.
About 90% of the solar neutrinos come from the PP-I reaction, 10% from PP-II, and < 1% from PP-III.

The neutrinos are necessary in these processes to conserve energy, momentum, and angular momen-
tum (spin). This is often grouped into a higher-order conservation law known as the “conservation of
lepton number”. In other words, in the first reaction we produce a positron, which we give a lepton
number of —1. But the LHS has no leptons, so to conserve lepton number we need a particle on the
RHS that has no charge but a lepton number of +1—hence, the neutrino.

In the 1960s, Ray Davis built a detector for solar neutrinos in the Homestake Mine in South Dakota
(it was built underground in a mine to eliminate background signals as much as possible). The
experiment consisted of a tank filled with cleaning fluid, which would detect neutrinos through the
reaction

v, +3¥Cl—> YAr+e”

The amount of Argon present could then be used as a proxy for the number of neutrinos. Despite
their best efforts, the research team found that they were only getting about 1/3rd of the estimated
number of neutrinos that they should be. This became known as the solar neutrino problem®®.

The solution to this problem—neutrino oscillations—was actually proposed before the problem
itself was even found. The idea is that neutrinos can oscillate between their three flavors (v,, v,
v.), and since the experiment was only sensitive to electron neutrinos, the neutrino flux observed
only accounted for about 1/3rd of the neutrinos that had actually originated from the Sun, while the
others had changed flavors on their way to Earth®.

Why do neutrinos oscillate between states?

Note: For this section, I use natural units to follow the conventions of the particle physics community
(c = h = 1). The reason neutrinos oscillate between flavors is because the flavor eigenstates that
couple to the W/Z boson (v,, v,,, v.) are different from the mass eigenstates that actually propagate
(vi, v4, v3). The mixing between these eigenstates is characterized by the PMNS matrix

Y1 Uge ul,u Upr Ve
Vo | = | Uze uZpL Usr v,u (3 1 10)
V3 Uz, Uz, Uszg Ve



If we had a particle in a pure mass eigenstate that propagates with a 4-momentum p;, then it would
evolve as

|v;) = e X [j) = e IE20 ) (3.111)

where ¢ is the time it has propagated for and / is the distance it has propagated. Therefore, we can
write the eigenstate for the electron neutrino as a superposition of the mass eigenstates

[ve) = s [ V1) + Upe [ V2) + Us, [ V) (3.112)
= u;,e {EPO 1) 4y, e IEt7P2) | 2) 4 gy, @7 I(Eat7Ps0) |3) (3.113)

If the mass states’ phases rotate at different frequencies, then they will interfere with each other, and
the flavor of neutrino that’s measured will depend on the distance and time that it has propagated
for. We can find the phase shift between two states with

[ 2 . .2 m;\* 1(m;? m;
1 A A

Plugging in, and using { ~ ct, we have

And if p; > m;

2

m?  m Aml.zj
2p;  2p; 2E

This tells us that the phase difference between mass eigenstates is proportional to the difference
in their masses Aml.z. relative to the energy they propagate with E, and it grows linearly with the
distance £. This allows us to measure the probability of a neutrino of flavor a turning into a different
flavor B as a function of the distance £:

2
P(ve = ) = [ (vl ) [ = | Doujaupe ™% (3.117)
j
Which is often written as=”
Am>(
P(va - vﬁ) = 5aﬁ _42 Re[ujaujﬁuiaukﬁ] Sinz |: 4Ej'k :|
j>k
, (3.118)
. Amjk€
+ 22 Imluj,ujsuy U] sm[ o5 ]

j>k

The first evidence of neutrino oscillations was found by the Super-Kamiokande experiment in 1998,
which detected atmospheric neutrinos from cosmic ray events. Later in 2001, the Sudbury Neu-
trino Observatory (SNO) looked for reactions that were sensitive to all types of neutrinos as well
as reactions only specific to electron neutrinos. They were able to measure that the fraction of solar
neutrinos that were electron neutrinos was ~ 34%, exactly matching the predictions of the neutrino
oscillation theory. The 2015 Nobel Prize was jointly awarded to Arthur McDonald of the SNO and
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Takaaki Kajita of Super-Kamiokande for the discovery of neutrino oscillations®’.

Neutrinos are also produced in the CNO cycle, but since the dominant source of the Sun’s energy is
the PP chain (~ 99%), neutrinos produced from the CNO cycle were only experimentally detected
recently in 2020 by the Borexino experiment®® at the Laboratori Nazionali del Gran Sasso in Italy.
The relevant neutrino-producing reactions are

BN — BC+et + v, (3.119)
50— PN+et +v, (3.120)
VF— Y0 +e" + v, (3.121)

These neutrinos are detected by elastic scatterings off of electrons—the recoiling electrons then pro-
duce a Cherenkov radiation spectrum that can be used to measure the energy of the neutrinos.
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35. Write down the basic equations of the p-p chain that provides the Sun’s
nuclear power

The proton-proton chain, also called the p-p chain (hehe) is the set of nuclear reactions in the cores
of stars that ultimately fuses Hydrogen into Helium. See this summarized in Figure 3.25

1 1 2
H+'H —> ?H+e"+ v,

’H + 'H —>3H9+y

/\

*He + °He —> *He + "H + H *He + *He —> "Be + v

PP-1 (85%)

Q= 26.2 MeV
‘Be +'H — ®B + v
7 - 7, . 8 8 -
Be + & —>» L|+Ve B — Be+e+ve
i + "H — “*He + *He 8Be —» “He + *He
PP-ll (15%) PP-IIl (0.02%)
Q = 25.7 MeV Q=191 MeV

Figure 3.25: The reactions of the p-p chain®’.

The net output is

4 H— He+2y+2e" +2v, (3.122)

In the figure, the percentages indicate the amount of *He produced in each branch of the p-p chain.
These are dependent on the temperature of the environment, with PP-II and PP-III becoming more
dominant at hotter temperatures, but the values shown are for the Sun. Note that PP-I requires the
first 2 reactions to happen twice, whereas PP-II and PP-III only require them to happen once (as it is
assumed there is enough *He in the core already).

Any steps involving the weak force will be much slower than the others, and thus they will be the
rate limiting steps. This includes the very first reaction where a proton has to f3-decay into a neutron
to form deuterium, the first step in PP-II where a proton in "Be absorbs an electron and becomes a
neutron, and the second step in PP-IIl where a proton in 8B 3-decays a neutron, converting it to ®Be.
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The first step has a reaction rate of roughly 1 every Gyr, whereas the second step happens almost
immediately (1 second).

The Q values indicate the net radiative energy that is released in each branch. In PP-I, in addition
to the energy released from fusing 4 protons into “He, we also have 2 positrons that will annihilate
with electrons and produce additional energy, and 2 neutrinos that will take some energy away. The
net result is

Qpp_y = 4m,c*n + 2m,c* —2E, (3.123)

The first two terms add up to 26.7 MeV, and on average E,, = 0.262 MeV, so Qpp_; = 26.2 MeV. For PP-
I1, since the first two reactions only happen once, we only produce one positron (but still 2 neutrinos
since another one is produced in the PP-II reactions). Therefore

Qpp_y = 4m,c’n +m,c* —2E, (3.124)

which gives Qpp_;; = 25.7 MeV. Finally, in PP-III, we should normally expect Q to be the same as PP-II,
but in fact the average energy of the neutrino produced in the PP-III branch is much higher, so we
get a Qpp_yy = 19.1 MeV=2,

We can convert the Q values into an energy generation rate per unit volume, ¢, like so

1
ey =QRyz , Ryp= TlAnB<O'V)(1 5 ) (3.125)
AB

Here, n, and ng are the number densities of the two reactants (both protons in this case), (ov) is the
velocity-averaged cross section, and the factor with 6,5 is 1 if A and B are the same and 0 if they are
not (this prevents us from double counting). We typically write the cross section as

o) =D ewp( -\ ), B = (20720 (3.126)

where S(E) is constrained by nuclear physics, E is the Gamow energy, and a is the fine structure
constant. The velocity is given by a thermal distribution, so we can use Maxwell-Boltzmann:

1/2
2 EY —E/kT

f(E)E = WA dE (3.127)
Therefore the average of ov is
{ov) = f dE f(E)o (E)v(E) (3.128)
0
_2 1 OodEEl/zx@X(Z—E)Uzex (—i)ex (— E) (3.129)
-~V (kT)32 ), E u PUT kT )P E '

8 1 * E L|E
= EWJ dES(E)exp(—ﬁ— EG) (3.130)
0

The e %/kT term goes to O at high E whereas the e~V £¢/E term goes to 0 at low E, so the integral is
only significant around an intermediate energy of E, = (E k>T2/4)'/3, called the Gamow peak (see
Figure(3.26
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Figure 3.26: Illustration of the Gamow peak.
This allows us to rewrite the exponential argument as a second-order Taylor expansion, which turns

it into a Gaussian
E I E; E—EO)Z]
——\=]|~cC — 3.131
exp( kT E) exp[ (AE/Z ( )

for which the integral is easy

o0 _ 2
f dECexp[—(E EO) ]z cﬁ% (3.132)
0

AE/2

Skipping the algebra, this results in a reaction rate per unit volume of approximately:

8 (1468,)7" ( E, )2/3 [ ( E, )1/3}
R,. ~ n.nzS(E,)| —— exp| —3| —— 3.133
AB V3nam,c  ZuZgA, anS (Eo) 4kT P 4kT ( )

where A, = u/m, is the reduced mass number®”, This can be further simplified to give the energy
rate per unit mass for p-p chain reactions. This becomes complicated when considering the relative
contributions from the different branches, but an approximate solution looks something like*?

e, (PP) & 2.57 x 10 fnanz($)T9_2/3 exp(—3.381T, %) ergs ' g (3.134)

where 1) accounts for the relative contributions of PP-I, PP-II, and PP-III, and the factor g,; does not
have any physical significance, it’s just a fitted polynomial correction factor that does a good job at
reproducing observed results:

g1 =1+3.82Ty + 1.51T7 + 0.144T; —0.0114T; (3.135)

This has the rough proportionality

e,,(PP) o< pX2T* (3.136)

There is an additional possible avenue for the first reaction, called the PEP branch, which looks like
Ht+e +'H— *H+v, (3.137)

but this only happens in the Sun about 1/400 as often as the canonical first reaction in the PP-chain.
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36. How does the CNO cycle work?

“He‘b 'H
J
'H
)\ L\: \/v

/

Gamma ray Y

Positron Neutrino
Figure 3.27: The CNO cycle

The reactions of the CNO cycle go as follows
12 1 13
L+ H— “N+y
BN— BC+et +v,
13 4 1 14
C+ H—> TUN+¥y
14 1 15 OO
N+ H— 20 +y
P0— PN+e"+v,
15 1 120 4
N+ H— C+ He
The general pattern is that we add a proton to go up 1 element, convert the proton into a neutron to
become an isotope of the previous element, and then add another proton to become a more stable
isotope of the next element. Repeat until we have enough extra protons to make a *He nucleus. The

step annotated with the *** is the rate-limiting step here, since at temperatures found in the cores
of stars, the Coulomb barrier between the protons is very large. The net reaction is

4H—> He+3y+2e" +2v, (3.138)

There is also a second branch of the CNO cycle where in the last step we produce an ;60 instead of
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a helium nucleus:

15 1 16

N+ H— " O+y

16 1 17

QO+ H— F+y
17 17 +
JF— O+e +v,

17 1 14 4
8O+ 1H—> 7N+2He

The relative rates of these two processes are determined by the temperature of the environment, and
the second cycle requires the first two proton captures to happen in very rapid succession to prevent
the 1°0 from decaying first. Typically, the first cycle happens 99.96% of the time and the second cycle
happens the other 0.04%.

The reason this is a “cycle” is because we start with a carbon and end with a carbon, so the carbon
has no net gain or loss (we just use up a few protons along the way). The second branch, similarly,
produces a nitrogen which we use to restart the cycle at an earlier step. See this visually in Figure

B.27

Why is it preferred to decay into an a particle (*He nucleus)? This has to do with the binding energy
per nucleon. *He is one of the most stable nuclei that exists at low atomic numbers, and has one of
the highest binding energies per nucleon relative to those around it. It produces a noticeable spike
in the chart of binding energy per nucleon vs. mass number (Figure (3.28)).

9 - g SBFe 84Ky

19gp

2057 235,

Most stable nucleus

Fission
4
%

Region of very
stable nuclides

Binding energy per nucleon (MeV)
(4]
|

I I I I I I I I I I I
0 20 40 60 80 100 120 140 160 180 200 220 240

Mass number (A)

Figure 3.28: A plot of the binding energy per nucleon vs. the mass number. Notice the spike at
“He, and the peak of all elements at >°Fe. For isotopes below *°Fe, fusion is exothermic, whereas for
isotopes above *°Fe, fission is exothermic*!,

The energy generation rate per unit mass for the CNO cycle is approximately*”

¢, (CNO) ~ 8.24 x 1025g14’1XCN0X(gcﬁl - )T; 2% exp[—15.231T, /* — (T,/0.8)*] ergs ' g

(3.139)

89



where
8141 =1—2.00Ty + 3.41T; —2.43T, (3.140)

With the rough proportionality

£,(CNO) o< pXnoX T (3.141)

Comparing this to the pp chain, one sees that the CNO cycle does not start becoming important
until much higher temperatures, but it rises more quickly than the pp chain (see Figure[3.29). The
turnover point is at around T ~ 2 x 107 K. The Sun, with a core temperature of 1.5 x 10’ K, generates
about 1% of its energy from the CNO cycle.

10 - I

pp-chain .

PR TN N TR SN SUN NN TR SN TN N S SN T S
12 3 4 5 6 7T &8 9 10

T (10" K)

Figure 3.29: The energy generation rates of the pp-chain and CNO cycle as a function of tempera-
ture®?42, The Sun’s core temperature is labeled by the dot.

Note: It is not mentioned in either of the last two questions, but there is also a third thermonuclear
energy generation process in stars for Helium fusion that is at least worth knowing about: the triple-
alpha process. This is explained in Appendix along with a few other nuclear processes not
explained in the questions.
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37. Describe the internal structure of the sun. What is the Schwarzschild cri-
terion for convective instability, and how does it delineate the convective and
radiative zones in the sun?

The interior of the Sun is primarily composed of 3 layers=®
1. The Core: This is the innermost layer where nuclear fusion happens.
* R~0—0.3R,
e T~ (7—15)x10°K
* p~10—150gcm™

2. The Radiative Zone: Surrounding the core; energy transport is dominated by radiation.

« R~0.3—0.7R,
e T~(3—7)x10°K
e p~1—10gcem™

3. The Convective Zone: The outermost layer; energy transport is dominated by convection.

* R~0.7—1R,
e T~57x%x10°—3x10°K
e p~1lgem™

See Figure (3.30

Convection zone

Radiative zone 5 T—— Sunspot
+ ’
> o2 V7 e % L WP

——————— Granulation
ol L

Figure 3.30: An illustration of the interior layers of the Sun“?.

The Schwarzschild criterion for convective instability is

d_T
dr

1\T dP
< 1_; S0 (3.142)

For the derivation of this, see QBO, particularly the derivation of equation (3.84). The RHS of
this equation is the critical value of the temperature gradient where convection starts to become
dominant. So if the actual temperature gradient is less than this critical value, convection is unstable
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and radiation will be the dominant energy transport mechanism. And when the actual temperature
gradient is larger, convection is stable so it will dominate.

If we assume the energy transport is dominated by radiation and plug this into (3.142)), we get the
criterion for convection instability to be

Y 3 pxg L(r)
Y —164n055Gm, uT3 M(r)

(3.143)

This reveals a few different reasons why convection might become stable (causing this instability
criterion to become false)"%:

1. The opacity xy is large, which tends to happen in the cooler, outer layers of stars where bound-
free absorption occurs.

2. The adiabatic index y approaches 1, which may occur where H or He is partially ionized, also
in the outer layers of stars. This happens because rising parcels of gas cannot cool as much
as they normally would since electrons recombine with ions and release energy. Therefore the
density of parcels does not decrease as quickly, and they remain buoyant.

3. The ratio L(r)/M(r) is large, which can happen near the cores of stars that fuse using the CNO
cycle, which is extremely sensitive to the temperature and thus only occurs in a very small core
region close to the center. The steep temperature gradient forces convection to occur.

2 1.2 Mg

Figure 3.31: The different interior structures of stars in three different mass regimes. Very low mass
stars have only convective zones, intermediate mass stars have inner radiative and outer convective
zones, and high mass stars have inner convective zones and outer radiative zones.

We can see here that the first two will be dominant in stars that fuse with the pp chain, meaning they
will only have convection in their outer layers. In contrast, the third will be dominant in stars that
fuse with the CNO cycle, meaning they will only have convection close to their cores. Recall that the
CNO cycle requires higher core temperatures than the pp chain (§3/Q36), which translates to higher
stellar masses. Thus, more massive stars have their convective and radiative zones swapped relative
to the Sun®?. Very low mass stars, on the other hand, only have a convective zone, due to having
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a relatively cooler temperature and higher opacity. See the relative configurations of the convective
and radiative zones as a function of stellar mass schematically in Figure|3.31, and mathematically in
Figure(3.32

m/M :

Figure 3.32: The extent of the convective zone as a function of stellar mass. The x axis is log,,(M /M)
and the y axis is the mass fraction M (r)/M(R) which is effectively a measure of the radius of the star.
The cloudy shaded regions show where convection is active’.

One of the factors described above, the opacity, has a few different sources contributing to it. There is
bound-bound absorption (i.e. absorption lines that can be pressure broadened), bound-free absorp-
tion, free-free absorption, and electron scattering. For a detailed summary of each of these processes,
see §51Q83. The opacity as a function of temperature (which is a proxy for radius) is shown in Fig-
ure Moving in from the surface, we see that the opacity has a strong peak due to H™ opacity
(bound-free absorption) as more free electrons become available from ionized metals to make the
H™ ion. But once we keep getting hotter, H™ ions can no longer be created, and the opacity be-
comes dominated by free-free and bound-free absorption, which both follow Kramer’s opacity laws
(k o< pT~3%). At the highest temperatures, electron scattering dominates and the curve flattens
out, since the opacity for electron scattering is independent of temperature. The tiny dip at the very
high temperatures (T ~ 108) is when we transition from Thomson scattering to Compton scattering,
which has a marginally reduced opacity=~.
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Figure 3.33: Opacity as a function of temperature in a Sun-like star®®. Courtesy of the OPAL
project#442]
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4 Compact Objects and Gravitational Waves
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38. What do we know about the masses and spins of (i) stellar mass black holes
and (ii) supermassive black holes, and how do we know these things?

(i) Stellar mass black holes
* From XRBs: M ~ 10 M,, rapidly spinning
* From LIGO: M ~ 30 M,, slowly spinning

Masses

EM Neutron Stars

Masses in the Stellar Graveyard

Figure 4.1: The masses of black holes detected with EM observations and with LIGO. Credit: LIGO-
Virgo-KAGRA / Aaron Geller / Northwestern

The distribution of masses from EM observations and from LIGO are shown in Figure Notice
there are two gaps: the lower mass gap from 2-5 M, and the upper mass gap from 60-150 M,.
These are gaps that are constrained by the theory. Based on late-stage stellar evolution models, we
think black holes cannot form with masses < 2—3 M, or Z 45—60 M,, but the precise values have
a lot of uncertainty. The observations mostly back up the lower mass gap, with almost no black holes
being found under 2 solar masses. However, the upper mass gap does have observed black holes
in it, so there is active research going on to discover ways of populating this mass gap. The main
ways these black holes are thought to be formed is through hierarchical mergers, accretion from a
companion, stellar collisions before BH collapse, etc.

The masses of black holes in XRBs (X-Ray Binaries) can be measured with radial velocities from a
luminous companion using the binary mass function (see §3]Q20). In this case M, is the black hole.

K= (ZnG)l/g M, sini 1 @)

p (M +M,)*3 1 —e2

For gravitational wave sources with LIGO, the evolution of the frequency as two compact objects in-
spiral is described by the differential equation (4.43) (see §4Q43). This depends on a quantity called
the chirp mass (4.41)), which can be measured with v and ¥, both of which are direct observables
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from the waveform

rs 3/5
M= E[%n—f‘/‘*‘ y 13 i/] (4.2)

We can also use Kepler’s 3rd law to find the frequency at some instantaneous point in time before
the merger, as long as we choose some point long enough before the merger that Newtonian gravity
still applies. In that case, say we choose a point where the objects are at each other’s ISCO (§4.Q46),
then we have

_|lem & o= 2¢3 43
YT\, &M T T GneM (4.3)

This gives a second independent constraint on the masses, so we can use (4.2)) and (4.3) to solve for
# and M, which can then be converted into M; and M,.

Spins

Newtonian

Special relativity Transverse Doppler shifl
Beaming

General relativity Gravitational redshift

Line Profile /]
A l 1

Figure 4.2: The different effects that contribute to the observed line profile in the X-ray reflection
spectrum from an accretion disk. The observer is looking up from the bottom of the image. The
different effects are explained in the text#%.

Spins can be measured a few different ways. First, some definitions. We define the spin parameter
a as the dimensionless ratio
Jc
GM?

a 4.4

where J is the angular momentum.

For XRBs, if they are accreting enough (M ~ 0.01 — 0.3 My4,), we can use X-ray reflection spec-
troscopy. This technique takes advantage of the fact that there is a hot corona surrounding the
accretion disk, which photoionizes the outer layers of the optically thick disk and creates a non-
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thermal reflection spectrum. This spectrum is then distorted by the effects of the disk’s rotation,
which can be directly linked to the spin of the black hole. See Figure [4.2{*/.

In a purely Newtonian world, we would see a double-peaked emission line due to the portion of the
disk rotating away from us and the portion rotating towards us at the same speed (Doppler shift).
Adding in the effects of special relativity, we also get a relativistic beaming effect for the gas closest
to the black hole (see Q75) which enhances the blue peak, and a transverse Doppler shift (i.e.
time dilation) that shifts everything to the red side. Finally, in general relativity we also have a
gravitational redshift which further shifts everything to the red. If the black hole itself is rotating,
this changes the distance of the innermost stable circular orbit (ISCO) and smears out the line profiles

(see Figure[4.3)).

6m—30m

1
T
L

Photons,/cm® s keV
0.5

1
4 8 a
Energy

Figure 4.3: A comparison between the line profile shape for a non-rotating vs. a rotating black hole*”.

Another method commonly used is thermal continuum fitting, which takes advantage of the same
logic that the spin of the black hole affects the location of the ISCO. This also affects the temperature
of the disk, which affects its radiated power. The power per unit area of the disk (i.e. intensity) can
be found in the Newtonian limit to be

3GMM (1 B r_(a))

4mr3 r

I(r)= (4.5)
The r,(a) gets smaller as a gets larger (i.e. as the black hole spins faster), so the inner disk gets
hotter and radiates more energy. The temperature can be obtained by I(r) = 20 T:ff, where the
factor of 2 accounts for the 2 sides of the disk*’.

Finally, for LIGO sources, we usually measure the mass-weighted effective spin parameter

M,a, + M,a, i

4.6

Keft =
This alone does not characterize the spins of both individual black holes, since a |y.¢| < 1 could
be due to both black holes having small spins, both having significant spins in the L direction but
misaligned from each other, or significant spins not in the I direction. However, if y = £1, we
know that both black holes have maximal spins in the same direction, and they are aligned (+1) or
antialigned (—1) with the orbital angular momentum. LIGO results have shown mostly low effective
spin parameters. We can also measure the spin precession y,, but this is mostly subdominant®’,
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(ii) Supermassive black holes

* M ~10°—10' M, a ~ maximal

Masses

There are a number of ways to measure SMBH masses. In the unique case of the Milky Way, we can
directly resolve the orbits of stars around the central SMBH and infer a mass from the dynamics,
obtaining M ~ 4 x 10° M,,.

More commonly, we use the M—o relation (see Q124), which relates the mass of the black hole
to the velocity dispersion in the bulge: M o< o7 where y is somewhere between 4-5.

There is also reverberation mapping. This involves measuring the time delay between when the
continuum varies in brightness and when optical broad lines vary in response (the lines are excited
in response to emission from the accretion disk). The time delay T can be used to find the radius of
the broad line region by Ry = c7. Then, we can use Ry and the width of the broad lines to esimate
the black hole mass:

f(Av)®

Mgy = G

RBLR (4-7)
The factor of f here is a dimensionless factor that depends on the geometry and is typically ~ 5.
This technique requires high time resolution (days) over the course of long monitoring durations
(months), with a moderate spectral resolution (600 kms™!), and a high SNR. For these reasons, it
has only been used on 10s of sources™®,

Reveberation mapping can also be done in the X-ray, measuring the time delay between light emitted
from the corona and reflecting off of the disk. The earliest light can reflect off the disk is if it hits
right at the ISCO, so this technique probes Rsco, which is related to the black hole mass*.

Finally, for a couple of nearby sources, we’ve measured black hole masses by probing their shadows
with the Event Horizon Telescope (EHT) and Very Long Baseline Interferometry (VLBI). The size of
a black hole’s shadow is related to its mass>".

Spins

These can be measured with X-ray reflection spectroscopy, just like for stellar mass black holes.
However, we cannot use thermal continuum fitting since the temperatures will usually be too low
(kT < 0.05 keV). These spins are usually found to be very close to maximal (see Figure [4.4). Note:
why do we care about spins? They can give us information on the formation channels of black holes
and how much angular momentum their progenitors had.

BONUS: Intermediate Mass Black Holes (IMBHs)

Notice the gap between stellar mass black holes of up to 10> M., and SMBHs at greater than 10°
M,. So, what about the 4 orders of magnitude in between? This is where IMBHs should live, but to
date no black holes in this mass range have been confirmed. It’s a huge mystery since, theoretically,
SMBHs should form through mergers from stellar mass black holes, so we should be able to find black
holes in the intermediate stages of evolution, but we don’t. As my undergraduate advisor once said,
it’s like we have a population of just babies and old people. The current hypothesis seems to be that
SMBHs had a different, more efficient formation channel in the early universe that allowed them to
grow rapidly (Pop III stars?), but there is still a lot that we don’t know about this.
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Figure 4.4: The observed spins of black holes as a function of mass*Z.
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39. What properties of supermassive black holes correlate with properties of
the host galaxy?

The black hole mass correlates with the velocity dispersion in the bulge. This is known as the M-o
relation. See §7,Q124.

The feedback from the SMBH also correlates with the star formation rate in the host galaxy, either
suppressing it (negative feedback) or enhancing it (positive feedback). In this case there isn’t a simple
numerical relationship since feedback processes are complex and dynamic. When feedback turns off
star formation, this is called “quenching”. For more info on AGN feedback, see Q123.
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40. It is believed that most stars leave a collapsed remnant at the end of their
evolution. What stars leave (i) white dwarfs? (ii) neutron stars? (iii) black
holes?

The exact mass cutoffs are not known. Sources can be found within £25% of the thresholds shown
below.

M $0.08 M; = brown dwarf

0.08 S M $£0.8 M, = He white dwarf (theoretical)
0.8 M <8M, = CO white dwarf (S 1.4 M)

8 <M 520 My, = neutron star (1.4-3 M)

M Z 20 M, = black hole (% 3 M)

What causes the variance/uncertainty in the exact cutoffs between these regimes? Two main factors:

1.

The significance of these limits is explained below

Metallicity variations, and the abundances of different elements. This can cause a difference
in the mass loss rates of stars over their lifetimes.

. Multiplicity, i.e. stars in binary, triple, or higher-order systems. These can exchange mass

through stellar winds and/or Roche lobe overflow.

2911l

The core of anything below < 0.08 M, will never get hot enough to fuse Hydrogen, so it will
never become a true star.

Very low mass stars’ cores will never get hot enough to fuse Helium after their main sequence
lifetime ends. Thus, it is thought that they will form pure He white dwarfs when they die, but
their lifetimes are longer than the current age of the universe, so this has not been confirmed.

In the next mass regime, the cores will get hot enough to fuse He into C and O, but will never
get hot enough to fuse anything higher. Thus, they form CO white dwarfs. In this regime, mass
loss from stellar winds during the AGB phase starts becoming important, and we get planetary
nebulae. Combined with the fact that the remnant is composed of only the core of the original
star that undergoes fusion, this results in a final mass much smaller than the initial stellar mass.
These remnants cannot exist above a mass of ~ 1.4 M, (the Chandrasekhar limit) since they
are degenerate (electron degeneracy pressure), otherwise they will collapse on themselves.

More massive stars will continue fusing higher and higher elements until they reach *°Fe, which
has the highest binding energy per nucleon. At this point they can’t fuse anything else since
it would result in a net loss of energy. As a result, when their cores collapse they experience
extreme contraction that causes neutron degeneracy pressure to kick in, forming neutron stars.
Very massive stars like this experience significant mass loss due to winds throughout their entire
lifetime, not just the AGB phase. Like white dwarfs, neutron stars are much less massive than
the original star.

Even more massive stars’ cores will not be able to resist gravitational collapse, even by neutron
degeneracy pressure, so they form black holes.

For details on stellar evolution, see §3]Q22.
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41. What is a neutron star? What assumptions and inputs go into determining
the upper mass limit for a neutron star? What is the approximate ratio of
neutrons to protons (and electrons) in the interior of a neutron star?

A neutron star is a type of stellar remnant that is produced in the end stages of stellar evolution for
a massive star (8 S M < 20 M,; see ﬂQ40). It is the extremely dense core of the star that has been
left behind after its outer layers are blown away in the AGB and supernova phases (see §3/Q22). It is
composed almost entirely of neutrons and is held up against its own gravity by neutron degeneracy
pressure. This pressure arises because neutrons (like electrons and protons) are fermions, so by the
Pauli exclusion principle, they cannot occupy the same quantum state as other neutrons in the same
interacting system. As the core of a massive star collapses and the density increases, neutrons get
packed together and all of the lowest energy states get filled up first. Thus, the only available energy
states left are high energies, which produce an inherent pressure.

Typical properties of a neutron star
« M~1-3 M,
* R~ 10 km
e B~102G

The Interior of a Neutron Star™!
The neutron star consists of a few layers of increasing density as one gets closer to the center.
1. Outer Crust (p ~ 10°—4 x 10! gem™)

* p ~10° gecm™2: Heavy nuclei, mostly in

the form °°Fe, in a solid lattice or fluid
“ocean”, along with nonrelativistic free
electrons.

e p ~10° gem™3: Electrons become rela-
tivistic.

e p ~ 4x 10" gem™3: Neutron drip—
some neutrons start being found outside
of nuclei

2. Inner Crust (p ~ 4 x 101 —2 x 10'* gem™)

e p ~ 4 x 10 gecm™3: Free neutrons

start pairing up with each other, cre-
ating bosons which are not subject to
Pauli exclusion. They form a superfluid
that flows without resistance. This neu-
tron superfluid exists alongside relativis-
tic free electrons and lattice nuclei.

* p ~4x10'2 gcm™3: At the same time,
neutron degeneracy pressure starts to
dominate.
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3. Interior (p ~ 2 x 10 —4 x 10** gem™)

* p ~2x10 gem™3: The density reaches
the density of the nucleus, and atoms
dissolve into neutrons. We now have
a superfluid of free neutrons alongside
superfluid, superconducting protons and
relativistic free electrons.

4. Core (p ~4x 10 —10" gem™)

e p ~ 4x 10" gem™3: There may or

may not be a solid core where pions and
other sub-nuclear particles can be cre-
ated through neutron decays:

n—p+mn” (4.8)

Degeneracy Pressure

What does neutron degeneracy pressure look like? We can get an approximate equation of state for
degeneracy pressure in a Fermi gas by assuming some probability distribution f (p), which gives the
number of particles per unit volume per unit momentum. In degenerate conditions, there should be
some cutoff momentum p, below which all states are filled, and above which all states are empty:

1 psps
(p)= (4.9)
I {0 p>pr

This is, of course, a simplification, but it illustrates the effects well. p; is called the Fermi momentum.

The volume of a unit cell in phase space is gd®p/h®, where in our case g = 2 for 2 spin states.
Therefore, the number density of particles with a specific momentum is n(p)d®p = 2f(p)d®p/h3,
which we can integrate over d*p = 4np?dp to obtain the total number density

° P 81

2 8 [ 3nh3\Y°
== 4np*f(p)dp = — dpp?*=—p3 — =( ) 4.10
n=13 i npf(p)dp = -5 i PP =3Pk Pr Py (4.10)

Each particle, when hitting a wall, imparts a change in momentum of Ap = 2pcos 6, and the flux
of particles onto the wall is n(p)vcos6® = n(p)pcos6/m (number per unit area per unit time).
Therefore, the pressure is just the flux times the change in momentum per particle: P(p,0) =
2n(p)p? cos? O /m. Notice this is a function of p and 6. First we need to average over the solid
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angle, which gives

1 p? 1
P(p)=(P(p,0)) = — J df2 cos 92n(p) p —n(p) (4.11)
We then need to integrate over p to get the total pressure
Pr p4
2 — —
3h3J f()2- 4ﬂp dp =313 fo —dp (4.12)
In the non-relativistic limit, this becomes
8n p;
NR T 3 mhs EF Py = Kyz0®® (4.13)
where Ky is a proportionality constant:
1(3\? &
Kip==—|—| ——— 4.14
R 20(7‘5) m(um,)>/3 (4.14)

In the ultra-relativistic limit, out replacement of v = p/m that we did in deriving P no longer
holds (instead we have v = p/ym), so our denominator in the integral becomes ym = E/c*> =
v/ (pc)? + (mc2)2/c2. If we assume pc > mc? then we can simplify to

7 2mc , /3
PUR:%L cp’dp = 3h3pF — | Py = Kyrp®/ (4.15)

Note the constant Ky here is different than in the non-relativistic case*

1/3\"*  hc
Ke=—2] ——— 4.16
UR 8(7.[) (um, )*/3 ( )

Once again, I want to emphasize that these equations of state are pretty gross simplifications for
neutron degeneracy pressure, but they work pretty well for electron degeneracy pressure (important
for white dwarfs). This is because we derived them using Fermi-Dirac statistics, which assumes the
particles are non-interacting. For an electron gas inside a white dwarf, this is not a bad assumption,
but for a neutron star where the particles are so close that they interact via the strong nuclear force,
this assumption breaks down.

A rough approximation for the equation of state of a neutron star that people have used in the
literature in the past is

P = Kysp? (4.17)

where the adiabatic index y ~ 2, and Ky is another constant.
Mass limits

The effects of degeneracy pressure also require a modification of the equation of hydrostatic equilib-
rium:

P _ rz(M(r)+4ﬂ'r3P(r)/C )( (4.18)

dr 1—2GM(r)/rc?

P(r))
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This is the Tolman-Oppenheimer-Volkoff Equation. It includes relativistic effects, and thus the
mass M(r) now also includes the rest masses of all the particles*®. This can be used to estimate
an upper mass limit for neutron stars, called the Tolman-Oppenheimer-Volkoff limit. We can get a
simplified version of this by treating the neutron star as an incompressible fluid with constant density
p. Integrating the TOV equation for a constant p gives a pressure of

2 \/1—(R5r2/R3)— \/1_(RS/R)
3\/1 —(Rs/R)— \/1 —(Rsr2/R®)

where R¢ = 2GM /c? is the Schwarzschild radius. In order for the pressure to remain finite, the
denominator cannot blow up, which gives us the condition that

P(r)=pc (4.19)

9

We can convert this to an upper limit on the mass

4 c®
<
9v3m 4/ pG3

(4.21)

For a neutron star with a constant density of p = 10! gem™, this leads to an upper mass limit

of M S 4 M,. The original calculations by TOV were more sophisticated and used the equation of
state obtained above, which yields a limit of 0.7 M, but this comes with the same assumptions and
caveats of this equation of state (a Fermi gas of non-interacting particles)>*%, They also assumed no
rotation.

More sophisticated modern estimates place the limit higher, at around M, ,, ~ 2.2 —2.9 M. These
estimates include the effects of the strong nuclear force and the rotation rate of a neutron star, which
both increase the mass limit (faster rotation — higher centripetal force — can be more massive).
However, these limits are still highly uncertain because the equation of state for neutron stars is still
not well understood. The most massive observed neutron star has M ~ 2.1 M, (PSR J0740+6620,
discovered in 2019)>2,

Approximate ratio of neutrons to protons (and electrons)

This will be dictated by the relative reaction rates for 3 decays, which turn neutrons into protons,
and electron captures, which turn protons into neutrons:

n—p +e +9, (B decay)
p"+e —>n+v, (electron capture)

Because of neutron and electron degeneracy, 3 decays will only be able to produce electrons and
protons close to their respective Fermi energies E,  and E, . On the other hand, in order for electron
captures to happen, the electron must be energetic enough to account for the difference in masses
between the proton and neutron (the neutron is slightly heavier). Thus, the electron must have a
kinetic energy of at least m,c*— mpc2 —m,c? = 0.78 MeV. These are extremely high energies, so only
the most energetic electrons and protons will be used up in electron captures. We notice then that
both of these processes will be exchanging particles around their Fermi energies. We will then reach
an equilibrium between these two reactions: if too many protons and electrons are produced by f3
decays, their Fermi energies will climb up until they become energetic enough to recombine through
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electron captures. However, if too few protons and electrons are produced, their Fermi energies will
be small and leave holes at the top of their distributions that can be easily filled by more f3 decayﬂ

When we reach an equilibrium state between these two processes, the Fermi energies must satisfy

En,F = Ep,F + Ee,F (422)

Since E; = 4/(ppc?) + (mc2)2, we can plug in the Fermi momentum, which depends on the number
densities of each particle, and solve for n,/n,. At typical neutron star densities, n,/n, ~ 100. At
even higher densities near the core, this will drop to n,, /n, ~ 8.

2See |this| StackExchange post
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42. Why can we not have monopole and dipole terms in gravitational radiation
(within Einstein’s GR)?

Let’s use electromagnetic radiation as an analogy. Radiation, by definition, involves energy trans-
ported to infinity. As energy radiates outwards spherically from a point source, it covers an area that
increases like 47tr?, so the flux of radiation must fall off like F(r) o< 1/r? (or more slowly) to carry
any energy to arbitrary distances. If it falls off any faster than this, then there can be no energy
carried to infinity since L(r) = 4nr?F(r) will go to O for large r.

In the case of electromagnetism, energy is carried by the Poynting vector S = (c¢/4m)E x B. But
we know that electrostatic fields go like E o< 1/r?, and magnetostatic fields go like B o< 1/r%. In
this case S o< 1/r* falls off faster than 1/r?, so there is no radiation from static fields. In contrast,
accelerating charges produce electric and magnetic fields that have terms o< 1/r, so S o< 1/r? and
they do have radiation. Thus, charges must be able to move to produce radiation.

We can generalize this concept of “accelerating charges produce radiation” by looking at different
moments of some electric charge density p,(r).

1. Electric Monopole: f d®r p,(r) — This is just the total charge Q, which is conserved. Since
this can’t vary over time, we cannot have any radiation.

2. Electric Dipole: der p.(r)r — There is no conservation law relating to the electric dipole
moment, so this can vary, and we can have electric dipole radiation.

3. Magnetic Dipole: fd3r p.(r)r x v(r) — Again, there is no conservation law involving the
magnetic dipole moment, so we can have magnetic dipole radiation too.

Now let’s compare these directly with the corresponding moments for some mass density p,,(r).

1. Monopole: f d®r p,,(r) — This is just the total mass M, which, like Q, is conserved. Therefore,
we can’t have monopolar gravitational radiation.

2. Dipole 1: f d®r p,,(r)r — This, you may recognize, is the center of mass of the system. If we
look in the center of mass frame, then, this moment does not change (due to conservation of mo-
mentum), and there is no dipolar radiation. The existence of radiation is frame-independent,
so we cannot have dipolar radiation in any frame.

3. Dipole 2: fdsr Pm(r)r x v(r) — This is the total angular momentum of the system, which is
conserved. Thus, we can’t have this form of dipole radiation either.

4. Quadrupole: f &rp,,(1)r; r; — This is the moment of inertia tensor, which is not conserved,
so we can have quadrupolar gravitational radiation.

Note that the underlying reason for the difference in the dipole moments between EM and gravita-
tional radiation is that gravity is purely attractive, or put another way, there is no negative mass.
In the case of point particles, our gravitational dipole moment is Y. m;r;, which has a derivative ), p;
and second derivative ). p;. We can see immediately from the conservation of momentum that this
must be 0.

Thus, our conclusions are that gravitational waves cannot be produced by any spherically symmetric
variations, or by any axisymmetric rotations>*.
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43. Give a qualitative description of the frequency and amplitude evolution
of the gravitational wave signal from a binary compact star system. Compute
actual numbers for a 30-30 M, binary black hole system.

We start by assuming gravitational waves are a small perturbation in locally flat spacetime, such that
the metric can be written

&uv = Muv T hy, (4.23)

where 7, is the Mike Wazowski metric and h,,, is a small perturbation. With this metric, the Einstein
equations become a wave equation for h,,,

32
O°h,, =0, O°=V 32 (4.24)
Thus, we can assume an ansatz solution of the form
h,,=A,,exp(ik,x®) (4.25)

where k* = (w, k) is the wave (4-)vector and A*” is a tensor with constant components. We have
gauge freedom here (i.e. the freedom to choose our coordinate system), which we can use up to
enforce that the coordinates do not oscillate with the waves (which is obviously not a physical effect
since coordinates are not physical objects). This leaves the waving of spacetime as a physical effect.
This is called the transverse-traceless (TT) gauge, and it makes the amplitude tensor look like

0 0 0 O
0 A, A

0
— Xy
A,uv - O Axy _Axx O (426)
0 O 0 O

The components can be interpreted as the different polarizations of the gravitational wave. The A, ,
component corresponds to “+” polarization, and the A,, component corresponds to “X” polarization.
Look at Figure[4.5|and imagine a wave propagating in the z direction (into the page). The bottom left
panel shows the “4” polarization where the wave compresses along the x direction while stretching
along the y direction, and vice versa. The bottom right panel shows the “x” polarization where the
wave stretches and compresses along the diagonals.

Now we’re going to make an analogy with EM. Remember that the vector potential A* may be written
as an integral over the current density J* (i.e. the source)

At r) = J g M —lr=rl/e,r) 4.27)

2 |r—1/|

We can do the same thing for h,,,, where the source is the stress-energy tensor T,

4G J d31‘/ T,uv(t - |r_r/|/C: r/)

h,(t,r)=—
wlE1) c* lr—r/|

uvs

(4.28)
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Figure 4.5: The different types of gravitational wave polarizations.

In the non-relativistic, weak-field limit, this simplifies to the quadrupole formula

2G1 .

Here, .#; is the traceless moment of intertia tensor
. . 1 . ; .
ik = ik _ §51k54m14m — k= f d3rp(t,r)rirk (4.30)

Take a moment to stare at for a second. Notice the similarities and differences to the Larmor
formula for EM radiation. ﬂ]k is just like the “acceleration” of the mass distribution that produces
the gravitational radiation, and the factor of 1/r is the same as the scaling of the electromagnetic
fields for dipole radiation. Since the power is proportional to 47r2h? ~ const, energy is conserved.
From this, we can find the “luminosity” (power) to be

dE._ G1,..
= () (4.31)

If we assume a binary system with circular orbits, we have

cos(Qwt)+1/3 sin(2wt) 0
Sk = —ua® sin(2wt) —cos(2wt)+1/3 0 (4.32)
2 0 0 —2/3
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Taking 3 derivatives

. sin(2wt) —cos(2wt) 0
g = 4ua’w® | —cos(Qwt) —sin(2wt) 0
0 0 0

And then we sum and average
:djk:djk = 32u%a*wO(sin?(2wt) + cos*(2wt))
(ﬁjk:ﬁ"jk) = 32u’a*w®

So our power is

L=——ua'w
5c5‘u

We know from orbital mechanics that the energy of an orbit (Q2) changes by
GMu dE__ GMu .
ﬁ fr— a
2a dr 2a2
And, using Kepler’s 3rd law, with P =1/f =2n/w:

4n? GM\® 2/ GM\? .
PP=—a — a=|— a=—|—0| o
GM w2 ’ 3\ ws

E =

Equating the two energy derivatives, we have

32G Z(GM)“/3 6_ GM,u
—u| — w

- - ‘U, (GM ) 1/3 11/3
C

wz
96

G5/3M2/3,u 11/3
55

We now define the chirp mass

(M, M)*

N = UM =
# (M, + M,)/>

Such that

@:9_6 G S/Swu/s
5 c3

(4.33)

(4.34)
(4.35)

(4.36)

(4.37)

(4.38)

(4.39)

(4.40)

(4.41)

(4.42)

Now, because gravitational waves are quadrupolar (§4/Q42), the wave frequency v will be twice the
frequency of the orbit (i.e. the wave has two maxima and two minima for each orbit), so we make

the replacement w = w,,,/2 = 7v and find

p= 9_6718/3(_“” )5/3 plis3

5 c3
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We can then integrate this over time to find an expression for the frequency

15 VB8 a
V(f)—g(z%) (CS) (t.—1t) (4.44)

where t. is the time at which the binary coalesces. Notice that » oc At=%/8 so as the time gets closer
to coalescence, At gets smaller and v gets larger, until it diverges at the time of coalescence. This is
called a chirp waveform, and it looks something like Figure (4.6

@ -

Simulation (Rochester Institute of Technology)

-0.12 -0.10 -0.08 -0.06 -0.04 -0.02 0.00 0.02
Time from merger (seconds)

Figure 4.6: A typical gravitational wave signal from a merger event. First there is a low-amplitude,
low-frequency signal. This increases gradually in both amplitude and frequency during the inspiral,
until it formally diverges at the merger/coalescense. Then it settles back down during the ring-down.

The amplitude h, can be obtained by using equation (4.29) and averaging over the polarizations:

hy = 4/ (h%) + (h) (4.45)

But we can also use dimensional analysis to argue that the observed flux must be

F o<

h2v*c? Fl— [ s2cmis3
G ’ B

p s—z] =[gs 3] =[ergs'em 2] (4.46)

And we can replace the flux with a luminosity (F = L/4nr?), using (4.36), to find

32G7/3

1 32G73 hav?c?
I =

5¢> (,//[7-”;)10/3 4mr2  5¢5 (/ﬂnv)m/gocT (4.47)

Then, we can rearrange for h,. We see that it’s proportional to ¥*/*, .#>/®, and r . So, more massive,

closer, and more rapidly spinning binaries produce larger gravitational waves. The actual constants
turn out such that the full expression is

5/3
h, = f(G/” ) () (4.48)

ru ¢
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See the rough behavior of v and h over time plotted in Figure We can also plug in equation
(4.44) to find the proportionality with time, i.e. hy o< (t, —t)™2/8 oc (t, — t)7V/4.

Y :
v o (te-t) ¢ : h dfuus
i L c{':. ‘t)

-21g

+ t. v te

Figure 4.7: The frequency (left) and amplitude (right) of a gravitational wave from a binary system
as it inspirals.

The behavior of the waveform can then be qualitatively modeled by an expression such as
h(t) = ho(t) cos(2mvt + mvt? + ¢g) (4.49)

where hy(t) captures the evolution of the amplitude over time, as in (4.48).
For a 30 M,-30 M, Binary

The chirp mass in this case is

(M) 3094 1
M= (M, + M,)'/5s 6015 17500~ | 26 M, (4.50)

Now what is the typical frequency near the chirp? Of course, the frequency diverges at the chirp itself,
but before the chirp, during the period between the inspiral and the coalescence, we can estimate the
“intermediate” frequency by calculating the frequency when the two black holes are at each other’s
ISCO. As we find in §4/Q46, the orbital frequency at the ISCO (for non-rotating black holes) is

CS

Wisco = 632G M,,, (4.51)
So the gravitational wave frequency will be
3
Wisco c
Y= = ~| 73 Hz 4.52
g i 63/2nGM,,, (4.52)

For any part of the inspiral after this, Newtonian gravity breaks down and we have to go to numerical
GR to really get any accurate results. Using this chirp mass and frequency, we can calculate the
luminosity at this point to be

32G7/3
"~ 5¢5

L (M) > 2x10® ergs ™t ~10% L, (4.53)

Notice that the frequency scales with v o< M ~'—more massive binaries will have smaller coalescence
frequencies, and the amplitude scales with h, o< r~'—closer binaries are easier to detect. But due
to this dependence on distance, we cannot calculate h, without knowing r. Recall that gravitational
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waves compress spacetime—that is, they change the proper distance between two particles by some
difference AL. Then the amplitude, also called the strain, is typically on the order of

__ AL  Diameter of H atom

~ 10721 (4.54)
L 1 AU

ho

This means that for gravitational wave detectors with arm lengths on the order L ~ 4 km, we would
have to measure a distance AL ~ 0.04 fm>>.

Do gravitational waves really carry energy?>°

Short answer: yes. We've already seen above the equations for the energy carried by a gravitational
wave. But can we justify this physically? The first person known to do so was Richard Feynman at a
conference in North Carolina in 1957. His argument goes something like this:

* Imagine a rigid rod with some rings looped around it that are free to slide along the rod.

* As a gravitational wave passes by, the intermolecular forces in the rod itself prevent it from
being significantly stretched or squeezed by the waves, but the rings around the rod are free to
slide along it.

* As the rings slide along the rod, they create friction and heat up the rod.

* This friction and heat has some energy associated with it. This energy must have come from
somewhere, so we conclude that it must have come from the waves.
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44. A double neutron star system in M31 is about to merge. What is the approx-
imate energy emitted in gravitational radiation and what is the corresponding
amplitude (strain) h observed here on Earth? Would LIGO be able to detect it?

Let’s make some basic assumptions about our neutron star system:

e u~0.7My, M ~28M,, —> M =u>M?*>~1.2M,
a~6GM/c?~24km
wisco ~ €3/6%2GM ~ 4900rads~! (from Kepler’s 3rd law; orbital frequency)

* vy~ w/m ~ 1.6 kHz (wave frequency)

r =d; ~ 750 kpc (Luminosity distance to Andromeda)
As we found in §4/Q43, the power emitted from a gravitational wave is

32G 32G7/3
platw® =
5¢c5 5¢5

(M )O3 (4.55)

In this equation, w is the orbital frequency and v is the wave frequency. Plugging everything in, we
get

L~2x10"ergs ' ~10* L, (4.56)

For a merger that lasts ~ 10 ms, the total energy released is

E~10>3erg (4.57)

This is about the same level as a supernova. Note that this is just approximate, to be rigorous we
should really integrate L over time, using the expressions for w(t) from §4Q43.

Similarly, from §41Q43, the strain is

4(GMN"
hO = ;(C—.{l) C(J)Z/3 (458)
Plugging in numbers, we obtain
AL
h, = - 10720 (4.59)

Would LIGO be able to detect it?
Yes, this is well within the detection limits of LIGO at 1.6 kHz (see Figure 4.8)).
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Figure 4.8: The sensitivity limits of LIGO and a few other gravitational wave instruments®Z. The
rise at the low-frequency end is due to seismic noise (from the Earth), whereas the rise at the high-
frequency end is due to photon Poisson noise and quantum noise (i.e. Heisenberg uncertainty in
the amplitude/phase of the light). There is also a relatively ~flat noise level attributed to thermal
noise from the random motions of the electrons in the mirrors of each arm. The spikes are caused
by power lines (60 Hz and harmonics thereof), suspension mechanical resonances, and intentionally
added excitations for calibration & alignment purposes. Note the odd units of Hz~/? for h—this is
because the luminosity must have the proportionality L o< f h2dv, and the Hz units must cancel out.
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45. Besides the merger of two compact objects, what other sources of gravita-
tional waves are expected (though maybe not yet detected)?

Gravitational waves can be produced by any accelerating mass with a quadrupole moment. Already
detected sources include:

* Binary neutron star mergers

* Neutron star—black hole mergers

* Binary stellar mass black hole mergers
Compact Binary Coalescence (CBC): Theoretically, there are other binary systems that should emit
gravitational waves, but have not yet been detected:

* White dwarf-white dwarf merger

* White dwarf-neutron star merger

White dwarf-black hole merger
SMBH binary
* Extreme Mass Ratio Inspirals (EMRI)

Sources that do not involve the merger of two compact objects are

* Continuous: A rotating neutron star with asymmetric features on its surface (i.e. “mountains”
and “valleys”)

— These have not been detected yet because the signal is extremely weak. Instead of a chirp,
this should have a relatively constant frequency.

* Bursts: Supernovae and long GRBs

— If they are not spherically symmetric, they could produce gravitational waves.

— Itis not well known what the wave signal would look like from such a source, but it would
likely have to be bursty. This unknown quality makes it hard to search for such signals.

e Stochastic: Primordial fluctuations

— GWs may have been produced during inflation and the early phase transitions of the uni-
verse right after the Big Bang. These should be analogous to the CMB in that they should
be uniform and stochastic across the entire sky (stochastic meaning a random pattern
that may be analyzed statistically but cannot be predicted precisely).

— These can be searched for using Pulsar Timing Arrays (PTAs), which use many millisecond
pulsars across the sky to search for primordial GW signals. Gravitational waves produce
tiny perturbations in the pulsar period, and these signals should be correlated across dif-
ferent pulsars in the sky, whereas noise processes (from other effects in individual pulsars)
will not be correlated.

The NANOGrav collaboration in June 2023 reported the first preliminary detection of a GW back-
ground signal using PTAs>®. The correlation signal of the 15-year pulsar timing dataset follows closely
to the expected Hellings-Downs pattern for a stochastic GW background signal. This is sort of like
the analog to plotting the CMB power spectrum, which gives the correlation of the CMB at different
angular scales (§8/Q128 and §8Q129).
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It is not confirmed whether the GW background signal detected by NANOGrav is actually due to
primordial GWs. The nanohertz frequencies that PTAs probe could also be due to a population of
SMBH mergers.
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Figure 4.9: Left: The excess delay in pulsar timings as a function of frequency, showing a power-
law relationship. For a pure SMBH background, the power law index should be 13/3 (dashed line).
The posterior of the data is the blue line with an index closer to 3. Right: The correlation between
pulsar signals as a function of the angular separation & ;. The dashed line represents the pattern that
would be expected if there were a GW background, while the flat solid line is the prediction for no
GW background. The blue points are what has been measured by the NANOGrav collaboration®58,
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46. How does the orbital frequency of the innermost stable circular orbit
around a black hole scale with its (i) mass? (ii) spin?

For a non-rotating black hole, the Schwarzschild metric can be used to derive equations of motion,
which produce an effective potential of the form

2
Vest(r) = (1 - &)(cz + E—z) (4.60)
r r

where R; is the Schwarzschild radius and ¢ is the angular momentum of the orbit. This produces a
purely non-Newtonian effect where, under certain conditions, V.4 does not have a minimum. If we
minimize Vg, we get the condition

dVeg
dr

This is a quadratic equation for r = r;,, which we can solve to obtain

02+ /04— 3R2c2(2

min — 2
Rgc

=0 =Rgr*c*—20*r + 3R4(? (4.61)

r (4.62)

We notice now that if the expression under the radical is less than 0, we get a complex result, meaning
there is no minimum. Thus, if the expression is exactly 0, we get the boundary between the stable
and unstable region. This happens when the angular momentum ¢ = ¢, satisfies

52

min

= 3R§02 (4.63)

At the same time, solving (4.61)) for £ gives a relationship between £ and r

Rgc?r?
=" (4.64)
which we can then use with (4.63)) to obtain another quadratic equation, this time for r;,({ = {,,;,) =
I'sco-
¢*ri o — 6RsC 500 + 9R2c* =0 (4.65)

Solving for g, reveals only one solution:

6GM
CZ

I'sco = 3Rs = (4.66)
We see that rigc scales linearly with the mass®4. This scaling generalizes to the spinning case, but
the scaling with the spin parameter is more complicated. Let’s just say that a spinning black hole
produces an ISCO with a constant factor a such that a = 6 in the non-spinning case, i.e.

GM
Isco = &5~ (4.67)
c
And I'll just quote the solution for a in the spinning case (¥ for prograde/retrograde orbits)4”
a=3+2Z,F[(3—2)3B+2,+22,)]"* (4.68)
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Here, Z, and Z, are parameters that depend on a, the spin parameter:
Z;=1+(1-a)"’ [+ )+ (1—a)'] (4.69)
Z,=(3a*+ZzH)'? (4.70)

We can see the behavior in some limiting cases

a:_]. — 21:1, 22:2, a:9

a=0 — Z,=3, Z,=3, a=6

a=+1 — Z;,=1, Z,=2, a=1
We see that if the black hole is spinning rapidly in the prograde direction (a = +1), the ISCO becomes
much closer (a = 1) than the non-spinning case, whereas if it’s spinning rapidly in the retrograde

direction (a = —1), the ISCO moves out further (a = 9) than the non-spinning case. See Figurem
for a plot of the ISCO radius as a function of a.

150

Retrograde spin Prograde spin

Radius (km)

Inside the event horizon

-1.0 -0.5 0 0.5 1.0
Spin parameter, a

Figure 4.10: The ISCO radius as a function of the spin parameter a for a 10 M, black hole*Z.

Converting this to an angular frequency using Kepler’s 3rd law, we have

GM c3
2
Wisco = 73 > | Wisco = oA (4.71)
Tisco a32GM

Therefore, we have scalings of

* wisco < M™!: More massive BHs produce larger ISCO radii and slower ISCO orbital frequen-
cies

* Wisco O< a~/2: More prograde spinning BHs produce smaller ISCO radii and faster ISCO orbital

frequencies; more retrograde spinning BHs produce larger ISCO radii and slower ISCO orbital
frequencies
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47. What is the Eddington limit and how is it manifested in (i) ordinary stars?
(ii) accreting X-ray sources?

The total pressure inside of a star is a combination of the gas pressure (given by the ideal gas law)
and the radiation pressure:

1
p=—Lkr+ a1 (4.72)

um, 3
We can see from the temperature scaling that if the temperature is hot enough and the density is low
enough, then the radiation pressure can dominate over the gas pressure. If the radiation pressure
is too high such that the star is driven out of hydrostatic equilibrium, mass loss can occur. This
will happen at a threshold luminosity called the Eddington luminosity. We can solve for this by

considering the pressure gradient due to radiation pressure from equation (3.74)
dP,.q a kp L

=——F= 4.73
dr c c 4mr? ( )

and equating this to the pressure gradient for hydrostatic equilibrium

dp GMp
— = 4.74
dr r2 ( )
Solving for the luminosity, we obtain’142
4nGM M -
Lpgg = ITEVE L3 104(—)(5) Ly (4.75)
K o/ \Kg

If we assume the opacity comes entirely from Thomson scattering, then x = or/m, and we have

47rGMmpc

Lpgg=——— (4.76)
Or

In normal stars

* As mentioned, if a star exceeds its Eddington limit, it experiences significant mass loss due to
stellar winds.

* Since Lgyq ©< M and the main-sequence mass-luminosity relation is L. oc M>>, more massive
stars’ luminosities scale up faster than their Eddington luminosities, so we eventually reach a
turnover point where Lgqq > L.

 Stars with masses £ 30 M, have such strong stellar winds that they lose mass and converge
rapidly onto the track for a 30 M, star.

* Stars that have completely lost their outer layer of Hydrogen due to these winds and are fusing
helium in their cores are called Wolf-Rayet stars.

In accreting X-ray sources

 In these objects, the source of luminosity is the release of gravitational energy as the gas loses
angular momentum and falls onto the compact object. Thus, the luminosity is governed by the
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accretion rate M:

GMM

Often this is parameterized in terms of 7, the fraction of the rest mass energy that is released
as gravitational energy during an infall:

L =nMc? (4.78)
Because of this, 1) is often called the accretion efficiency. Comparing these two equations, we
see

GM
n=-= (4.79)

Which is usually on the order of 10%-15% for neutron stars and black holes. We have an
Eddington limit for these sources, above which the radiation pressure exceeds the pull of gravity,
just like stars.

If the accretion disk is geometrically and optically thin, then typically L/Lgyy < 0.5
If the accretion disk is geometrically and optically thick, then typically L/Lgyq = 0.5

The derivation of the Eddington limit assumes spherical symmetry, but usually these sources
have accretion occurring in disks, which are more efficient. Therefore, it is possible to have
super-Eddington luminosities L > Lggq.
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48. What is the Roche potential in a binary system? Describe carefully the
assumptions that go into deriving it. Define the Roche limit.

(note in this question I say “star” often when I really just mean any mass)
The Roche Potential

Consider a binary system with masses (M;, M,) at positions (ry, r,) from the center of mass. We’'ll
assume both masses have the same angular frequency 2, so let’s look in a reference frame that rotates
with the binary. In this frame, the positions of M; and M, are fixed.

Figure 4.11: The setup of a rotating reference frame in a binary orbit to compute the potential at any
arbitrary point r.

Now we want to compute the potential at some arbitrary location r from the CM (see Figure 4.11)).
This will just be the sum of the potentials from each individual mass, plus a fictitious centrifugal term
due to the rotation of the reference frame:

GM GM, 1
L _ 2 _ Z0?r? (4.80)
lr—r)| [r—rl 2

&(r)=—

Note that this is the potential per unit mass. Say that the x-axis is aligned with the line that crosses M,
and M,, such that r; = (a;,0,0) and r, = (—a,,0,0). Then let’s call our position vector r = (x, y, 2).
Then we can rewrite our potential as

M, — G, — 1Qz(x2 +y*+2?) (4.81)
Vix—a)2+y2+22 (x+a)2+y2+z2 2

(I)(X)yaz) =

Recall from equation (3.11) that putting our center of mass at the origin gives us the relationships

M,
== 4.82
a, a (4.82)
M,
=— 4.83
a, a (4.83)



And from Kepler’s 3rd law we have

_ G(M; + M,)
==

0?2 (4.84)

Finally, our potential in cartesian coordinates is

GM, GM, 1GM oy 2020 (485)
- —= x*+y*+z :
V(x—Mya/M2+y2+22 /(x+Ma/M32+y2+22 2 a

‘I’(X:}’,Z) =

What does this potential look like? Well the first term is at a minimum when r = r;, and the second
term is at a minimum when r = r,, whereas the last term just decreases (gets more negative) as
|r| increases. Therefore, we’ll have two local wells around each mass superimposed on an overall
paraboloid. See Figure |4.12,

Figure 4.12: The Roche potential is visualized in two ways: first as a surface where the height depicts
the potential, and second as a contour map, where each line represents an equipotential surface®,

Recall that the force on a test mass m is F = —mV®, so points where the derivative of ® vanishes will
be points of (unstable) equilibrium. These are called Lagrange points, three of which are labeled in
the Figure. There are also two (L, and Lg) which lie to either side. Since the two masses are so close
together, their local potential wells partially overlap, and we get a Lagrange point (L;) that coincides
with the center of mass. This point also defines the intersection point of the “figure eight” shaped
equipotential surface that surrounds both masses. This is the first such equipotential surface that is
shared between both masses, and the sections of it that surround each mass are given a special name:
the Roche lobes. Any test mass within a star’s respective Roche lobe will be bound to that star.
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The size of the Roche lobe around star 2 is given very approximately by

a M3
Ry, E(ﬁ) (4.86)
but remember, it is not spherical®.

As a reminder, the assumptions we made in deriving the Roche potential, and thus the Roche lobes,
are:

1. Stars can be treated as point masses

2. The orbits are synchronous (Q2 = Q; = £,) and circular
3. Newtonian gravity (no GR corrections)
4.

The test mass is assumed to not be moving, otherwise it will experience a Coriolis force. We
cannot include this in our model because the Coriolis force is not conservative, so it cannot be
represented by a scalar potential.

Roche Lobe Overflow

In reality, stars are not point masses, and in fact if they are large enough (particularly in the red
giant phase) they can overflow their Roche lobes, leading to mass from their outer layers being
gravitationally attracted to their companion star and being accreted. There are a few different classes
of binary systems defined by how their mass transfer evolves:

* Detached binaries: neither star fills its Roche lobe; no mass transfer
* Semi-detached binaries: one star fills its Roche lobe; mass is transferred to the other star

* Contact binaries: both stars fill their Roche lobes; mass can be transferred between both stars

The transfer of mass leads to a change in the orbital separation. If @ < 0, this is unstable since the
masses will eventually collide. We can evaluate the sability of mass transfer by using the conservation
of angular momentum (using the angular momentum from (1.9)))

dinL dlnu ldlna .

L=uvGM + 4.87
. T T4 de 2 dt ( )
Now we look at the logarithmic derivative of the reduced mass (the total mass is conserved, so there
isno dlnM/dt term). We'll also assume M; = —M,, again due to mass conservation
_—=——WMM,)=—(M;M, + M|M,) =M,———— 4.88
de Mdt( 1M5) M( 1l 1 M;) 2M1+M2 ( )
dIn . M;—M
Sl o ) s S (4.89)
dt M, M,
Plugging back in and solving for the a derivative
a . M,—M
- =—2M,——2 (4.90)
a M, M,
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We assume M; > M,, which means the sign of @ is determined by the sign of M,. We have two
possible situations here?:

1. M,>0and a <0

The secondary gains mass from the primary and the orbit shrinks. This is unstable since as the
orbit shrinks mass transfer will continue until the two objects collide.

2. My<0Oanda>0

The secondary loses mass to the primary and the orbit grows. This is stable since once the
orbit expands enough the mass transfer will stop.

The Roche Limit®

This is conceptually related to the Roche potential, but not directly related in terms of the math. The
Roche limit defines the distance from some massive object at which another approaching object will
be completely ripped apart because the tidal forces are stronger than the object’s own self-gravity.

We can derive the Roche limit by finding the distance where the tidal force equals the force of self-
gravity. Call the primary mass M; and the secondary mass M,. The radius of the secondary will be
R, and the distance between the secondary and the primary will be d. We’ll use a test mass m on the
surface of M, to compare the tidal and gravitational forces. We use equation (1.33]), evaluating at
0 = 0 (along the equator), to obtain the maximum tidal force:

Fg == Ftidal(o) (491)
GM,m _GM;mR
U 2 - (4.92)
This gives
M 1/3
dp = 21/3R(—1) (4.93)
MZ

Side note: the maximum tidal force can be derived quickly (with a loss of generality from our deriva-
tion in §11Q4) with

GMym GMym

Fi4a1(0) = d—Rp @ (4.94)
GM;m R GM;m
R 14+2—-)— .95
(1423) - (4.95)
2GM;mR

However, this version of the Roche limit assumes that the secondary body is completely rigid. A more
accurate expression that treats the secondary as a fluid (which is “easier” to deform and disrupt),
derived by the man, the myth, the legend, Roche himself, has a different prefactor:

M 1/3
dy ~ 2.44R(ﬁ1) (4.97)

2

After being tidally disrupted, the broken up material from the secondary gets spread out. Particles
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Figure 4.13: The material of a tidally disrupted secondary mass just after passing the Roche limit is
now being spread out and starting to form a planetary ring.

that end up closer to the primary will orbit faster (P? o< a®), and particles further away will or-
bit slower (see Figure [4.13)), so the material tends to get spread out. It’s thought that this is how
planetary rings form!

The Hill Sphere

While not asked, another related concept that may be worthwhile to know is the Hill sphere. Consider
a system with a primary mass M, secondary mass M,, and test mass m. The Hill sphere defines the
region around the secondary mass for which the test mass will be gravitationally bound to it. Any
orbit outside of the Hill sphere, then, is bound to the primary mass.

This can be derived by considering the balance of forces when the test particle lies exactly along the
line connecting the primary and the secondary. There are gravitational forces from both bodies, as
well as the centripetal force from the secondary’s orbit around the primary. Let’s say the distance
between M; and M, is a, and the distance between M, and m is dj. Then,

Fy1+Fy,+F, =0 (4.98)
GmM,  GmM,

—mQ*(a—dy)=0 (4.99)

Here, Q = 4/G(M; + M,)/a® is the Keplerian orbital velocity. We can then simplify by considering
the limit d; < a and M, < M;:

M M. M, +M —d
1 __2_( 1 2)(a—dy) ~0 (4.100)
(a—dy)?* d3 a3
M d M, M d
—1(1 +2—H)——1 ——1(1— —H) ~0 (4.101)
az a d2 a? a
M,d M
2 x~0 (4.102)
as d;
Thus, the Hill sphere is approximately
M, \/3
dy ~ 4.103
H a(3M1) (4.103)

127



49. What is the Shakura-Sunyaev (alpha-disk) model for accretion disks? What
are the assumptions that go into its derivation?

What is an accretion disk?

We saw in the last question (§4/Q48) how mass transfer can be initiated between two objects in a
binary configuration. This is just one scenario that can cause accretion of material onto a massive
object (like a star or black hole) through a spinning disk called an accretion disk.

Why is matter accreted in a flat disk rather than a spherically symmetric distribution? Consider a
system where we do start out with a spherically symmetric distribution of particles that has some net
angular momentum. Near the equator, the centripetal force from the rotational motion will be large,
and near the poles it will be small. All of the particles will experience a gravitational force towards
the center of the sphere since this is the center of mass. Therefore, particles near the poles will
fall inwards towards the center of mass much more easily than particles along the equator, causing
the distribution to flatten out and form a disk. Particles with retrograde motions are more likely to
collide, and over time they will be driven towards to prograde direction™.

/

M,

Figure 4.14: The inspiral of matter onto the secondary due to the Coriolis force during binary mass
transfer.

In the case of accretion, particles falling inwards will gain angular momentum because the Coriolis
force (which we neglected in §4,Q48) causes them to spiral inwards, as in Figure Because this
becomes a constant stream of gas rather than a single particle, it intersects itself and forms a ring.
The ring is initially elliptical, but shocks cause energy loss while keeping the angular momentum
constant, which circularizes the ring. The ring will also spread out in radius due to viscous coupling
with gas in adjacent annuli. Rings at further radii have slower angular speeds, while rings at closer
radii have faster angular speeds:

* Each ring tries to speed up its exterior neighbor

* Each ring tries to slow down its interior neighbor

The net effect is that the rings spread out and form an accretion disk. The innermost parts of the disk
are collected by the massive object at the center, while the outermost parts of the disk move outwards
to conserve angular momentum. As matter falls towards the center of the disk, viscous stresses cause
it to radiate away some of its gravitational energy. However, this by itself is not enough to explain why
angular momentum is transported to the outer parts of the disk. There must also be some mechanism
that causes matter near the center of the disk to lose angular momentum—this is thought to be due
to turbulent eddies in the disk, although the origin and microphysics of this turbulence are not well
understood?#%?, It is likely related to magnetic fields and magnetorotational instabilities.
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The a-Disk Model

Developed by Shakura and Sunyaev in 19732, the so-called “a-disk” model describes the steady state
solution for the accretion of matter onto a central compact object at a constant accretion rate M via
a geometrically thin accretion disk. The unknown microphysics of the viscosity and turbulence are
all absorbed into a single dimensionless parameter a. This model has a number of coupled equations
that describe the macroscopic physics (as in many fluid flow problems). We’ll work in cylindrical
coordinates (r, ¢, 2). The geometry of the accretion disk is shown in Figure |4.15

$
[ & ATt

2R1()

Figure 4.15: Left: A side-view of the accretion disk, such that we’re seeing a cross-section normal to
the plane of the disk. The central mass M, radial coordinate r, and disk half-height H are labeled.
Notice that the hight of the disk increases with r. Right: A depiction of the cross-sectional area A for
some radius.

1. Conservation of mass

We have, from the continuity equation, for some mass density p and velocity v

o}
a_ft)+v.(pv):0 (4.104)

Assuming the flow is purely in the radial direction, we can write the divergence as

10
V-(pv)= ~3r (prv,) (4.105)

However, this assumes the disk is the same thickness for all r, which is not necessarily true.
To allow for a changing thickness, we have to replace r with the cross-sectional area A =
2nr x 2H(r), where H(r) is the half-height of the disk at a radius r. Also, since we’re in the
steady-state, we assume p = 0, so we have

1 d

47'51‘—1‘1(1”)(:17‘ (4nrH(r)pv,)=0 (4.106)

We see that the quantity inside the derivative must be a constant. We can identify this quantity
as the mass flow rate M:

AM

| At

—MATA _anrH) ey (4.107)
ALV PV :

Therefore, we obtain our equation for conservation of mass

M= —4nrH(r)pv, |= constant (4.108)
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2. Conservation of angular momentum

We can apply all of the same logic using the continuity equation with the density of angular
momentum £ = pQr?. However, this time we have a source term (the net torque per unit

volume, 7 ,.,)
L4 nrHO) (e ) = £ (4.109)
4nrH(r)dr p v e '

Subsituting in M from the mass continuity equation

1 d .
—(—MQr¥) =%

S EE—— 4.110
4nrH(r)dr net ( )

3. Conservation of vertical momentum (pressure balance)

We assume that hydrostatic equilibrium holds in the z-direction. The z-component of the grav-
itational acceleration is multiplied by a factor of sin & = z/r, so we have

dp GMpz
- = 4.111
dz r3 ( )
which we can integrate to obtain
oM (" GM pH(r)>?
Py= -2 | pads~ —2P) (4.112)
), 2r3

4. Conservation of energy

We assume that all of the viscous energy released locally within the disk is trasported vertically
and emitted from the surface of the disk as blackbody radiation. Then, the power per unit
surface area on the disk, Q, is

Q=0gT (4.113)
5. Radiative transport
Recall that the radiative flux can be written in the form (i.e. equation (3.74))
dp,
F=——¢ Srad (4.114)
pKr dz
We approximate
dp P .(H)—P.4(0 P..(0
rad ~ rad( ) rad( ) ~_ rad( ) (4115)
dz H H
Also recall the definitions
1 40
Prag = zaT*=—= BT, F=0gT* (4.116)
c
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Rearranging, our equation for the temperature at the center of the disk (z = 0) becomes

3 3
Tg(r) = ZH(r)pKRT4 ZTT4

off — off (4.117)

Where 7 is the optical depth, which is > 1, so Ty(r) > T.-.
. Torque from the viscous stress

The rp-component of the stress-energy tensor describes the force in the ¢ direction per unit
area in the r direction. This is the viscous shear stress, which generates torque:

T, ol =p¥r

dQ
— 11
i ‘ (4.118)

Here, ¥ is the kinematic viscosity coefficient, which is the product of some scale length A
and some scale velocity ¥: ¥ ~ A¥. For a turbulent eddy, the maximum possible size is the disk
scale height A ~ H, and the maximum possible velocity is the sound speed v ~ c,. Therefore,
if we include an order-unity constant a, we can write

VY =acH (4.119)

This reduces the shear stress to ITWI ~ aP. We can then write the torque (force x level arm)
as

©(r) = —IT,,|(4nrH(r))r = —4naP(r)H(r)r? (4.120)
Which produces a net torque per unit volume

—4naP(r + Ar)H(r + Ar)(r + Ar)? + 4naP(r)H(r)r?

Thet(1) = ETO anrHOO)AT (4.121)
. a d, .,
Thee(T) = TrH(M A (r“P(r)H(r)) (4.122)

. Power from the viscous stress

For a force acting at a constant velocity, the power generated is F - v. The angular equivalent
of this is 7 - A2 where AQ is for a small annulus in the disk. This becomes

dQ dQ

. power  |t(r) o an
B dr dr

_ 4maP(r)H(r)r*Ar
B 4rr Ar

— (4.123)
area 2 X 2nrAr

From Kepler’s 3rd law, we have

\ I GM dQ 3Q
0= , ot __ 00t 12
r2 dr 2r (4.124)
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Therefore

Q= gaP(r)H(r)Q (4.125)

. Angular momentum part 2: Electric Boogaloo

Combining equations (4.110) and (4.122), we find

1 d . a d
—— (=MQr*) =— — (r*P(r)H 126
4nrH(r)dr ( r) rH(r)dr (rP(r)H(Tr)) 4 )
Integrating,
MQr? = 4nar®P(r)H(r) + constant (4.127)

The constant can be found by noting that d©2/dr = 0 at the innermost part of the disk that
meets the star. This means that P(r;,) = 0, so our constant must be

constant = MQ(ry,)r? (4.128)

Then, solving our equation for P(r)H(r) gives

P(FH(r) = i _ (— r—) (4.129)

4mar? 4t

Effective temperature

Finally, we can combine equations (4.113)), (4.125)), and (4.129) to get an expression for the
effective temperature

. 3
Q=o0gTh= 5onP(r)H(r) (4.130)
3MQ? T
= 1—4/-2 (4.131)
87 r
Rearranging for Tg:
3GMM 2\ 14
Te(r) = [(—)(1 — E)] (4.132)
8mogr? r

This equation determines the emission spectrum of the disk. Notice that T, is independent of
a. From here, we would need to assume some equation of state and some opacity law to get a
full profile for the pressure and density.

Let’s review the assumptions we made in deriving all of these equations:

Geometrically thin (H < r) / optically thick (7 > 1)
Azimuthal symmetry in the disk
Subsonic turbulence (v < ¢,)

Rotational speed is much larger than radial speed (v, > v,)
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* Local thermodynamic equilibrium (LTE) / Disk radiates heat efficiently (i.e. blackbody)

» Steady-state (constant accretion rate M)

* The disk mass My < Mg /p/erc.» allowing us to neglect the self-gravity of the disk

And let’s summarize all of the important results®4<2:

3GMM -
150 =(5rpme 1V )
€ 8mogyrs r

3 3
T;f(r) = ‘—lH(r)pKRT:;f(r) = ZTT;f(r)
M | GM T
P =\ (1)
po(r) ;
kT, deal
GM{p)H(r) _ | m, o) Gdealge)
Po(r) = 2P
2r 4GSB 4 L
3c To(r) (radiation pressure)
kop(r)T™3>(r) (Kramer)
k(r)=
or/ m, (Thomson scattering)
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50. Write down the fluid equations for conservation of mass and momentum
that would describe a spherically symmetric, expanding supernova remnant.
How would you derive the “jump conditions” for a strong adiabatic shock.

Conservation equations“*4°

Mass conservation comes from the standard continuity equation

3
a_Ft’Jrv.(pv):o (4.133)

The Jeans equation (§8/Q130) describes the conservation of momentum (this is essentially just a
continuity equation for pv, with source terms from the force and pressure gradient)

av

P +(pv:-V)v=—pV®—-VP (4.134)

o}

For energy, we can use another continuity equation, where this time our source terms will come from
the first law of thermodynamics:

dE =dQ +dwW (4.135)

where the work is

d—W:—F-v:—JPV-dA:—f V- (Pv)dV (4.136)
dt A 14

Therefore, our energy conservation equation is

d )
—8‘; +V-(ev) =Q—V - (PV) (4.137)
where
£= 1 v2+§nkT+n<I> (4.138)
2P T ¢ '

But if we also assume the process is adiabatic, then Q = 0, leaving us with

%Jrv.(gv) — v (PV) (4.139)

Shock from a supernova remnant=*<

Now let’s apply these equations to an expanding supernova remnant. The enormous energy released
forces the gas to supersonic speeds, creating a shock front. Behind the shock front, shocked gas
moves at supersonic speeds v,, and in front of the shock front, gas is not moving. However, it’s
helpful to analyze this problem in the frame of the shock front. Say that the shock front itself moves
as a speed u, > c,. In the frame of the shock front then, the gas in front of it approaches at a speed
—u,, and the gas behind it moves at a speed v = u; — v,. See Figure[4.16

There will be a jump in density at the shock front, where gas behind the shock front is much more
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Figure 4.16: A shock front viewed in the observer frame and the shock frame.

dense than the gas in front of it, simply because the unshocked gas cannot respond quickly enough
to change its density (see Figure [4.17)).

Po

Rs r

Figure 4.17: The density as a function of distance. R; is the position of the shock front, where there
is a large discontinuity between the shocked and unshocked gas densities.

Let’s set our origin at the shock front and analyze this problem purely in a 1D sense along the x
direction. We’ll also assume we’re in a steady-state, so all time derivatives go to 0. In this case, our
mass continuity equation gives

d
—(pv)=0 — pv=Dpyu (4.140)
dx
And our momentum continuity equation, ignoring any gravity/external forces, gives
d dp
— (V)=—— 4.141
PV ) I ( )

We can pull the pv inside the derivative, since we know from the mass continuity equation that it’s
just a constant.

d 2 2 0 2
a(pv +P)=0 — P+pv =P{ + pol; (4.142)
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Finally, from the energy conservation equation we have

d 0
—x[(8+P)V]=O —> ev+Pv =gy, + P, (4.143)

Again, we ignore gravity, so the energies become

0
1 3 1 3
s=§pv2+§P , sozipouf—i—— A (4.144)
This gives
1, 5 1 .,
PV TV T gk (4.145)

We now have a system of equations (4.140), (4.142), and (4.145)), which we can use to solve for
v,, p, and P in terms of u, and p,. First let’s take (4.142), solve for P, and replace u; with v using

(4.140):

P =po—pv?= pvz(ﬁ - 1) (4.146)

Po

Next, let’s plug this into (4.145]), while also replacing all of the u; instances using (4.140)

1 5 1p°
5p;/+§p)/(ﬂ—1)——%g (4.147)
Po

=55
/ 1ot
207 op=if (4.148)
2 pO 2 p()
2
(ﬁ) —s52 y4=0 (4.149)
Po Po
(3_4)(£_1) —0 (4.150)
Po Po

We see we have two solutions for p/p, = 1,4. Obviously the case where this is 1 is trivial, since this
means there is no boundary/shockwave at all. So let’s ignore that and look at the p/p, = 4 case.
We can see immediately from (4.140) that our velocities must satisfy

1 3
v:ZuS — vszus—v:‘—‘uS (4.151)

Finally, we can plug these back into our equation for the pressure to obtain

1 3
P =pv2(pﬂ—1) =4poﬂu52(4—1) = erouf (4.152)
0

These are called the Rankine-Hugoniot shock jump conditions. In summary:

3 3,
s = Zus p = 4p0 P = Zpous (4153)
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This leads to a temperature of

Pum, 3 um,
T = =——? 4.154
kp 16 k ° ( )
For a supernova shock, u, ~ 1000kms™, which leads to coronal temperatures:
u 2
T~2x10| ———— | K 4.155
( 1000km st ) ( )
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51. Describe the various stages of evolution of a supernova remnant. What are
the relevant physical processes during each phase? Explain why in the Sedov-
Taylor phase of a supernova remnant, the radius expands at t%/°.

A supernova remnant generally evolves in 3 phases, where the radius scales differently with time in
each phase. This is summarized in Figure 4.18] and also in the numbered list below®322,

Figure 4.18: The different scaling sizes of the expanding supernova remnant over time, showing the
three distinct phases of expansion: free expansion, the Sedov-Taylor phase, and the snowplow phase.

0. Initial Explosion

During the supernova, an initial mass of M, ~ 10 M, is ejected at velocities of u/(t = 0) =
Vej ~ 3000 km s~ into the surrounding medium, which has an ambient density p,.

1. Free expansion

Early on, the shock expands at a nearly constant velocity since the pressure from the ISM
is negligible. As the shock expands outwards, it carries with it the ejecta mass M, from the
supernova, which transfers momentum into the ISM gas and sweeps it up as well—My.,, =
4/ 3)R§’ Po- This means the ejecta mass must itself lose momentum, so it actually experiences
a reverse shock that propagates inwards (in the rest frame of the ejecta). The ejecta itself
is a site of r-process nucleosynthesis (see §12.8)). The shock front continues expanding at
a nearly constant speed until the swept up mass is approximately equal to the ejected mass,
Mgyen: ~ M,. This usually lasts on the order of

swept

3M, \'°
t o~ ( : 3) ~10%yr (4.156)
4T PoVe;

During this phase, the shock expands linearly
Rs - Vejt (4.157)

With typical sizes of R; ~ 5 pc.
2. Sedov-Taylor phase (adiabatic phase)

Now that the swept-up mass dominates (M., > M,), the ISM pressure is no longer negligible
and the shock velocity starts slowing down. At this point the reverse shock has also crossed most
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of the ejecta material, so the ejecta gets decoupled from the shock front and it gets left behind
as the shock continues to propagate outwards into the ISM. The shock is pushed forwards by
the thermal pressure of the shock-heated material behind it. The gas, at this point, is still too
hot to experience significant radiative energy losses (its cooling time is much larger than its
dynamical time), so it expands adiabatically and energy is conserved. We have a combination
of kinetic and thermal energy. Using the shock jump conditions from (4.153)):

1 14 2
Ein = EMVZ = Eganpusz = ganpOuf (4.158)
3 33 4 3
Egn = 5PV = EzpoufgﬂRf = EﬂREPouf (4.159)
13
" Ey=Ey, + Epm = ganpOusz = constant (4.160)

Since E, is constant, we can solve for u, the shock velocity, and see how it changes as the shock
radius R, increases

dr 6E, \?
U =-—= (—0) R3/2 (4.161)
dt 137p, s
This is a separable differential equation
6E 1/2 5 2/5 6E 1/5
dR,R%? = (—0 ) dt — R, = (—) ( 0 ) £2/5 (4.162)
s 13mp, 2 137p,

We see that R, o< t2/°, This phase lasts until radiative losses start becoming important, which
we can find by looking at the velocity and temperature dependence

dr, _ (2)*°( 6E, \* 6E, '/
U =—= (—) (—0 ) 7305 = (—0 ) R*? (4.163)
5 137p, 137p, s

T,=——2y2=="__2F 4.164

*T16 k 516 k 137pg (4.164)
E 1/2 R —3/2

u521.8x1o4(i) (—) kms™! (4.165)
Po1 1pc
E R, \°

Tsz7.3x1o9(i)(—5) K (4.166)
Po1/\1pc

Radiative losses start becoming important at T ~ 10° K, so we get typical ages of t ~ 4 x 10*
yr. At this point, typical values for the radius and velocity are R, ~ 20 pc and u, ~ 200 kms™".

. Snowplow phase (radiative phase)

The cooling time of the shell of shocked gas is now fast and the shell starts rapidly losing energy.
This happens because electrons and hydrogen ions (protons) recombine into neutral hydrogen,
which dramaticaly decreases electron scatterings and causes the shocked gas to transition from
optically thick to optically thin. The shell of gas now loses most of its internal thermal pressure
and contracts into a thinner shell. However, the hot shocked gas inside the shell still has a lot
of thermal pressure, which continues pushing the shell outwards. As the shell expands, the
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internal pressure decreases adiabatically: PV" = constant. In other words
PV" o< PR¥ o< PR’ = constant (4.167)

where we used y = 5/3. Thus, we can write the pressure as

R 5
P(t) = PO(R—O) (4.168)
This changes the momentum like
1d d
- Xd—f - (Mv) = 4nR2()P(t) = 4mPoRIR(2) (4.169)

With Mv o< RfRS, we get a differential equation for R;:
R’R’°+R’R, oc R® (4.170)
Assuming a power law R, o< t", we find

2
t1 2 ot — = = (4.171)
So, R, o< t?/7 in the snowplow phase®®, Note that, if we had ignored the internal pressure
of the bubble and just considered the shell to be undergoing a perfectly inelastic collision with
the surrounding environment (so momentum is conserved), we would obtain a slightly smaller
scaling relation of R, oc t1/4,

. Merger phase

Eventually, enough ISM mass is swept up that internal instabilities cause the expanding shell
to break up and dissipate into the surrounding ISM, becoming indistinguishable.
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52. What is a white dwarf star? Why is the radius of a white dwarf a decreasing
function of its mass? What is the basic physics that leads to the upper limit on
the mass of a white dwarf (i.e. the Chandrasekhar limit)?

A white dwarf is a type of stellar remnant that is produced in the end stages of stellar evolution
for a low-mass star (M < 8 M,; see §4.Q40). It is the leftover Carbon-Oxygen core of the star after
the outer layers have been blown away in the AGB and planetary nebula phases (see §3/Q22). It is
extremely dense and is only held up against its own gravity by electron degeneracy pressure. This is
pressure that exists purely due to quantum mechanical effects: electrons are fermions, which means
they must obey the Pauli exclusion principle—i.e. they cannot occupy the same quantum state as
any other electron in the same interacting system. This means that in the extremely dense conditions
of the cores of stars, all of the lowest energy states get filled up, and the remaining electrons are
forced to inhabit states with higher energies, which inherently have more pressure than the lower
energy states.

Typical properties of a white dwarf
« M ~0.1-1.3 M,
© R~0.01 Ry~ R,
* p ~10%-10" gem™*< Ppeyrron star
* Thought to be the end state of every star with M < 8 M,

Depending on the initial mass of the star, the composition of the white dwarf will be different. CO
white dwarfs are by far the most common:

Progenitor mass (M) White dwarf mass (M) White dwarf composition

0.5-1.5 0.1-0.4 Mostly He
1.5-8 0.5-1.3 Mostly C/O
6-8 1-1.3 Mostly O/Ne/Mg

Electron degeneracy pressure

Electron degeneracy pressure works exactly the same way as neutron degeneracy pressure, which
is explained in §4/Q41. However, there is one key difference. Neutron degeneracy pressure only
kicks in at much higher densities than electron degeneracy pressure, and at these high densities the
neutrons will be interacting with each other via the strong nuclear force. In contrast, the electrons
can be assumed to be essentially non-interacting, even in electron-degenerate conditions. This means
that our derivation for the degeneracy pressure in §4.Q41 is actually a much better model for electron
degeneracy pressure than it is for neutron degeneracy pressure. Without redoing the derivation, I'll
just restate the results here for the non-relativistic (NR) and ultra-relativistic (UR) cases:

1(3)?° h? 5/3 5/3
Pyp=—| — —_— Pyr ©< 4.172
e 20(77:) me(uef'lp)5/3p (o o< 2°) ( )
13\ hc .
- /3 4/3
Por = 8(n) (,Ue”lp)4/3p (Pyp o< p™) (4.173)
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Mass-Radius Relationship

Degeneracy pressure will be the dominant pressure mechanism. So if we take the non-relativistic
limit for the degeneracy pressure and compare this to the pressure that would be required to keep
the white dwarf in hydrostatic equilibrium at the core (3.100), we immediately obtain a scaling

relation##2211
Pisse(0) o< (Pyn(r)) (4.174)
o~ (4.176)

Note that in the first step we are allowed to compare the central pressure for HSE to the average
pressure for degeneracy because the central density is related to the average density by just a constant,
which we’re ignoring for this analysis.

This scaling relationship tells us that as we increase the mass, the radius must decrease. Intuitively,
this happens because when we add mass, we require more pressure to counteract the increased
gravitational force. But degeneracy pressure is proportional to the density, so we have to shrink in
order to increase the density and increase the pressure. There is no other mechanism, such as nuclear
fusion, that can provide pressure support without requiring an increase in density.

Chandrasekhar limit

The ultra-relativistic limit has a polytropic index of 4/3, which if we recall from §3]Q31, implies that
this limit is dynamically unstable. As a white dwarf gets more massive, it necessarily moves from the
non-relativistic limit to the relativistic limit since electrons are forced to occupy more energetic states
and increase their speeds to approach c. If we do the same analysis as above in the ultra-relativistic
limit, we’ll notice something stunning: the dependence on the radius will completely cancel out!
This implies that there is some maximum mass, above which it cannot be supported by electron
degeneracy pressure anymore. If we’re more careful about not dropping our constants, we can try
to derive what this upper mass limit is. We take the pressure as a function of radius from equation
(3-59), using r = 0 for the central pressure and p = 3M /4nR? for the density

o GM* ( 3M )4/3_ 1(3)1/3 hc ( 3M )4/3 @177
24 R+~ ""N4nrz)  8\n) (u.m,)¥3\4nR® '

After a lot of algebra that is not particularly illuminating, we achieve a mass limit of*
3 1 ( hc

3/2
My~ —r—o | — ~0.44M 4.178
@ 16 (o, P G) ° (178)

But this is an underestimate of the true limit. The scalings with u,m, and hc/G are all correct, but
the prefactor of 3/16m is not. This is because we made the simplifying assumption that the density
is always equal to the average density p = 3M /47R3. If one does a more careful analysis using the
Lane-Emden equation (see with a polytrope index of n = 3, we get a more precise limit
0f66

1 hc /2
MCh:O'197mT)2(E) ~ 1.44 M, (4.179)
e'tp
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This is called the Chandrasekhar limit, named after Subrahmanyan Chandrasekhar, who discovered
it at age 21. Don’t ask me what I was doing at 21, it'll only be disappointing in comparison.

The mass-radius relationship in the non-relativistic and relativistic limits is shown in Figure |4.19
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Figure 4.19: The mass-radius relationship for a degenerate Fermi gas in the non-relativistic and
relativistic limits. Notice the vertical cutoff in the relativistic case at the Chandrasekhar limit of ~
1.4 M,
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53. What is a “millisecond pulsar”? What is the shortest spin period known for
such an object? Estimate a lower bound to its mean density.

First of all, a pulsar (pulsating radio source; PSR) is a highly magnetized (B ~ 10 G) neutron
star that emits narrow beams of synchrotron radiation along the poles of its magnetic field, which
is misaligned with its spin axis. This means that the beams of radiation sweep around the sky as it
rotates. If they are aligned in such a way that they pass through our line of sight, we see pulses with
a very consistent period.

A millisecond pulsar is a pulsar with a period of < 10 ms. Pulsars are expected to have periods
on the order of milliseconds shortly after their birth, but they spin down over time since they lose
energy to the synchrotron radiation. Most pulsars have periods of ~ seconds. It is thought that most
millisecond pulsars are not young systems, but rather they are pulsars in binary systems that have
gained angular momentum through accretion, spinning them up. See Figure [4.2072%%2,

RADIATION
BEAM

-

" .

NEUTRON STAR 2

HAD'.HTlON
BEAM

Figure 4.20: How a millisecond pulsar is created: (1) A main sequence star and a supergiant star are
in a binary together. (2) The giant star goes supernova and leaves behind a pulsar. (3) A few billion
years later, the other star evolves into the red giant phase and overflows its Roche lobe. The pulsar
stars accreting material from its giant companion. (4) The pulsar gains angular momentum from the
accretion and ends up spinning very rapidly. It also produces strong winds that erode the companion
star. (2b) In an alternative scenario, globular clusters have so many stars packed together that a free
neutron star could interact with a binary system and, in a process called “exchange”, become a part
of the binary while kicking out the lowest mass star. The process then continues with steps 3 and 4
in the normal scenario.
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Pulsars in LMXBs get spun up through an accretion disk that builds up due to the Roche lobe overflow
of its companion star. In this case, the companion star must have a long enough lifetime to still exist
for the lifetime of a pulsar, so it must be a cool red star (unless the companion was captured later). In
HMXBs, on the other hand, accretion can happen through strong stellar winds and/or a “decretion”
disk that builds up around the star as it ejects materials.

Shortest spin period known

Currently the pulsar with the shortest known spin period is PSR J1748-2446ad in the Terzan 5 glob-
ular cluster. Its period is 1.4 ms (716 Hz)®Z.

Lower bound to mean density

The pulsar must not spin too fast, lest it break up due to the centripetal force. Thus, we can set these
forces equal to find

A% _, QR=—"1 (4.180)

For a given mass and radius, we have a minimum period

q = GM P =9 R3 4| 37 181
max F — min — <70 W_ G_p (4 8)

Alternatively, we can think of this as a minimum density for a given period

3n
Omin = —— .182
min TTPZ (4 )

Using the shortest known period of 1.4 ms, this corresponds to a minimum density of

Pmin = 7.2 x 102 gem ™ (4.183)
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54. Show from a simple dimensional analysis how the effective temperature
of an accretion disk depends on accretion rate and distance from the central
object.

Gravitational energy goes like GM?/r, so per unit time we have GMM /r. By the Stefan-Boltzmann
law, the flux is proportional to T*. Since flux is energy per time per area (and area o< r?), we have

— 5 T* — T oc MY4r=53/4 (4.184)

Now, for a slightly more formal argument. The accretion of mass causes a release of gravitational
potential energy

dU  GMM
— == (4.185)
dt r
Using a simple virial argument (§12.9.2)
1
2K+U=0 — K:_EU (4.186)

Half of the released potential energy must go into kinetic energy, so the remaining half goes into
radiation, and thus the luminosity is

1dU  GMM

2dt  2r

And by the Stefan-Boltzmann law, if we assume the disk is optically thick, it’s related to the effective
temperature by

(4.187)

L=2nr’ogT:

4 (4.188)

(with a factor of 2 since there are 2 sides of the accretion disk). Equating these two, we can solve
for T.4 in terms of M and r:

GMM \'*
Teg = (m) (4.189)
SB
We get a scaling of
T 0 MY4MY4p—3/4 (4.190)

Comparing equation (4.189)) to the alpha-disk model (4.132]) shows that we got the scalings right,
but the prefactor is slightly different, and the inner disk radius r;, creates a hard cutoff“*?, Also,
notice that Rigoo o< M and M o< Lgyq ©< M, so the temperature at the ISCO scales with the mass
like

Tetr1500 ©< M4 (4.191)

In other words, less massive compact objects have hotter accretion disks (because the ISCO is closer)!
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55. What evidence is there for “superluminal” jets from black holes, and how
does one explain the superluminal motion?

Some black holes produce relativistic jets of radiation that appear to have superluminal velocities
(v >c¢). See, e.g., Figure where a jet travels 30 lightyears in 6 years (5 lightyears per year).

Figure 4.21: The apparent superluminal motion of an AGN radio jet from 3C 279

SR forbids any velocities > ¢, so how is this possible? This is actually a projection effect—the jets
appear to be moving faster than ¢ from our perspective, but they aren’t really. We can see how this
works by considering some blob of material that starts out at point P; at time t; and moves to point
P, at time t, at speed v. It moves towards us along our line of sight, but at some angle 6 so that it
also has some proper motion. This setup is shown in Figure 4.22
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Figure 4.22: Diagram showing the observed time and distance between two events P; and P, along
the path of motion of some blob of material.

In the rest frame of the blob, the time and distance it travels are:

Ad =vAt (4.193)
However, in the observed frame, since the object is moving towards us relativistically, the perceived

time difference between the two events is shorter (the second event doesn’t take as long to reach us
as the first event did):

d
, d—vAtcos6
t,=At+—— (4.195)
C
At' =t,—t; =At(1—p cosB) (4.196)

Of course, because of the angle, the perceived distance is also shorter:
Ax'=vAtsinf (4.197)

But this effect is not as strong as the effect on the time delay. The apparent speed ends up being:

Ax’ P sin 6
Vaoy = =c
wPAL 1—fcos6

(4.198)

Where 8 = v/c. Notice that the fraction can be greater than 1, depending on the values of 6 and 3.
We can see that in the small angle limit this becomes

Vapp2 o
c 1-p

/c — 00, allowing apparent “superluminal” motion.

(4.199)

As B = 1, vy
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56. What is the historical significance of the Hulse-Taylor binary radio pulsar
to physics?

The Hulse-Taylor pulsar was discovered in 1974 by Hulse and Taylor®®, and was the first known
pulsar in a binary system. They were able to determine this by looking at the variations in its pulsation
period over time. They found the pulsation period to be 59 ms, varying by 0.078 ms over the course
of 7.75 hr, due to the orbital motion of the binary causing the pulses to take longer/shorter to reach
us. From this, they got estimates of the radial velocities, and from those they could estimate the mass
of the companion (i.e. §3/Q20). They determined the companion must also be a neutron star (but
not a pulsar).

Having two compact objects in a close orbit like this is a prime laboratory for producing gravitational
radiation (as it has a varying quadrupole moment, §4/Q42), and thus this system acted as an impor-
tant test for Einstein’s general relativity. This causes the system to lose energy, which causes the two
neutron stars to come closer together. Recall in the Newtonian limit:
GM M
2a

So as E decreases (gets more negative), a must also decrease. Figure4.23[shows the measurements of
the cumulative shifts in the pulsation period over time, matching perfectly what would be predicted
from GR. This was one of the first pieces of evidence for the existence of gravitational waves®’!
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Figure 4.23: The cumulative shift of the Hulse-Taylor pulsar’s pulsation period over time, in compar-
ison to the predictions of GR®?.
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57. What minimum mass is required for a black hole powering a quasar of

luminosity 10'? L,? What accretion rate is required?

For a mass M, the maximum luminosity that can be produced is the Eddington luminosity Lgy-
Therefore, if we have a given luminosity L, the minimum mass that could produce this luminosity
must be the mass for which this is the Eddington luminosity. If the mass were any smaller, the
Eddington luminosity would have to be lower, otherwise radiation pressure would dominate over

gravity. Recalling our derivation of the Eddington limit from §4/Q47:

J M 1 (Lgag
Lggq>~=3%x10" — |Ly — M=~ M,
M, 3x 104\ L,

This gives a minimum mass of

M min

~ 3 x 10" M,

We can relate the luminosity to an accretion rate if we assume an efficiency of n ~ 0.1:

L

LGl\'/[c2 — M=—
nec?

Which results in

M ~0.67 Mgyyr !
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58. How much energy is typically released in a type II supernova? What frac-
tions of that energy are in the forms of neutrinos, visible light, gas kinetic
energy and gravitational radiation?

For a core with a mass M. ~ 1.4 M, contracting from an initial radius r; ~ 5000 km to a final radius
re ~ 12 km, the gravitational binding energy released is

3GM2 3 GM?>

E ~2 core core | 3w 1053 erg (4.205)
& 5 re 5

i

where the factor of 3/5 comes in due to the spherical symmetry.

Where does the energy go
1.

129011

Photodisintegration of >°Fe (7%)

The binding energy per nucleon in *®Fe is around 9 MeV. So, the total energy that goes into
photodisintegration will be 9 MeV x number of nucleons per Fe (56) x number of Fe atoms.
Assuming a core mass of M., ~ 1.4 M, we have 1.4 M,/56m, Fe atoms, so

1.4 M, 55
AE . ~9MeV x 56 x o6 ~ 2 x 10> erg (4.206)
m

n

Ejecting the stellar envelope (2%)

The ejection of the outer stellar envelope from the initial radius r; out to infinity requires gravi-
tational energy. Say the total mass of the envelope and the core is M ~ 10 M. Then the energy
released is

GMcore(M B Mcore)

AE,,, ~ ~6x 10°" erg (4.207)

T

. Driving the ejecta (3%)

Gas outflows involved with the ejection of the stellar envelope have observed speeds on the
order v ~ 10* kms™?, giving them energies of

1
AEy, ~ E(M — M ore)v* ~ 9 x 10° erg (4.208)

Electromagnetic radiation (0.3%, only 0.01% in the visible)

The shock produced by the supernova ionizes the Hydrogen-rich envelope, which leads to a long
period of recombination that results in radiation. The radioactive decay of elements produced
in the shock also produces radiation. The total energy is of order AE,4 ~ 10°! erg.

. Neutrinos (88%)

Neutrinos are produced from electron capture reactions (p*e~ —— n+v,), which accounts for
the remaining ~ 88% of the energy released.

Gravitational radiation? (0.1%?)

Gravitational radiation from supernovae has not yet been observed, but theoretically it should
be produced by any asymmetries in the system.
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59. Describe a scenario whereby a neutron star can be formed in a binary
system and have the system remain bound

To remain bound, the energy of the orbit must remain less than O after one of the stars goes super-
nova (recall E = 0 corresponds to parabolic orbits, and E > 0 are hyperbolic orbits). We’ll work
in the reduced problem (i.e. §3]Q20) to simplify things. In this case the total energy in the initial
configuration is

E=—-uv*——— (4.209)

If we assume the orbits are circular so r = a (which is not necessary but just makes the math easier),
then we can use Kepler’s 3rd law to get the relative velocity

, _ GM
a

v (4.210)
Now, after the supernova, the mass of one star will change, say by Am, so the total mass changes
to M — M — Am. This will also change the reduced mass u — u’. Supernovae occur on timescales
much faster than the orbital timescales, so we can look at the time immediately after the explosion,
before the relative velocity v and orbital separation a have time to change. Our new energy becomes

1 G(M — Am)y’
= Ly G =AM (4.211)
2 a
1GMy" G(M —Am)u’
_1oMp’  G( m (4.212)
2 a a
Setting this to be < 0, we obtain the constraint
M M
P <M-Am — |Am< P (4.213)

In other words, we must not lose more than half of the original total mass in order to remain
bound“#2?7% This comes with a few consequences:

* Low Mass X-ray Binaries (LMXBs) are binary systems with a neutron star (or black hole)
and a companion with a mass < 2 M. By our above analysis, these systems should be nearly
impossible to form. The progenitor stellar mass for a neutron star to form is 8 M. Let’s assume
the companion has a mass 2 M, the maximum allowed for an LMXB classification. Then, when
the massive star goes supernova, it becomes a neutron star with a mass of ~ 1.4 M, shedding a
Am = 8—1.4=6.6 M,. This is more than half of the original total mass (8+2 = 10 M), so the
supernova should unbind the system! Nevertheless, many LMXB systems are observed. These
systems likely captured a companion star after the neutron star went supernova, meaning they
require dense environments where interactions are more common (i.e. globular clusters; see
Q65). These systems can be long-lived, with ages 2 107 yr.

* High Mass X-ray Binaries (HMXBs) have a companion with a mass 2 8 M,. By the converse
argument to LMXBs, HMXBs are possible to stay bound after a supernova. Since they require
massive young stars, they are most often found in the stellar disk. These systems experience
unstable mass transfer since mass is transferred from the more massive companion to the less
massive NS/BH, which shrinks the orbit (Q48), so they have short ages of < 10° yr.
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* Intermediate Mass X-ray Binaries would theoretically have companion masses between 2-8
M,. However, these systems are almost never observed. This is because Roche lobe overflow
in these systems proceeds very quickly, so it’s unlikely for us to observe such events. Stellar
winds are also not very strong in these intermediate-mass companions.
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60. What is a “cataclysmic variable”? What are nova explosions, and what is
the basic physics underlying these events?

A cataclysmic variable is a binary system in which a white dwarf accretes material from a companion
star that fills its Roche lobe and experiences occasional, unpredictable bursts in energy. Note: this is
distinct from a type Ia supernova, in which an accreting white dwarf exceeds its Chandrasekhar limit
and is destroyed. In a cataclysmic variable, the white dwarf does not exceed the Chandrasekhar limit,
and the outbursts are caused by different mechanisms called novae. These novae are subdivided into
two categories: dwarf novae and classical novae.

Typical parameters of a cataclysmic variable™!:
* Orbital period P ~ 20 min-5 day (most between 1-12 hr)
* Primary (WD) mass M ~ 0.86 M,
* Secondary star typically a spectral type of G or later

Novae

1. Dwarf Novae!
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Figure 4.24: An example of a dwarf nova light curve (SS Cygni), compiled by the AAVSO™
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These are caused by a sudden increase in the rate at which mass flows down through the
accretion disk. These periods of increased mass flow typically last from 5-20 days, separated
by quiescent intervals of 30-300 days. The mass transfer rates increase from typical values
of 10711 — 107 M, yr! up to values of 1077 — 108 M, yr!. Since the disk luminosity is
proportional to M, this increases the luminosity by a factor of 10-100. The mechanism that
causes the change in M is not well known, but there are two possible explanations.

Instabilities in the mass transfer rate:
e The Hydrogen partial ionization zone in a star (T ~ 10* K) periodically dams up and
released energy. This is sort of like the k mechanism (see §3/Q24).

* This causes the outer layers of a star to periodically overflow its Roche lobe, turning mass
transfer on and off.

Instabilities in the accretion disk itself:

* The chain of reasoning is similar, as this also uses the Hydrogen partial ionization zone.
We also use the fact that the viscosity of the disk, which determines how fast mass flows
through it, is proportional to its temperature.

 Below 10* K, hydrogen is mostly neutral, so opacity is low, cooling is efficient, temperature
is low, and viscosity is low.

 Above 10* K, hydrogen is mostly ionized, so opacity is high (see Figure [3.33)), cooling is
inefficient, temperature is high, and viscosity is high.

* Therefore, periodic ionization and recombination of hydrogen can periodically change the
viscosity of the disk, which likewise changes how fast mass flows through it.

See an example light curve in Figure |4.24

2. Classical Novae!
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Figure 4.25: An example of a classical nova light curve (V1500 Cyg)7*,

These are caused by Hydrogen-rich gases accumulating on the surface of the white dwarf,
heating up and mixing with carbon and oxygen from the white dwarf, and igniting hydrogen
burning through the CNO cycle under degenerate conditions. This causes a runaway ther-
monuclear reaction, heating up to 10® K before the electrons lose their degeneracy pressure.
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The luminosity eventually exceeds the Eddington limit, causing radiation pressure to expel the
accreted material and returning the WD to a state before the nova. This process is able to hap-
pen multiple times in the same system. The luminosity typically increases by 7-20 magnitudes
in the initial burst, followed by a slow decline back to the pre-nova levels over the course of
weeks to months. The hot gas shell is typically expelled at 1000s of kms™!. See an example
light curve in Figure 4.25

ASTRONOMERS
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61. What is the gravitational redshift from the surface of a neutron star?

From the definition of redshift, we have

A’obs —A A

emit obs
= = — 1 g

A A

. 5t
emit _ )= _—ob 9 (4.214)

emit Vobs o temit

)

emit

where 6t and 6t,,,;, are the small time differences between two adjacent peaks/troughs that define
the wavelength/frequency. We want to take 6t to be the time measured by an observer at 0o, and
compare this to the 6¢,,; from an observer at a distance r,,,;.-

Using the Schwarzschild metric for a spherically symmetric gravitational field (non-rotating):
R R\
ds* =—(1——5)dt2+(1——5) dr® + r?dQ? (4.215)
r r

Then, 6t,,,; will be the proper time dt, and 6t will be the coordinate time d¢t, which are related
by:

R R \M?
dr? = (1 — —S)dt2 —s dr = (1 — —5) dt (4.216)
r r
Thus, we have
Z—E—l— ! —1 (4.217)
B dT B (1 _Rs/remit)l/2 .
Simplifying,
R. \ 12
zz(l— 8 ) -1 (4.218)
remit

If we take typical neutron star parameters of M ~ 1.4 M, and R ~ r.,;. ~ 10 km, we get a redshift of

(4219
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62. How much rotational kinetic energy can be stored in a neutron star? How
does this help resolve the “energy budget” for the Crab nebula?

First off, some numbers for the Crab pulsar. Just remember, Crabs come in threes:

P~ 33 ms (4.220)
P~107" (4.221)
Rotational kinetic energy is given by
1.5
Erpe = Sl (4.222)

And the moment of inertia for a sphere is I = (2/5)MR?, so

41’ MR?
o= (4.223)

Using numbers appropriate for the crab pulsar, we have M ~ 1.4 M, R ~ 10 km, and P ~ 33 ms’2,
so the rotational energy is

E, ~10"erg (4.224)

The neutron star spins down over time, which releases energy. Taking the derivative of (4.223):

dE,., 8m2MR? . P
e (4.225)
The crab pulsar has a spin-down rate of # ~ —3.7 x 107!° Hz/s”2, corresponding to P = —P2} ~
4x1071
dE
2 x10¥ergs™? (4.226)
de
Compared to the observed luminosity of the entire Crab nebula:
L~4x10%ergs™! (4.227)

We can see that | dE,./dt | > L, so the Crab nebula can be entirely powered by the spin-down of the
Crab pulsar?*.

Fun note about the Crab nebula: the supernova that created this remnant was observed by Chi-
nese astronomers in 1054, making it the first supernova remnant that corresponds to a historically
observed supernova event’2,
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63. Explain why you might expect most of the emission of an accreting neutron
star to be in the form of X-rays. How does an X-ray pulsar pulse?

Recall that the luminosity of an accretion disk is related to its effective temperature by
L=2nR?0gTs, (4.228)

where the factor of 2 is from the 2 sides of the disk. If we assume the radiation is Eddington-limited,
then for a 1.4 M, neutron star, the luminosity is

M
L=Lpyy=3x 104(E) L,~10%ergs™ (4.229)
©

Solving for the temperature, assuming the radiation is emitted at the surface of the neutron star at
10 km

I 1/4 ]
Te=|———] ~2x10"K 4.230
eff (ZnRzaSB) ( )

Using Wein’s displacement law (§12.11)), this corresponds to a peak wavelength of

2898umK -
beak = 5 107K 10" um~| 1A (4.231)

This is solidly in the hard X-ray range (see 24 Technically, we will see in the second part of this
question and in the next question §4Q64 that the accretion disk in these systems does not exist all
the way down to the neutron star’s surface at 10 km, so if we wanted to get the luminosity just from
the disk itself, we should really be using the magnetospheric radius (which is ~ an order of magnitude
larger). We can also use the a-disk model for a more accurate solution. If we evaluate at an
example radius of r = 2r,,, with r,, = 100 km, M = 1.4 M, and M = Lyy4/nc? (with n = 0.1), we
get a temperature and wavelength of

3GMM N
T = [(—)(1 - ,/@)] ~ 2 x 10°K (4.232)
8nogyrd r

2898w K .
ek = ﬁ ~|10A (4.233)

which is now in the soft X-ray regime.
How does an X-ray pulsar pulse?

The pulsar has a strong dipolar magnetic field which disrupts and truncates the inner accretion disk
well above the surface of the neutron star. The accretion flow is channeled along the pulsar’s magnetic
field lines onto its poles. See a diagram in Figure |4.26

The accretion on the poles of the neutron star now looks like a column, and it’s traveling at supersonic
speeds. This produces a combination of bremsstrahlung (Q74) and synchrotron (Q75) radia-
tion from electrons in the accretion flow, and blackbody radiation from the surface of the neutron
star. These three processes produce so-called “seed” photons, which have mostly soft X-ray energies.
These photons are then upscattered to higher (hard) X-ray energies by inverse Compton scattering
with the relativistic electrons in the accretion flow, in a process called Comptonization. This whole
process is shown diagramatically in Figure [4.27
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Accrelion Ditle

Figure 4.26: The accretion flow of an X-ray pulsar. Notice where it begins following the magnetic
field lines and coalesces onto the poles of the neutron star.
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Figure 4.27: The accretion column on the pole of a neutron star. Soft seed photons are created
through bremsstrahlung, synchrotron, and blackbody radiation, which are then upscattered via in-
verse Compton scattering. Figure from Ref. [73.

The spin axis of the pulsar is often misaligned with the magnetic axis, so as the pulsar rotates, the
magnetic hotspots pass in and out of our field of view, creating pulses. However, this simple picture
is likely not the full story, as recent observations from NICER have revealed hotspots on pulsars that
are not dipolar, meaning the magnetic field configuration is more complicated than what we have

been imaginingZ%.
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64. Derive a plausible relation between the luminosity of an X-ray pulsar and
its spin-up rate. How would you calculate the magnetospheric radius of an
accreting neutron star?

This question is a bit tricky and requires thinking about the physics of the situation and how exactly
the luminosity is being generated. I'll start with a simpler example of an isolated pulsar that is not
accreting any material and is just slowing down over time. This is also called a radio pulsar to
distinguish it from accreting X-ray pulsars. Then, we’ll upgrade to the more complicated situation
that the question actually asks about.

Luminosity for a radio pulsar

For an isolated pulsar, the luminosity would just be equal to the change in rotational kinetic energy
(where, in this case ¢« is a spin-down rate):
dE

dr1
QB _ (—Iwz)zlwd) (4.234)

L= =—
dt  de\2

Then recall I = (2/5)MR? and w = v/ GM /R3:

2 | GM 2
L==MR*’x\|— x& — L==vVGM3RwO (4.235)
5 R3 5

We see that L and ¢ are directly proportional to each other.
Luminosity for an accreting X-ray pulsar<

In contrast to the previous case, we now want to consider the case of an X-ray pulsar which is accret-
ing. In this case, the equation above no longer applies because the radiated energy is not coming
from the rotation, but rather accretion. The infalling material in the accretion disk will reach some
inner radius r,, (called the magnetospheric radius) before being channeled along the magnetic field
lines onto the poles of the pulsar (see §4Q64). This exerts a torque on the pulsar, spinning it up.
Each chunk of material with mass m has an angular momentum ¢ and torque 7:

€ =mr? wgg (4.236)
T=10= mr? wgg = my/ Gmr,, (4.237)

Note: in calculating 7, we don’t need a g, term because the rotation of the disk is constant. It’s
only the rotation of the pulsar that speeds up. We can then replace m — M and m — M to get the
total torque from the disk. Assuming all of the angular momentum is transferred into the rotation of
the pulsar, we get

2 . 5M,|Gr
T=I(I)=EMR2¢[)=M\/GMrm — ="\

.238
AN (4.238)

Now, the luminosity generated from accretion will just be proportional to M: L = nMc2. And, as
I will prove in the next section, the magnetospheric radius is proportional to M~%/7. Therefore, we
have

woc M7 —s | L ocw//® (4.239)
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The Alfvén Radius?

The magnetospheric radius r,,, also sometimes called the Alfvén radius, is the radius at which the
accretion disk is disturbed and the infalling material starts being channeled along the magnetic field
lines (as mentioned above). To make a more precise definition, we call this the radius at which the
magnetic energy density ug is equal to the kinetic energy density uy of the accretion flow:

_ B%(r) 1

ug = py Ug = Epv2 (4.240)

Now, in a steady state, our mass flow rate M will be the mass flux density (pov,) times the cross-
sectional area of the disk (2t x rA6), where A6 is the angle subtended by the inner disk as seen
by the pulsar. Rearranging for the density:

M

S =.— 241
P 2ny, r2A0 (4.241)

Now let’s also assume the total velocity v* = vZ + v> is dominated by the orbital Keplerian velocity
(vg > v,). We can then write the inwards radial velocity v, using the small parameter n = v, /v, < 1:

GM
V., =MV =1 - (4.242)

Then the kinetic energy density is

| M GM 1 M+JGM
K_227Ir2A9n r 4mAQ 152

(4.243)

Now, for the magnetic energy density, the magnetic field of a dipole goes like B(r) = u/r>. Therefore,
if we define the magnetic field strength at the poles of the neutron star as B(R) = B,,, we can write

R 3
B(r)= Bp(;) (4.244)
Giving a magnetic energy density of
B? R\®
up = —p(—) (4.245)
8t \r

Setting (4.243)) and (4.245) equal and solving for r = r,,, we obtain

AB2BR'2 \1/7
ro= (—P) (4.246)

4n2GMM?

Notice the proportionalities:

I OC BYRPTM Y M2 (4.247)

Also note in the less realistic case of full spherical accretion, v, — 0 (free-fall), n — +/2, and 2n A0 —
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41, so our constant prefactor in r,, becomes A0?%/4n? — 1/2 (see Ref. [75)).
See a diagram of the Alfvén radius in Figure 4.28
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Figure 4.28: A rough sketch of the accretion flow of a disk being picked up by the magnetic field
lines at the Alfvén radius?.
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65. Why are more X-ray binaries and radio pulsars found (per unit mass) in
globular clusters than in other parts of the galaxy?

There are a couple of reasons why X-ray binaries and radio pulsars are more common in globular
clusters:

1. Globular clusters have old, evolved populations of stars, meaning there is a higher number
density of stellar remnants, including neutron stars and radio pulsars.

2. Globular clusters have a higher number density of stars, which means dynamical interactions
are more common. Certain systems like LMXBs can only be formed by dynamical captures, since
a supernova explosion would unbind any binary system with low enough mass (see §4Q59).
Therefore, a dense globular cluster makes it easier to form these systems through dynami-
cal captures (either tidal captures between individual objects, or binary exchange interactions
where a massive compact object interacts with a pre-existing binary and kicks out the lowest
mass object, taking its place as a part of the binary).

Note that HMXBs are less common in globular clusters since they require young, high mass O/B type
stars which only exist in the galactic disk.
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66. What are “magnetars”, and what evidence do we have that they exist?

A magnetar is a neutron star with an extremely strong magnetic field, B ~ 10 G compared to the
typical neutron star field strength of B ~ 10'? G. They also have relatively slow rotation periods of
5-8 seconds.

Evidence for their existence

Magnetars are the proposed origins for soft gamma repeaters (SGRs), objects that emit bursts of
hard X-rays and soft gamma-rays with energies up to 100 keV. The source of these bursts are stresses
in the magnetic fields that cause the surface of the neutron star to “crack”, readjusting the surface
and producing a super-Eddington release of energy.

There are only a few that are currently known (24, with 6 additional candidates) they all corre-
late with very young (< 10* yr) supernova remnants, suggesting that they may be a transient phe-
nomenon that become “extinct” some time after a supernova“'.

The “smoking gun” evidence for magnetars came when we obtained measurements of both P and P

for one of these systems, which, from B oc v PP (see Q70), gave the extremely large magnetic
field expected from a magnetar.

Another piece of evidence in favor of magnetars is the existence of Anomalous X-ray Pulsars (AXPs).
These are pulsars that emit in the X-rays but are not in a binary accreting system. Emission from the
loss of rotational energy is not strong enough to produce X-rays, so the source of energy in these
systems is thought to be the decay of the strong magnetic fields over time, requiring the presence of
a magnetar’®,
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67.

Describe the basic features of the “fireball” model of gamma-ray burst

afterglows. What is the emission mechanism? What inputs are required?

See question §4Q68 for a description of what a GRB is. The important point, which we’ll start the
discussion here with, is that a GRB is thought to be produced by a relativistic jet from a black hole
that forms either during a supernova or during a merger with a neutron star, and that happens to be
oriented towards us.

The Fireball Model”” (see Figure [4.29)

1.

The immense energies initially produced in a compact region during the supernova/merger
event fuel the creation of electron-positron (e"e*) pairs. This creates a “fireball’—a plasma
that is optically thick (due to electron scattering), preventing radiation from escaping.

. The fireball expands due to its own pressure, which decreases its temperature. It also sweeps up

baryons surrounding the initial explosion. Eventually it gets cool enough for e"e™ to recombine,
which reduces the opacity, but the extra baryons that have been swept up can keep the fireball
optically thick, preventing energy from escaping.

. Most of the energy within the fireball is then converted from radiation into bulk kinetic energy

of the baryons, since they are accelerated with the fireball. This is called the matter-dominated
phase to distinguish it from the previous radiation-dominated phase.

. Different shells in the fireball can have different relativistic y factors, causing them to catch up

with each other, which produces internal shocks in the jet.

. Internal shocks within the jet accelerate electrons through shock drift acceleratiorf’, which

causes them to emit synchrotron radiation. This produces a distinctly non-thermal distribution.

. These photons are then inverse-Compton (IC) scattered up to gamma-ray energies. The jet

is now optically thin because it has expanded and decreased in density, so this produces the
observed GRB spectra.

Some time later, the jet collides with the surrounding ISM and produces external shocks. This
produces synchrotron radiation in the same way as the initial GRB. As the shock loses energy
over time, the emission from these external shocks gradually shifts from the X-rays to lower
energy bands (UV, optical, IR, radio) before dissipating. This can last days to weeks.

Eventually the shock front expands so it covers a solid angle greater than just our field of view,
so we suddenly see the flux start dropping since we are no longer receiving all of the radiation.
This creates a “knee” in the light curve, i.e. Figure

3See a cool visualization of this effect here!
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https://svs.gsfc.nasa.gov/4513

Bursting Out

Formation of a gamma-ray burst could begin

either with the merger of two neutron stars or
’—. with the collapse of a massive star. Both these

events create a black hole with a disk of material X-rays,
around it. The hole-disk system, in turn, pumps visible
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Figure 4.30: The effect of the jet opening angle increasing larger than our field of view, which lowers
the flux.
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68. What are the differences between short- and long-duration gamma ray
bursts (GRBs)? What do we know about the physical origins of these energetic
phenomena?

A gamma-ray burst (GRB) is a transient event characterized by a sudden burst of gamma-ray pho-
tons with energies ranging from 1 keV to many GeV. These bursts last from 1072-10% s. They have
rapid rises as fast as 10~ s followed by a slower exponential decay. The actual profiles of these bursts
can be complex, with multiple peaks, and there is no “typical” burst profile. Nevertheless, an example
light curve is shown in Figure GRBs are distributed isotropically across the sky, suggesting an
extragalactic origin source (see §8.Q151).
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Figure 4.31: An example of a GRB: GRB 000526 observed by BATSE on the Compton Gamma-Ray
Observatory™*.

The actual origin of the GRB depends on the subclassification. The population of GRBs is bimodal
in duration space—there are short (/hard) GRBs with durations < 2 s, and long (/soft) GRBs with
durations 2 2 s. See the distribution in Figure |4.32
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Figure 4.32: The population of GRBs as a function of duration. The distribution is bimodal, with the
population being separated into short and long bursts.
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GRBs were originally discovered serendipitously in the 1960s in an attempt to monitor the Soviet
Union with the Vela military satellites. They were looking for sudden bursts of gamma rays that
would presumably be produced during nuclear tests, which were banned with the 1963 nuclear test
ban treaty. Instead, they found these anomalous events that appeared to have an extra-terrestrial
origin.
The sub-categorizations of GRBs are as follows.

1. Long/Soft GRBs™7%

These events are attributed to core-collapse supernovae. There are two main models that ex-
plain the gamma-ray emission.

* The collapsar model (AKA the hypernova model) proclaims that the most massive stars
will form a black hole with a debris disk in the supernova phase, while the star is still
collapsing. The debris disk has an associated magnetic field that produces a collimating
effect, causing a jet to emanate from the center of the supernova and relativistically beam
gamma-rays. If we happen to lie along the line-of-sight of this jet, we will see a GRB.

* The supranova model instead suggests that there is a delay mechanism in the black hole
formation: initially, a neutron star is produced with a rapid rotation rate that allows it
to stay together at masses higher than the typical upper limit for a non-rotating neutron
star. This neutron star then slows down in the weeks—-months after the supernova and
becomes unstable against gravitational collapse, forming a black hole, which may have a
debris disk. The GRB is then produced by the same jet mechanism as above.

Both of these models invoke a relativistic beaming effect, which suggests that our measured
energies are much larger than the intrinsic energies (E o< vy, with y ~ 100). Additionally, the
interaction of these relativistic outflows with the surrounding medium produces synchrotron
radiation with a much longer duration than the gamma-ray pulses. This is called the afterglow

(see §41Q67).
2. Short/Hard GRBs*'”

These are thought to be due to the merger of two compact objects (NS-NS or NS-BH), which
produces a kilonova with a jet and a relativistic outflow similar to a long GRB. These also can
produce afterglows, but typically with lower energies than long GRBs.

Note: the Hulse-Taylor binary (§4Q56) is destined to produce a short GRB, although we may
or may not be able to see it depending on the orientation of the jet.

Another important object here is GW170817, which was the first NS-NS binary merger that
was detected both in gravitational waves (with LIGO) and in electromagnetic waves as a GRB
(with Fermi), with a lag time of 1.7 s®%. The lag time is thought to be due to a lag between
the emission mechanisms of the gravitational waves and the GRB, with the gravitational waves
being produced during the collision and the gamma-rays coming shortly after, but the fact that
it is so short despite the vast distance to the source proves that gravitational waves must travel
at the speed of light to better than 1 part in 10'°. This is one type of multi-messenger study
which uses a combination of EM and GW signals to provide a fuller picture of the underlying
physics. The GWs give us information about the masses of the neutron stars and their distance,
while the GRB gives us information on the produced black hole and relativistic jet.
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69. How would you go about estimating the number of binary systems in the
galaxy that contain a black hole? What observational constraints do we have
on this number?

We can do this in two steps. First, we can estimate the fraction of stars that will ultimately become a
black hole by using the initial mass function (IMF), which gives the number of stars as a function of
mass during their initial formation episode. In other words, ¢(M)dM is the number of stars formed
with masses between (M, M + dM).
1 dN
M)=—— 4.248

SO = s (4.248)
Where N, is a normalization constant. This is often chosen such that the total stellar mass formed is
1M,. In other words:

le
J dMM¢p(M)=1M, (4.249)
m

This requires that our normalization constant N, be the total number of solar masses that was actually
formed:

M, M, dN
N, = — (M) = 22— 4.250
7 M, $(M) M, dM ( )

Observational constraints of the IMF suggest it generally follows a power law-like distribution. The
first and most simple IMF is the Salpeter IMF&!2222.

(M) o< (Mﬂ)g 4.251)

0]

where there is some normalization related to N,. Note that often people will also look at the IMF in
logarithmic mass space, which modifies the power law index by 1:

¢ (log,, M)dlog,, M = ¢p(M)dM (4.252)
¢ (log,, M) = In(10)M ¢ (M) (4.253)

M —1.35
¢ (log;g M) o< (M—Q) (4.254)

Later IMFs were developed by Kroupa®? and Chabrier® which level off the slope at the low-mass end
(see Figure [4.33)).

For the purposes of this problem, we’ll just consider the Salpeter IME So, to find the fraction of stars
that will end up becoming black holes (requiring initial masses of 2 20 M,), we just integrate the
IMF above 20 M, and normalize by integrating the IMF over all possible starting masses (m;, m,)
= (0.08, 100) M,. The lower limit corresponds to the Hydrogen burning limit, and the upper limit
corresponds to the Eddington limit.

100
dM ¢ (M)
fBH = 21%0 (4255)
dM ¢ (M)

0.08
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Figure 4.33: Various initial mass functions. Notice the primary differences lie at the low-mass end of
the distribution.

We can approximate the upper bound as infinity since ¢ (100 M,) is negligible. Integrating, we find

—1.35|°° _
M |20 20~135

~6x107* (4.256)

Now we have to consider how many of these stars that form black holes will be in binary systems.
We can make a naive assumption that half of the stars formed will be a part of a binary system. If
this is the case, then we just divide our fraction by 2:

fop >3 x 1077 (4.257)

Now we need an estimate of the total number of stars in the galaxy to convert this fraction into a
number. The average star formation rate of the Milky Way is (1)) ~ 3 M, yr !, and the average mass
of stars formed is

M—O.SS o
= Joos M M (M) _ —0.35!008  0.087°°°/0.35

= fOOZSdM(b(M) M135 o _0.08—1-35/1.35
’ —1.35 |0.08

(M) ~0.31 M, (4.258)

Therefore, we can find the number of stars the Milky Way forms per year on average
Y 1
;i ~ 10 stars yr (4.259)

Over the lifetime of the Milky Way, ~ 10'° yr, we therefore formed about 10!! stars, meaning we
have

Npyp = 10" X fyp & 3 x 107 (4.260)
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To get a better estimate, one would need to use stellar population synthesis models and binary evo-
lution models. Doing so gives results of the same order of magnitude (i.e. Ref. [84).

Observational Constraints
There are a few different tracers of black holes in binaries that can be used

* XRBs (LMXBs/HMXBs): These objects must be actively accreting for us to see them, which
means the number of XRBs (~ 100) is much lower than the predicted number of black holes
in binaries.

* Gravitational wave events (i.e. with LIGO): These require a merger between two compact
objects. Often we can tell whether they are neutron stars or black holes from the masses, but
since both objects need to be compact objects, we are only probing a subset of all black holes
in binaries. They also need to have existed long enough to merge.

* Microlensing events: These are sensitive to black holes regardless of whether they are in a
binary or not.
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70. How are the magnetic fields of neutron stars estimated in (i) X-ray binaries?
(ii) radio pulsars?

(i) X-ray binaries

Recall from question §4/Q63 that material from the accretion disk is channeled along the magnetic
field lines and onto the poles of the pulsar. This creates an accretion column where resonant scattering
of photons by electrons can produce “cyclotron resonant scattering features.” These are line-like
features that show up in absorption (since photons are preferrentially scattered out of our line of
sight) at energies corresponding to®>

E =nhw = n@ (4.261)

m,c

There is also a gravitational redshift from the surface of the neutron start that adds a factor of 1/(1+
z), but the important point is that E o< B, so the magnetic field strength can be directly measured
from the strength of these features.

(ii) Radio pulsars
A rotating magnetic dipole produces a power of

dE 21
_ — iy 12 .262
P = dr 363|.U¢| 4 )

where the magnetic moment w is related to the magnetic field by

_ L A _ L lul _

B(r,0) = F(Zcos@r+sm60) — B, = ZE , B= I

where B, is the polar field at 6 = 0 and B is the equatorial field at 6 = /2. Now, say that the
magnetic moment is inclined relative to the axis of rotation (polar axis) by some angle a, such that

| sina = |u, |. Then, differentiating twice, we find

(4.263)

d*> BR® :
= BR3sin a csc O(cot? 6 + csc? 0)62 = BR3*Q?sina (4.264)

|, | =sina— —
dt2 sin 6 0=r/2

where © = 0. This makes our power

. 2
E=——B?R°Q*sin’a (4.265)
3c3
If the source of this energy is purely from the rotation of the pulsar, then we also have

. 1d .
E==-—(I0%) =100 .266
2C1t( ) (4.266)

Replacing Q = 27t/P and Q2 = —27tP/P? and solving for B gives??

3¢31 — -
872R%sin” a

We see that B is related to the product v PP. This is the primary way that we can estimate the
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magnetic fields of these objects, but it comes with a few caveats:
* We assume a dipolar magnetic field, which is likely a simplification of the real field
* We have the ignored the possibility that the field itself evolves over time

* We need to have some idea of the inclination angle a

]-I-:'3 T IIIIIII| T IIIIIII| T IIIIIII| T IIIIIII| T
10" G 10" G

-0 B=10"G
02— 1w
-4 1w"'aG
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Figure 4.34: The P-P diagram for pulsars.
Also, notice that if we assume the field is constant, we can get a relationship between Q and :
Q=—kQ" (4.268)

In this case n = 3, but in the general case n is called the braking index. We can write n in terms of
derivatives of Q like s0“*:

Q. 9% Q0
)Q:n— = (4.269)

Q:—an”_lﬂ:—kn(— — |n=—
Q Q 02

The braking index is important when considering the P-P diagram for pulsars, as it gives the slope
for lines of constant magnetic field (P oc P>™). In our dipole case, n = 3 so lines of constant B have
a slope of —1.
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The characteristic age of a pulsar can be estimated using the spin-down timescale*?:

o4
C o dt

P

- ~1t(n—1) — |T=— (4.270)
p initial ( ) 2P

P
p

final

Therefore, lines of constant age 7 will have a slope of +1 on the P-P diagram.

The P-P diagram is shown in Figure Notice the lines of slope —1 (constant B) and +1 (constant
7). There is also a solid green line called the death line. It is thought that below this line, the rota-
tional speeds are not fast enough to power magnetic fields enough to produce observable radiation.
Magnetars tend to be clustered on the top right, having strong magnetic fields and long periods—this
forces them to have short lifetimes. Binary pulsars lie at the bottom left since accretion spins them up
and decreases their periods (this is where millisecond pulsars lie). Normal pulsars lie in the middle
between these two extremes®®. Typical values for magnetic fields and ages for these populations are,
as read from the plot:

| P P B T
Magnetars 10s 107 10°G 10kyr
Pulsars 1s 107 102G Myr-Gyr

Millisecond pulsars | 10 ms 1072° 10°G 10 Gyr
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71.

Sketch the frequency distribution of the emission of a typical QSO from

radio to X-ray frequencies.

The spectral energy distribution (SED) of QSOs is complicated and involves many physical processes.

There is thermal emission from the accretion disk, which produces mostly optical /UV photons.

Some of the photons from the disk are inverse-Compton scattered to soft X-ray energies by the
hot corona above the disk.

Other photons from the disk can be absorbed by dust in the torus and re-emitted in the IR.

X-ray photons generated in the corona can be reflected off the accretion disk, producing a
reflection component as well.

Radio synchrotron (non-thermal) emission can vary depending on the radio-loudness of the
AGN. This depends on if the AGN has a jet that is providing mechanical feedback into the
surrounding medium.

IGM absorption (see §8/Q142) makes EUV-soft X-ray emission largely unobservable.

The main difference between type I and type II SEDs is the obscuration of the accretion disk
component in the optical/UV.

X-rays also have a penetrating power that makes them less susceptible to obscuration, and IR
is similarly much less susceptible to dust obscuration, so these components are similar in type
I and type II SEDs.

A model of a type I AGN SED is shown in Figure |4.35] and sketches of type I and type II AGN SEDs
are shown in Figures and

3cm  300um  3um 300A  4keV  400keV

| | L L]
cm/mm MIR-NIR Soft X-ray = Gamma,
N N N N ~N ~N N
. - - - o~ ) - -
" Radio Sub-mm/FIR Optical-Uv Hard X-ray 1

loguFy (relative)
|
N
1

O —— - 'Accretion disc
Hot corona
-------------- Ilf‘{éaﬂf?ctlon ;
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6 1 Non thermal radio i
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Figure 4.35: The SED of a type I AGN, with the different emission components labeled and color-
coded®”. Note that this is a log-log plot: the abscissa is log,,(v) and the ordinate is log,,(VF,).
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Figure 4.36: A sketch of the SED of a type I AGN, with the different emission components labeled
and color-coded &€,
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Figure 4.37: A sketch of the SED of a type II AGN, with the different emission components labeled
and color-coded®88?,
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5 ISM/Emission




72. Discuss the various “phases” of gas in the interstellar medium. Are these

phases in pressure equilibrium?

Phase T (K) ny (cm™) Description
Coronal gas (HIM) >10°° ~ 0.004 Heating by shocks
fy ~0.5? Collisionally ionized
(ny)fy ~0.002 cm™ Cooling by:
Fills most of the volume of the halo * Adiabatic expansion
*X-ray emission
Observed by:
*UV and X-ray emission
*Radio sychrotron emission
H 11 gas 10* 0.3-10% Heating by photoelectrons from H, He
fr~0.1 Photoionized
(ny)fy ~0.02 cm™3 Cooling by:
Contains: *Optical line emission
*Dense H 1I regions *Free-free emission
*Diffuse WIM *Fine-structure line emission
Observed by:
*Optical line emission (H recombination)
*Thermal radio continuum
Warm H 1 (WNM) ~ 5000 0.6 Heating by photoelectrons from dust
fu~04 Ionized by starlight, cosmic rays
ngfy ~0.2 cm™ Cooling by:
*Optical line emission
*Fine-structure line emission
Observed by:
*H 121 cm emission, absorption
*Optical, UV absorption lines
Cool H 1 (CNM) ~ 100 30 Heating by photoelectrons from dust
fv ~0.01 Ionized by starlight, cosmic rays
nyfy 0.3 cm™ Cooling by:
*Fine-structure line emission
Observed by:
*H 121 cm emission, absorption
*Optical, UV absorption lines
Diffuse H, ~ 50 ~ 100 Heating by photoelectrons from dust
fy ~0.001 Ionized by starlight, cosmic rays
nyfy ~0.1 cm™3 Cooling by:
*Fine-structure line emission
Observed by:
*H 121 cm emission, absorption
*CO 2.6 mm emission
*Optical, UV absorption lines
Dense H, (molecular clouds) 10-50 10°-10° Heating by photoelectrons from dust
fy~ 1074 Ionized and heating by cosmic rays

(ny)fy ~ 0.2 cm™3

Self-gravitating: p > p(ambient ISM)
Cooling by:

*CO line emission

*C I fine-structure line emission
Observed by:

*CO 2.6 mm emission

*Dust FIR emission
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Notes:
* Most of this table is copied from Ref.

* f, = volume filling factor (fraction of the total disk volume contained in this phase)

e Typical density of the Earth’s atmosphere is p ~ 10~ gem™3, corresponding to n ~ 10%! cm™.

* All phases are in rough pressure equilibrium with each other which keeps them distinct from
each other. See a phase diagram in Figure[5.1]

* They are not in thermodynamic equilibrium, but are able to maintain this state by constantly
receiving energy in the form of UV radiation from stars and gaseous outflows from supernovae
and losing energy through radiative cooling into the IGM.

6

Dense H2

Diffuse H2

N
S

21 CNM

3
log,(T/K)

Figure 5.1: A phase diagram of the ISM showing the rough temperatures and densities of each phase.
The dashed line shows a line of n o< T~!, meaning pressure is constant along this line.

Elemental composition:
* Majority H and He from the Big Bang
* A small fraction (~1% by mass) of metals (C to U) reprocessed by stars

* The abundances of metals is the highest at the galactic center and decreases outwards, reaching
about 50% at the distance of the Sun.

Structure of the ISM (i.e. how is it spatially distributed)®5:
* In general, structure is highly uncertain and very poorly constrained. Why?

— Determining distances is difficult for interstellar material.

— Emission from the ISM can be absorbed/extincted by closer ISM.

- High resolution required to resolve small structures in the ISM.

— Numerous complicated physical processes are involved, including compressible turbu-
lence.

» McKee & Ostriker (1977)%9 developed a detailed model of the ISM which relies on supernovae
feedback. In the model, they consider the CNM, WNM, WIM, and HIM to have the same pres-
sure (P/k ~ 3600 K cm™2). The ISM consists mostly of the HIM (by volume), with embedded
and disconnected clouds of WIM/WNM/CNM. See a demonstration in Figure
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* Problems with the McKee & Ostriker model:
— Most real clouds appear as sheets or filaments rather than the spherical ones the model
assumes
— Observed H 1 distribution is smoother than the model predicts
— Seriously underestimates the amount of WNM
— Effects of magnetic fields and cosmic rays are neglected
— Predicts more SNe shells than are observed
— Completely ignores molecular clouds

A SMALL CLOUD

HIM
T = 45x10°K

= 3.5x103cm’
x = 1.0

WNM

T=8,000 K
n=0.37 cm-3
x=0.15

WIM
T=8,000 K
{n =0.25cm™3

x=0.68

CNM

T=80 K
n=42 cm-3

x=107

2.1pc -
Figure 5.2: How the ISM is distributed locally around a molecular cloud

Other media, in increasing order of spatial extent:

* The Interstellar Medium (ISM): The gas and dust within a galaxy, located cospatially with its
stars (hence, interstellar).

* The Circumgalactic Medium (CGM): The gas and dust in the immediate vicinity of a galaxy
that is still gravitationally bound to it, but exists on a larger spatial scale than its stars.

* The Intracluster Medium (ICM): The gas and dust that is gravitationally bound to a galaxy
cluster, but not to any particular galaxy in the cluster. It exists between the cluster’s constituent
galaxies.

* The Intergalactic Medium (IGM): This is a more general term for the gas and dust between
galaxies in any environment. It is not gravitationally bound to anything. The ICM is a subset
of the IGM that pertains to galaxies within clusters, but the IGM also exists outside of clusters,
along filaments.
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73. What is an H 11 region? Estimate how the Stromgren radius scales with the
luminosity of the ionizing source and with the ambient density.

An H 11 region refers to the photoionized gas surrounding a hot, luminous star. They have gas
temperatures from 7,000-15,000 K and densities of 10°~10* cm 3.

We can picture the H 11 region as an idealized, fully ionized, spherical region of uniform density
(known as a Stromgren sphere) made up of pure Hydrogen. Then, the Stromgren radius is the
point at which photoionization from the central star is balanced by hydrogen recombination. Say
Q, is the rate at which hydrogen-ionizing photons (with hvy > 13.6 eV) are emitted (thus it is the
ionization rate). Then, if we have a number density n, of hydrogen ions and n, of electrons, the
recombination rate per unit volume is aznyn,, where a; is the case B recombination coefficient®.

We can equate these two rates, multiplying by the volume to get the total recombination rate over
the full H 11 region, to get

4
Qo= gﬂRﬁaBane 5.1)

where R, is the Stromgren radius®®. For a fully ionized hydrogen gas, n;; = n,, and az ~ 2.56 x
107 T, %% cm®s ™. Solving for Rs:

1/3
R = (&) (5.2)

2
4nngag

The luminosity of the ionizing source is directly proportional to Q,, so Rg should scale like®%22

Rg o< L'?n;*" (5.3)

*Recombination Coefficients

The recombination coefficient, in general, is the average of the cross section for recombination and
the relative velocities of the particles:

a=(ov) (5.4)

Case A recombination occurs when the gas is optically thin to ionizing radiation, so every ionizing
photon emitted during the recombination process escapes. Case A recombination is an excellent
approximation for low density, high temperature (T 2 10° K) regions where H is collisionally ionized
and shock-heated, as ionizing photons emitted during recombination are likely to escape the nebula
before being reabsorbed.

Case B recombination, in contrast, occurs when the gas is optically thick to radiation above 13.6 eV,
so that the ionizing photons emitted during the recombination are immediately reabsorbed, creating
another ion and free electron by photoionization. In this case, recombinations to the ground state
(n = 1) do not reduce the ionization of the gas—only recombinations to n = 2 will reduce the
ionization. Case B recombination is an excellent approximation for high density nebulae like H 11
regions.
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74. Explain what bremsstrahlung radiation is. Draw a typical bremsstrahlung
spectrum. From what kinds of astrophysical objects is such radiation observed?

TL;DR Bremsstrahlung radiation is free-free radiation, that is, it originates from electrons and ions
in a thermal plasma scattering off of each other due to electromagnetic forces (“bremsstrahlung” is
German for “braking”). The electrons, which have much smaller masses than the ions, will experience
larger accelerations and thus will dominate the free-free emission. The emission is a continuum
extending from the radio up to frequencies that correspond to the thermal energy kT of the plasma.
This gives an emissivity which has a proportionality of ¢, o< n;n, T2 exp(—hv/kT), meaning ¢, is
relatively constant up to a cutoff frequency where hv ~ kT where it drops off steeply®?.

The following derivation is probably not necessary to know, but it is interesting and shows where the
proportionality comes from.

To see what kind of spectrum we will observe from bremsstrahlung emission, we can start with the
spectrum that we expect to see from a single scattering event with an electron at speed v passing by
an ion with charge Ze at impact parameter b:
4 8Z2e°
E — w1
o 3mm2c3b2y? (5.5)
w
0 wt>1

This is derived in §5/Q86. Now we want to consider a plasma that will contain many of these scat-
tering events. Let the number density of electrons be n, and the number density of ions be n;. Then
the flux of electrons onto one ion is n,v (electrons per unit area per unit time), and the number of
scatterings per unit time within a thin shell of width db from a single ion is n,v27mbdb. Then, multi-
plying by n; gives us the number of scatterings from all ions per unit volume per unit time. Then we
just multiply this by the energy per scattering event per frequency, dE/dw, and integrate over db to
get:

b b
dE e dE 16e® " db
— = 27n, dbb— = Z%n, — 5.6
dwdv dt ﬂnlnevfb ' dw  3m2cdv nlner b (5.6)
16e® _, box
= 3m§c3VZ n;n, ln( bmin) (5.7)

where in the second step we took the asymptotic behavior of dE/dw in the limit w7 < 1, which can
be used as a good approximation for the full result. We define the Gaunt factor g as

3 b
gi(v, w) = éln(ﬂ) (5.8)

bmin
Such that the result can be written in the form

dE . 16me®
dewdV dt N Bﬁmgc?’v

Z*n;n,g4(v, @) (5.9)

In general, the Gaunt factor depends on the energy of the electron and the frequency of the emission.
Now we have a result for the spectrum if all electrons moved at a single speed v. For thermal
bremsstrahlung radiation, we consider a thermal distribution of speeds that should be typical of a
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plasma. In particular, we want to use a Maxwell-Boltzmann speed distribution

E mvy?
d®v o< (— —)dS = (— )d3 5.10
f(v)d’v o< exp T vV =exp kT v ( )
We can assume the velocities are isotropic, i.e. d3v = 4rnv2dy, to obtain
m,v?
dv oc v? (— ° )d 5.11
f(v)dv o< vZexp kT v ( )
We average (5.9) over this speed distribution to get it as a function of the plasma temperature T
o , dE(v,w)
dv ——? —m,v?/2kT
dE(T, ) _ Lo @ dwdvdt exp(—m,v?/2KT) (5.12)
dwdV dt fooo dvv2zexp(—m,v2/2kT)
The denominator is
* m,v? JT [ m, 2
dvv? (— - ) = ( : ) 5.13
L YVEP\ Tk )T e 2k (-13)
And the numerator is
16me® OO m,v?
Wz nine(gff)fv | dvvexp(— kT ) (514)
16me® kT m,v3\1*°
— 72n. = — ¢ 5.15
16me® kT hv
_WZ nine(gff);e exp(—ﬁ) (5.16)

Here, notice we needed to impose a minimum speed v,;, because of the quantization of photons. At
any speed v, the electron can only create photons with energies below hv < m,v*/2. So we specify
Vimin = v/ 2hv/m,. Putting it all together, we have

dE(T,w) _ 16€° (2_71)1/2( \Z2nn (&)mex (_ﬂ) (5.17)
dwdvdr  3m2ce\ 3 ) ST7 e\ kT PUTkT '

Finally, with dw = 2mtd v, we have the emissivity

dE 32mel (2712 m, \"/? hy
D= o = s ) (e Zman (1) ew( ) (5.18)

And dividing by 47 gives us the spontaneous emission coefficient

(V) = dE _ 8¢ (2_7-5)1/2< VZ%n;n (E)Uzex (—&) (5.19)
Y= dyavdean ~ sm2e\3 ) ST r ) TP\ T kT '

Looking at e4(v), we notice that for frequencies hv < kT, it is essentially “flat” with respect to ».
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Figure 5.3: Prototypical bremsstrahlung spectra®’. The right panel shows how the spectrum changes
at different temperatures: g, oc T~Y/2e™"/kT 5o as T increases the flat part drops (T~/?) and the
drop-off at the high frequency end increases to higher frequencies (e "*/k7)92,

If the medium is optically thin, then the bremsstrahlung spectrum will look like a flat line until a
cutoff frequency at hv ~ kT where it will quickly drop off. However, in an optically thick medium
the absorption becomes important. For a detailed look at the absorption, see §5/Q76. In brief, the
absorption coefficient ag(v) o< v72, so there is also a drop-off at the low frequency end of the thermal
bremsstrahlung spectrum. See Figure for an example of what this might look like.

Also note that the cause of the cutoff at high frequencies here is distinct from what we find in §5/Q86
by considering the classical case of monoenergetic electrons. In the latter, we don’t get frequencies
higher than v ~ v/b because the timescale of the interactions between the electron and ion is too
long (shorter timescale = longer emitted frequencies since t = 1/v). However, in the former case, the
cutoff is because we cannot create photons with energies this high because the thermal distribution
of electron speeds doesn’t reach energies this high.

What astrophysical sources exhibit bremsstrahlung?
* Hot ICM in galaxy clusters (T = 107 K; see Q101)
e Coronal gas / HIM in the ISM of galaxies (T ~ 10° K; see Q72)
e The solar corona (T ~ 10° K)

* H 11 regions (optical to radio emission)

For more information, see Refs. [64/9365//94/,95.
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75. What is synchrotron radiation? Draw a typical synchrotron spectrum. From
what kind of astrophysical objects is such radiation observed? How can the
synchrotron spectrum be used to constrain the age of the source?

TL;DR: Synchrotron radiation is non-thermal radiation that arises from the acceleration of relativis-
tic charged particles around a magnetic field. This results in the particles following a characteristic
spiral trajectory as seen in Figure The spectrum we derive from this radiation is a power law
F(v) oc v where the index s is related to the power law index of the energy distribution of electrons
p by s = (p—1)/2. At low frequencies, we are in an optically thick regime where self-absorption
becomes important, so we have a turnover where the spectrum goes like v*/2. Ages can be estimated
from the observed spectra because more energetic electrons lose energy faster (dE/dt o< E?), so
there is a knee at high energies that gets steeper over time.

There is a lot to talk about for synchrotron radiation, so let’s break this town by topic. Note: much
like with the previous question on bremsstrahlung, probably most of the following derivations are
unnecessary to know, but they are interesting, and they show where the proportionalities (which you
should know) come from. Most of them are taken from Rybicki & Lightman chapter 622,

I. The total synchrotron power radiated by an electron:
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Figure 5.4: Diagram showing how we observe synchrotron radiation. The particle follows the spiral
patch through the vertical magnetic field at the bottom. As it spirals, it emits radiation in a small
beam that traces out the shaded circle at the top of the figure at a pitch angle a.

To derive what the spectrum looks like, we start with the power that is emitted by a relativistic particle
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spiraling in a magnetic field. The relativistic equation of motion is

pr=2" _ EF;;Uv (5.20)
T C
where F" is the 4-force, P* is the 4-momentum, U” is the 4-velocity, and F" is the electromagnetic
field tensor. Recall the definitions from special relativity (SR)

0 E° B F
—~E* 0 B -B’
uy __
F=|_p _g= o B (5.21)

—FE* BY —B* 0

and
dx#
Ut = e y(w)(c,v) , P*¥=mU" (5.22)
T
The u = 0 component gives
d d
mLY) = S}/E-v —s —(ymc*)=eE-v (5.23)
dr c dt
And the spatial components give
d 1
—(ymv)=e|E+ —-vxB (5.24)
dt c

In the case of synchrotron radiation, E = 0. So we have

dv e
y=0, my—=-vxB (5.25)
dt ¢
Clearly, the component of v parallel to B will cause the cross product to vanish, so we can split this
up to obtain
dv dv
[ 1 €
—1=0, —+t=—"v, xB 5.26
dt dt  ymc + ( )
Notice that this is the same as the classical result for cyclotron radiation if we just substitute m — ym.
The cross product v, x B will be L to v, so clearly this describes circular motion. The frequency is

a; eB

(5.27)

% Vf
r

1
wp = and a, =
r v, ymc

The power emitted by a particle is Lorentz invariant and can be computed with the Larmor formula,
which in Lorentz covariant form reads

P=——q,a" (5.28)

Thus we can choose any frame we want to measure the acceleration in. If S’ is the instantaneous rest
frame of the particle, we can relate this to the acceleration in the observed frame S by

a=rvq , ad =r’q (5.29)

188



Such that

2¢? 47 2 2 2
P = §—63Y (aL +Y a” (530)
Using (5.26)), we find
2 94}’2 252 2 2.2 n2p2
= 3m2es 1B = grey c/SLB (5.31)

where r, = e?/mc? is the classical electron radius and 3, = v, /c. Let’s assume an isotropic distribu-
tion of velocities. Then, the average of ﬂi over pitch angle «a is

(B?) :/5—2 dQ sinZOL:ﬁ—2 nda sin?’azgﬁ2 (5.32)
1 an 2 Jo 3 -
Finally, we have
_4 2,2
P= 30Tc[3 Y ug (5.33)

where o, = 87rr€2 /3 is the Thomson cross-section and uy = B?/87 is the magnetic energy density.
This is the average power radiated by a charged particle moving in a uniform magnetic field.

I1. The relativistic beaming effect:

In general, the power from will be radiated in all directions, but for an electron moving
relativistically, the relativistic beaming effect causes all of this radiation to look like it’s coming
from a small cone in the direction the particle travels within some observer frame. As the electron
gyrates, this beam circles around the shaded region in Figure[5.4] passing our line of sight once every
rotation and thus creating short pulses with a small At, meaning the spectrum we see from these
pulses is necessarily spread out in frequency space (i.e. Heisenberg).

Recall the form of the Lorentz transformation:
dx =y(dx"+ Bcdt’) , cdt =y(cdt’ +pdx’) , dy =dy’ , dz=dz’ (5.34)

From which we can derive the velocity addition formulae:

T Y u) (5.35)
=—* oy =— )
14w /c? Yy +vul /c?)

Uy

Say the electron emits a photon at an angle 6’ in its rest frame and 6 in the observed frame. Then
we can relate these angles by

= Y wsin® (5.36)
Cu, y(W4v)  y(wcosd +v) '

For a photon, u’ = ¢, and the maximum angle it could be emitted at is 6’ = 7t/2, so

sin 6’
tanf=——— — |0 = 5.3
an y(cos 6’ + f3) (5.37)

==
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Thus, all of the radiation from the electron will be emitted in the direction of propagataion within a
cone that sweeps out an angle of AG = 2/y. See Figure[5.5|for a demonstration of this effect visually.

Af

AV LN

Observer

Figure 5.5: The relativistic beaming effect®”.

How long is the pulse duration At’ for each gyration? It will just be the length of the arc over which
the cone of radiation falls along our line of sight (from point 1 to 2 in the Figure), over the speed of
the electron. If the radius of curvature is r (labeled a in the Figure), then:

, TrA6 2r
v YV
We can get r from the frequency of gyration:
rXw=v — rsinawg=v — r= v. (5.39)
wgsina

We must also consider the arrival time of the radiation from points 1 and 2, which will take a differ-
ence of rA60/c, so our time difference in the observed frame is

, v 2 v 1
At = At (1——)2—(1——)%— (5.40)

c ywgsina c y3wgsina

where in the last step we approximated 1 —v/c ~ 1/2y%. The width of the pulses is smaller than
the gyration period by a factor of y®. Recall that E = ym,c?. Thus, for each electron, the primary
frequency it will emit at will be

va y2wysina o< y?B o< E*B (5.41)

III. The power emitted per unit frequency for a distribution of electrons:

Now let’s generalize to considering a distribution of electrons with energies given by a power law
with index p:

N(E)dE o< EPdE (5.42)

Using equation (5.41)), we have
dv o< 2EdE — dE o< v 2dy (5.43)
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Figure 5.6: A typical power-law synchrotron spectrum®

Our rate of radiation should be proportional to both the number of electrons and the rate of emission
per electron. Using (5.33) we see that dE/dt o< y? o< E?, so multiplying by the number of electrons
N(E)dE and using (5.41) and (5.43) to put everything in terms of v gives

F(v)dv o< E2EPdE —> | F(v)dv oc v ?7D/2dy (5.44)

In other words, the spectrum we see is a power law of the form F(v) oc v~* with a spectral index
s=(p—1)/2. Typically, p ~ 2.6 and s ~ 0.8.

IV. Synchrotron self-absorption:

Synchrotron self-absorption is also important in the optically thick regime, which happens at lower
frequencies. Here, we cannot just use Kirchhoff’s law since the electrons are not a thermal distribution
but rather a power-law distribution. Thus, we have to start from the generic formula for the emissivity
and the absorption coefficient (see §5/Q88), summing over all possible energies E; and E, that differ
by hv:

. hv
Iy = n(EZ)A21¢v (545)

47'c
ZZ[n(El)Bu n(E,)By 19, (5.46)

Ey
For the true absorption term, we have
c? n(E,)

ZZ n(EBug, = Lo ZZ n(EAnd, = 5 — Z ) ) (5.47)

Where the degeneracies are set to 1 since these are elementary states. Because of this, we have
B,; = B;,. We can replace n(E;) = n(E, — hv) since the ¢, within j, enforces that E, — E; = hv.
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Putting it all together, we have

2

o n(E,—hv)—n(E,)
= Shys ; n(E,)

Jj»(E2) (5.48)

Now we take the limit for small hv, for which we can write the part inside the summation as a
derivative and the summation itself becomes an integral. For simplicity, we relabel n(E,) — N(E):

c? hv N(E—hv)/(E—hv)?—N(E)/E?
=—— | dEE? i, (E 5.
%= 2hy J N(E) v IAE) (5-49)
c? E? 8 (N(E)
=—— | dE — i(E 5.50
% 2v2f N(E)aE( E? )“( ) (5.50)
Evaluating the derivative,
d N(E)) _ (p +2)N(E)
—F?— = 2)CEPH) = =~ 2 5.51
8E( E? (p+2) E (>-51)
Finally, we have
2 .
a,= (P+2)C JdE Jv(E) oc V_ZE_p — |a, o< v—(p+4)/2 (552)
292 E

Therefore, the source function has a proportionality S, = j,/a, oc ¥*/2, which is different from the
v* from a thermal distribution. Thus, at low frequencies we are in the optically thick region where
the spectrum looks like ¥*/2, and at high frequencies we are in the optically thin region where it goes
like v™*. See an example in Figure Also see Refs. 93/24.

log jg,(v/v,)

log v/v,

Figure 5.7: A synchrotron spectrum with a distinct knee that can be used to determine the age®’.
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V. What astrophysical sources exhibit synchrotron?

* AGN radio jets

XRB radio jets
Pulsar wind nebulae
Galactic ISM

* Sunspots

* GRBs

VI. How can we estimate ages?

Recall that the energy emitted per electron is related to the energy squared, dE/dt o< E2. Therefore,
higher energy electrons lose energy faster than lower energy electrons. This causes a break in the
power law distribution at high energies, called a “knee”. The older a source is, the more prominent
this effect becomes, allowing us to estimate the age from the location of the break. See Figure

Most people rejected His message.

They hated Jesus because
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76. What is meant by “free-free” absorption? How is this different from elec-
tron scattering?

Free-free absorption is the inverse process to bremsstrahlung emission (“free-free emission”; see
§5/Q74). This arises when electrons are able to absorb photons by interacting with a nearby ion.
Note: an isolated free electron cannot absorb a photon on its own because it cannot conserve both
energy and momentum. By having a nearby ion, the photon can distribute its momentum evenly and
be absorbed by the electron. We can see why this is the case by considering a hypothetical scenario
where a free electron absorbs a photon. The initial electron momentum and energy are p; and E;,
the final electron momentum and energy are p; and E;, and the photon energy and momentum are
p,and E

pi+p,=py (5.53)
EA+E,=E — (ol +(meP +p,c = /(p;cl + (m,c) (5.54)

Squaring the energy equation and plugging in the photon momentum from the momentum equation,
we get

c*(py —p)* — c*(p? — p2) +2¢(ps — )V (pic)? + (M c2)2 =0 (5.55)
This equation has two solutions, both of which produce contradictory results

pf—pi= 0 (5.56)
V(D:ie)? + (m,c2)? —pic =0 (5.57)

The first one implies the photon has no momentum, p, = 0, and the second one implies the electron
has no rest mass, m, = 0. Therefore, we conclude that an isolated electron cannot absorb a photon
while conserving both energy and momentum.

Since the energy levels of bremsstrahlung emission are populated by a thermal distribution (the
speeds of the electrons), we can assume the system should be in thermal equilibrium, in which case
the emission and absorption of photons should balance each other by satisfying Kirchhoff’s law (see

§I2.11):
Jg(v) = ag(v)B,(T) (5.58)

where B,(T) is the Planck function and jg(v) is the bremsstrahlung emissivity that we derived in
§51Q74. Solving for ag gives

4e8  (2m\'/? ) m, \'/? hv
aff(V): W(?) <gff>Z nine(ﬁ) |:1_eXp(_ﬁ)i| (559)

We can see that ag(v) oc v 2T V2[1—exp(—hv/kT)]. In the Rayleigh-Jeans limit (hv < kT), the
frequency dependence reduces to v—2. This is what causes the v~ drop-off on the low frequency end
of the bremsstrahlung spectrum (Q74).

Recall that opacity is just the absorption coefficient times the density: xu(v) = pag(v). We can define
the Rosseland mean opacity by doing an average weighted by the derivative of the Planck function
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(see motivation in §3]Q30):

oo 0B,(v,T)
1
1 fo dvig (v) aT (5.60)
KR fr o . OB,(7,T) '
fO dV aT

First let’s look at the denominator, which can be quickly solved by switching the order of the frequency
integral and temperature derivative (which is possible because they are independent variables) and
using the Stefan-Boltzmann law:

a (7 o (T, F, 2 (1 40
- dvB,(v,T) = — dv=2=—[= T4)=—SBT3 5.61
oT J, VB, (v, T) 8TJO vrc 8T(7'CGSB s ( )
Now for the numerator, the derivative of the Planck function is
dB,(v,T) @ (2hv3 1 )_ 2h2y*  ehV/KT (5.62)
AT 3T\ 2 e/kT—1)  KkT2c2 (eh/kT —1)2 '
2k (kTN , &
=—| — — 5.63
cz(h)x(ex—l)2 (5:63)
where in the last line I defined x = hv/kT.
Also writing the free-free opacity in terms of x:
4e® 21\ T\ 7/
- [Z== Z%n; — B(1—e 5.64
Ki(x) 3m§/2h3/2c( 3 ) (&) Tllnep( n ) x(1—e™) (5.64)

Ignoring irrelevant constants so we can just look at the proportionality, we have (remembering to
substitute dv = dx(kT /h)):

1 “lr72r2r (%
o P S dx x7(e¥—=1)" oc piT7/? (5.65)
K‘R,ff T 0
This results in a Kramer’s opacity law:
Kpg o< pT /2 (5.66)

This shows that the opacity becomes most important at lower temperatures (and quite steeply so),
when the particles are (on average) moving slower and thus having stronger interactions. The density
proportionality simply shows that particles are more likely to interact when they are more densely
packed. Generally, free-free absorption is negligible in the ISM above v Z 10 GHz, but it can become
important in dense H 11 regions at v < 1 GHz.

Now let’s compare this to electron scattering. This process is conceptually different. Here, we have
a charged particle like an electron that interacts with a photon, but there is not a nearby particle that
it can exchange momentum with to allow it to absorb the photon. However, it can still scatter the
photon into another direction. An electron feels the oscillating electric field of a photon and starts
oscillating in response, redirecting the indcident radiation in another direction (see Figure [5.8)).

Contributions to scattering from more massive particles can largely be neglected because their higher
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Figure 5.8: Geometry for Thomson scattering

masses cause them to be more resistant to the electric fields. In the classical limit (where the photon
energy is much less than the rest energy of the electron, hv < m,c?, and the electron itself is also
non-relativistic, v < ¢) this is called Thomson scattering. The opacity is defined as the cross section
per unit mass, so in this case we have

Kos = (5.67)

Where o is the Thomson cross section, which is defined as

2 2
o, :8_“'( ¢ ) (5.68)

3 \m,c?

Notice how this cross-section, and by extension the opacity, is independent of frequency, unlike
free-free absorption.

If we consider the relativistic case, we get Compton scattering. Here, the electron actually recoils
by a non-negligible amount. This means that the light loses energy and thus changes frequencies. To
account for this, we have to treat the light as individual photons, thus this is a quantum effect. The
amount the wavelength changes is given by

A== (1—cos0) (5.69)
C

e

where A is the wavelength before scattering, A’ is the wavelength after scattering, and 0 is the angle
the photon is scattered at. In this case the cross section and opacity do depend on the frequency in
a complicated way.
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77. What is the Saha equation and how is it used in stellar structure calcula-
tions?

The Saha equation describes the distribution of an atomic species among its various stages of ion-
ization. To derive it, we can start from the Boltzmann law:

n; oc ge 5/ (5.70)

That is, the number density of atoms n; in an excited state i is exponentially smaller than lower
energy states by a factor E;/kT (g; is the statistical weight). Then, we can compare the number in
two states

M2 _ 82 ~E-E)/kT (5.71)
n, &

Let’s look at the example of two ions of the same element that differ by one electron. Then, the
difference in energies between these two states is E; . ; — E; = y; + m,v?/2 where y; is the ionization
potential for state i (the energy needed to ionize i from the ground state). The statistical weight of
the lower level is just g; = g;, but for the upper level we also have to consider all the possible energy
states that the electron might be put into, i.e. g, = g;.,8g,. Putting this together, we have

dn, . [+ am,v?
Mit _ 8ine exp(_ Xit3mev ) (5.72)

n; g kT

Looking at g, in phase space, we have cells with a volume of h®, within which each electron has 2
spin states, so our statistical weight becomes

2
g, = Ed?’xd?’p (5.73)

We consider a volume element that contains one electron, and we assume the electrons have an
isotropic velocity distribution, so

1
dP*x=— , &Pp=4np’dp= 47tm§’v2dv (5.74)
ne
Thus
ndn,, 87m; g, ( Xit %mevz) 2
= e ——— |v°dv 5.75
n; h3 g P kT ( )
Making a substitution x = 4/m,v2/2kT and integrating
n,n; 8mm’ g, 2kT\¥? (°° 2
+1 _ — Sit1 e_xl’/kT(—) dx x%e™ (5.76)
n; h &i me 0
And the integral is 4/7t/4. Simplifying, we obtain the Saha equation®®°%:
3/2
MeMip1 _ 281+1(27TmekT) o~ 2/KT (5.77)
n; 8i h?
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We can generalize further by writing in terms of the partition function Z rather than the statistical
weights:

NNty _ 224 (znmekT)B/Ze_Xi/kT (5.78)

n.  Z h2

A L

This is the Saha equation. Note: this is only valid in thermal equilibrium and when the pressure is
not too high (otherwise you start getting pressure ionization and electron degeneracy pressure).

If we are only concerned with the first excited state (i = 0), we can make some simplifying assump-
tions and rewrite this in terms of the ionization fraction x = n,;/n where n = n; + n,. We make
the assumption that the total charge is neutral (n, = n;) and that the total particle number n is
conserved. Then,

n, xn x

= = , n,= 5.7
ngp (1—x)n 1—x fle = X0 (5.79)

So we have

2 3/2
X —lzgl(zme”) e H/KT (5.80)

1—-x n g h?

How is it used in stellar structure calculations?*?

* The Saha equation tells us how the relative populations of different ionization levels are de-
pendent on the temperature T of the star.

* It shows us how the gas inside a star differs from an ideal gas—each ionization event absorbs
energy and changes the composition of the gas (decreasing the chemical potential u). There-
fore, adding heat to the gas will give some energy to increasing the ionization and some energy
to increasing the temperature.

* It can be used to calculate the opacities associated with bound-bound and bound-free absorp-
tion in different elements (since these depend on the number densities of the different ioniza-
tion states). For Hydrogen in particular, this explains the differences in strength of the Balmer
lines in stars of different temperatures.
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78. Explain, from a statistical mechanics point of view, why the Balmer lines
are most prominent in A stars with an effective temperature of ~ 10* K.

There are two different processes going on that are important to consider:
1. What fraction of H atoms are in the neutral state (necessary to produce the Balmer lines)?
2. What fraction of neutral H atoms are in the n = 2 excited state?
To answer the first question, we can use the Saha equation (see §5/Q77). If we make the simplifying

assumption that all neutral H atoms are in the ground state, then the degeneracies g, = 1 for ionized
H and g, = 2 for neutral H (2 electron spins), so we have

M _ 1 (27m KT\ g (5.81)
Ny 1, h2 '
We can then solve for the neutral fraction ny; /n:
3/2
G L | l(—ZﬂmekT) e X/kT (5.82)
%} Ny n, h?
n kT (2mm, kT \*/? -
welem ) ] o
e

where I used P, = n,kT as the pressure from the electrons. Also recall that the ionization poten-
tial y = 13.6 eV, Plotting this as a function of temperature shows that the neutral fraction quickly
transitions from fully neutral to fully ionized at around T ~ 10* K (see graph in Figure|5.9).
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Figure 5.9: The neutral fraction of Hydrogen as a function of temperature.

Now we move on to the second question. To answer this we can use simple Boltzmann statistics.
Denoting the (m — 1)™ excited state with n,,, and the m = 1 ground state, as above, with n,, we
have:

no_’m — go_’me—(Eo,m—Eo)/kT (5.84)
o 8o
Where the energies are E, = —13.6eV/m? and the degeneracies are g,, = 2m?. Then, the fraction
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of all H atoms in the m = 2 excited state is

o) -1 oo 2 —1
Ny _ ) _ [ Z 8o,m e_(EO,m_EO,Z)/kT] — [ Z m_el3.6ev(1/m2_1/22)/kT] (5.85)

This is well approximated by just taking the m = 1 and m = 2 terms, which dominate:

Ny o 1 1

ng 1+ ng/ng, 1+ %613.6ev(3/4)/kT

(5.86)

This shows us that a significant fraction of m = 2 state atoms do not start appearing until tempera-
tures 2 5000 K, while they continue climbing for higher temperatures (see Figure[5.10)).
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Figure 5.10: The fraction of neutral Hydrogen in the m = 2 excited state vs. the ground state and
other excited states, as a function of temperature. Note the logarithmic y axis.
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Figure 5.11: The fraction of H atoms in the m = 2 excited state compared to all H atoms (neutral
and ionized).

So, to answer our original question, we need to consider the fraction of H atoms in the m = 2 excited
state compared to all H atoms (neutral and ionized) in the star. What this means is multiplying
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(5.86) by (5.83). We can imagine what multiplying these functions will do: the m = 2 excited
state in neutral Hydrogen doesn’t start popping up until higher temperatures, whereas the number
of neutral H atoms starts dropping at even higher temperatures due to ionization. So, there should
be some sweet spot where we have a modest amount of excitations without too many ionizations. It
is at this point that the Balmer lines will be the strongest. It turns out that this happens right around
T ~ 10* K, as seen in Figure Analytically:

o2 {[1 L1 elg.éev(a/w] . [1 N E(M)3/26_13.6ev/w]}‘1 (5.87)
n 4 Pe h? -

This is why the Balmer lines are the most prominent in A-type stars, which have effective temperatures
around ~ 10% K4,
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79. Explain how interstellar dust grains can result in linear polarization of
transmitted light. How is the direction of polarization related to the average
direction of the interstellar magnetic field (as projected on the plane of the
sky)? What major discovery in 2014 was derailed by this phenomenon?

Polarization of starlight was noticed to correlate with distance and direction on the sky rather than
with stellar properties—thus, it was attributed to the ISM. Further study revealed that the continuum
itself is polarized (i.e. the polarization is not confined to particular atomic, ionic, or molecular lines),
so the cause has been further constrained to dust grains.

The mechanism where dust grains polarize light is called dichroic extinction. First, the dust grains
themselves are non-spherical. They are also spinning with some angular momentum vector J. The
grains tend to become aligned such that their “short” axes are parallel to the local interstellar mag-
netic field. Because of this alignment, they tend to preferentially absorb incident radiation along the
direction of their long axis, i.e. the direction perpendicular to the magnetic field. This causes the
outgoing light to become polarized in the direction parallel to the local interstellar magnetic field.
See Figure for a schematic.
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Figure 5.12: A schematic of how dust grains cause polarization of starlight to become parallel to the
local interstellar magnetic field*?.

How do the grains become aligned with the local interstellar magnetic field? This occurs in two steps:
* The nonspherical grain body becomes aligned with the grain’s angular momentum J

* The grain angular momentum J becomes aligned with the magnetic field B

Alignment of J with the grain short axis:

Looking at a simplified case of an oblate spheroid, we have a moment of inertia tensor with eigenval-
ues I; = I, = I; corresponding to the three principal axes, with I; being the “short axis.” Let’s label
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Figure 5.13: Diagram of how the grain angular momentum J becomes aligned with its short axis®

the angle between this short axis and the axis of rotation to be 6. Then, the rotational kinetic energy

is

J*: JAMIL -1
L0~ 1)

E,=—
ot 21,1,

sin® 6 (5.88)
As one can see, this tends to be minimized when the angular momentum J is aligned with the short
axis, so 8 — 0. Conceptually, if they are not aligned with each other, the grain will “tumble” and

several mechanisms will contribute to the dissipation of energy, causing 6 to decrease (see Figure
5.13).

Alignment of J with B:

oA Fenay
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Figure 5.14: Diagram of how many grains’ angular momenta J become aligned in the same direction
with an external magnetic field B*.

Due to the spinning, grains have an effective magnetic dipole moment w that is aligned with the
instantaneous angular momentum J. This moment may arise either from a net charge that creates a
current, or by the Barnett effect (which results from electrons preferentially changing their spins to
be aligned with J). Note that this is a paramagnetic effect—i.e. the magnetization of the dust grain
is not permanent (ferromagnetic) but only exists in response to the external field. In a similar manner
to the above argument, the magnetic moment will want to align itself with an external magnetic field
to minimize the magnetic dipole energy (see Figure|5.14)):

E4p=—u-B (5.89)

More generally, J will be precessing around B with precession rates as fast as < 1 yr. The external
field produces a torque 74, = W x B that reduces the component of J that is perpendicular to B,
causing it to gradually become aligned with the field. This process tends to happen on timescales of
T ~ 10° yr, which is short compared to the lifetimes of interstellar dust and clouds. However, there is
a complication due to the fact that this mechanism is expected to be more efficient for smaller grain
sizes, whereas we observe that only larger dust grains are substantially oriented to the magnetic
field®+°>, This is still an active area of research.

What major discovery in 2014 was derailed by this phenomenon? Initially, the BICEP2 team
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claimed to have observed B-mode polarization in the CMB, which if true would be evidence of pri-
mordial gravitational wave signals due to inflation. This is because gravitational waves stretch space
in one direction while, at the same time, compressing space in the other direction.

Note: when people talk about the “E”-mode and “B”-mode polarizations, these do not directly relate
to the oscillations of the electric and magnetic fields. Instead, they are simply choosing two compo-
nents to decompose the polarization into where one has 0 curl (E) and one has 0 divergence (B), and
the names are chosen in analogy to electrostatics where the E field has no curl and the B field has no
divergence. This is useful because gravitational wave signals are expected to be purely B-mode

However, it was later discovered that this polarization could be entirely explained by dichroic po-
larization from dust grains in the ISM. The dust grains are heated up when they absorb incident
radiation, which then causes them to re-emit light that is polarized along their long axis direction
(i.e. perpendicular to the interstellar magnetic field and also perpendicular to the direction of ab-
sorption). The average dust temperature in the Milky Way is ~ 20 K, which corresponds to a peak
blackbody wavelength of ~ 150 p.m. Thus, there is a significant overlap with the CMB at ~ 1 mm%,

Corporate needs you to find the differences
between this picture and this picture.

! They're the same picture.
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80. Explain the physics of 21 cm radio emissions from neutral hydrogen atoms.

The 21 cm emission line originates from atomic (neutral) hydrogen, and it arises from the spin-flip
transition where the spins of the proton and electron go from aligned to anti-aligned. This is known
as the hyperfine splitting of the 1s electronic ground state (see Figure [5.15))®%,

@%}(‘% S=1 g,=3 E =587x10"%eV

A,=2.8843x10-15s 1 = (11.0 Myr)-!
= 1420.4 MHz , A=21.106 cm
AE/k = 0.06816 K

S=0 g~=1 E =0

Figure 5.15: Hyperfine splitting of the 1s ground state of atomic hydrogen®*.

The transition itself is rare, happening on timescales of ~ 11 Myr, but it is observable if the quantity
of H is large enough. The anti-aligned state has the lower energy, but the energy difference is small,
so the temperature needed to excite atoms into the aligned-spin state is also quite small:
hv  hc
= — =—=0.0682K 5.90
k Ak ( )
This is much smaller than the CMB temperature at ~ 2.7 K, so we can reasonably approximate the
ratio of H atoms in the upper vs. lower energy states to be

ﬂ — &e_hv/kTS

n, &

where the spin temperature T, > 0.0682K. Thus, in all practical applications, the upper level
contains 3/4 of the H 1 and the lower level contains 1/4. We can therefore say that the H1 21-cm
emissivity, for all practical purposes, is independent of the spin temperature. We can use the generic
formula for isotropic line emissivity from equation (5.153)), which states

—0.0682K/T;

pin — 36 pin g 3 (5.91)

1
jv = _nuAulthbv (592)
47

given a number density n, in the upper energy level, Einstein A coefficient A,, (see §5/Q88), and
normalized line profile ¢, (such that f dv ¢, =1). The velocity distribution of the H 1 gas determines
¢,, and ¢, dv is the probability that a photon will be emitted in the frequency interval (v, v + dv).
Thus, using n, = (3/4)ny;:

3
jv ~ ﬁAuZhvnHI(pv (593)
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We can also find the absorption coefficient. Again, the generic formula, from equation (5.157), is

h
a, = —(nBy,—n,Bu)$, (5.94)

This can be rewritten in terms of the excitation temperature and the Einstein A coefficient using the
relationship in equation (5.152)

2

hvg, ¢

a,=n,—

nu/nl ] =n, gu Y
ada 8 81V
Where in the second step we used Boltzmann statistics. T,,. becomes the spin temperature, which as

above we said kT, > hv. Therefore, we can do a first-order Taylor expansion of the exponential to
get

— ueq)[ e_m/um] (5.95)

3 hcA
~n o~ A e 5.96
av gZ 871: ¢ (kTspln) 327—[ uenHIkTSpin(pv ( )

We find a proportionality a, o< 1/T,,. From this, we can back out an optical depth (7, = fds a,)

and therefore a column density (Ny; = fds ny). For example, if we assume a Gaussian velocity
distribution with dispersion o, then

1 C
¢,= T ;e—uzfszé (5.97)
oy
and
3 Au(i 7(,2 hC —u?/202 3 AuZ Xz hC —u?/o?
a nge “ /<% — 7 e /9% | dsn (5.98)
"~ 321 /an noy kT "~ 321 /an noy kTopin il
NHI 100Kkms_1 _u2/20.2
" Tv=2.1901021(:m_2 T > e v (. T, 0< Ny) (5.99)
spin \%

Typical values in the ISM are Ny X 10*" em™, T, ~ 100 K, and o, on the order of kms™'. Once
the spin temperature is known, we can use it to back out the true n,/n, ratio, since by definition®*

E,/k
7= Bulk (5.100)

spin
In ng/g
ny/8u

* itisin a wavelength regime that our atmosphere is mostly transparent to, so it is easy to observe
from the ground with radio telescopes.

This line has a few nice properties:

* Most of the Galaxy is optically thin in this wavelength band, so we can use H121 ¢cm emission
to map out neutral Hydrogen in the Galaxy and construct rotation curves (i.e. see §71Q103).

* It can be used to map out neutral Hydrogen in the universe during the “dark ages” between
recombination (z = 1100) and reionization (z ~ 6 — 20)

* It is a valuable tracer of the WNM and CNM since it originates from cold gas
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81. Qualitatively describe the “equipartition energy” of a synchrotron source?
What can we learn about cosmic rays from this?

A synchrotron source contains energy both in the magnetic fields (u) and in the relativistic particles
themselves (uy). The equipartition principle says that the lowest energy configuration of the system
is when the energy is distributed evenly between each degree of freedom. In this case, our “degrees
of freedom” can roughly be thought of as the magnetic fields and the particles.

We can find when this happens. First, the magnetic energy density is

B2

=— 5.101
- ( )

Ug

Similarly, the energy density in the relativistic electrons, assuming a power law distribution with
index p, is
Ernax Emax Emax
up = J dEEN(E) o< f dEE"P o< E*? (5.102)
Emin Emin Emin
Now, what are the limits of integration, E,;, and E,,,? Well, recall in §5/Q75, equation (5.41), we
derived that the primary frequency a synchrotron electron with energy E will emit at is proportional
to EB. Therefore, at some minimum and maximum frequency we have

Emin < vmin/B s Emax x 1)max/B (5103)

In both cases, E oc B™'/2. Thus, we can write the electron’s energy density in terms of the magnetic
field:

ug o< B> oc BP/21 (5.104)

min/max

We need to do some more work, since in general we don’t know p. Consider the luminsoity L:

vmax Emax dE

L= dvL, = dE ——N(E) (5.105)
Vmin Emin dt

Recall once again from §5/Q75 we found the power emitted by a synchrotron particle (derived from

the Larmor formula), see equation (5.33])). We can see by inspection that P = dE/dt o< y?ug, and

y o< E, so the power dE/dt oc E*B?. Thus

Emax Emax
L o< J dEE>*PB? oc E>PB?|  oc BP/2F1/2 (5.106)
Emin Emin
Therefore, if we look at the ratio of uy to L, we see
Ug Br/21 _ n-3/2 —3/2
T o< TIPSV =B — |uy o< B (5.107)

Since uy and uy have such different dependences on B, the total energy density u = uy + uy has a
pretty sharp minimum at some point where u; ~ ug, as seen in Figure|5.16

To find the more exact point where the minimum occurs, we can find when the derivative of u vanishes
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0.1 1

Figure 5.16: Plot of the total energy density of a synchrotron source as a function of the magnetic

field B1OL,

du _ dup  dup
dB dB  dB

(5.108)

Since we only have proportionalities, we can work with the logarithmic derivatives:

ldu, 282

u; dB B> B

1duy _ (=3/2)B%* 3

u; dB B32 2B

Therefore,

du  2up 3ug

dB~ B 2B
Eliminating B, we'’re left with
up _ 4
ug 3

(5.109)

(5.110)

(5.111)

(5.112)

Evidently, the state with the minimum energy doesn’t have exactly equal energy densities, but rather
the energy in the particles is a factor of 4/3 higher than the energy in the fields. However, this is

close enough to 1 that we often approximately refer to it as an equipartition of energy

101

Currently it is not known whether most radio sources are actually in equipartition or not, but most

astronomers assume so, for a few reasons®%':
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1. It is physically plausible—systems with interacting components often tend towards equiparti-
tion

2. Extragalactic radio sources with high L and large volumes V end up with massive total energy
requirements, E = UV, so minimizing the energy becomes extra important

3. It is useful to assume so because it allows for us to estimate the magnetic field strength and
the relativistic energies of the particles, since we know exactly how much of the observed
luminosity is due to the magnetic field vs. the particles.

What can we learn about comsic rays from this? Within the synchrotron source there are also
cosmic rays—heavy particles like protons and ions that emit negligible synchrotron power but still
contribute to the particle energy. If the ion-to-electron energy ratio is 1), then the full particle energy
including these cosmic rays is ug ,,, = (1 + n)ug. This changes nothing about the above analysis or
conclusions, since the 1+7 factor would just be absorbed into the definition of u;. Thus, by assuming
equipartition, we can decompose the amount of energy in the fields and in the particles (including
the cosmic rays). For reference, typical cosmic rays have 1 ~ 40, so ug, will be dominated by the
cosmic ray energy.
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82. What kinds of sources are detected at TeV energies? What is the “cosmic
gamma ray horizon”?

Note: 1 TeV ~ 1.602 erg.
Astrophysical TeV Sources:

* AGN/Blazars: Jets from AGN can accelerate electrons to relativistic speeds, and the strong
magnetic fields cause them to spiral and produce synchrotron radiation (see §5/Q75). The syn-
chrotron photons can then be scattered up to TeV energies through inverse Compton scattering.
This is most commonly seen in blazars where the jets are pointed directly at us.

* GRBs: This works essentially by the same mechanism as with AGN/Blazars. Synchrotron pho-
tons are inverse Compton scattered up to TeV energies.

* SNe remnants: Supernovae produce shocks that can efficiently accelerate particles (thought to
be the main source of cosmic rays). Once again, synchrotron radiation can be inverse Compton
scattered to TeV energies.

* Starburst galaxies: Contain many young stars that have short lifetimes and produce lots of
SNe, which can then produce TeVs as described in the last bullet.

The “cosmic gamma ray horizon”:

The Extragalactic Background Light (EBL) is a soup of photons that permeates the space between
galaxies that have been created by stars and AGN and reprocessed by dust. An energetic gamma-
ray photon traveling through the EBL has a probability of interacting with another photon. If the
combined energies of the two photons are large enough, they can annihilate with each other and
create a pair of fermions—most likely an e~ and an e* due to their small masses. The Feynman
diagrams for this process are shown in Figure[5.17]

et e

e

+
e e

Figure 5.17: Feynman diagrams for pair production: y +y — e~ +e”

For this process to happen, the combined photon energies must be hv, + hv, > 2m,c?. Typical
EBL photons are in the UV/optical/IR, which have energies < m,c?, so an extraordinarily energetic
gamma-ray photon is required for pair production (Z 1 GeV). Any excess energy is then given to the
pair of e~ and e* as kinetic energy. The probability of this happening is also dependent on redshift,
since the average star formation rate and AGN activity in the universe varies over cosmic time (see
the "Madau plot” in §7Q124), which necessarily varies the amount of EBL. The net effect is that high-
energy sources will be attenuated because a fraction of their photons will be lost to pair production.

Due to these effects, the EBL has an optical depth 7 that attenuates the incident radiation field I;, by
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Loy = Iye "4 (5.113)

Where 7(E, 2z) depends on both the gamma-ray photon’s energy E and on the redshift of the source 2.
Then, the cosmic gamma ray horizon (CGRH) is defined as the energy at which this optical depth
becomes 1 for a given redshift. In other words, only a fraction 1/e ~ 36.8% of photons with energies
equal to the CGRH will reach us (and even less for photons with higher energies). The CGRH energy
evolves with redshift and is shown in Figure|5.18

e  This work
Dominguez+ 11

—_
(=}

Cosmic ~-ray horizon, E, [TeV]

0T
Redshift
Figure 5.18: The evolution of the CGRH with redshift1%2,

Thus, in the local universe, current constraints put the CGRH at ~ 20 TeV, and this drops following a
polynomial curve such that it reaches ~ 0.1 TeV at a redshift of ~ 1. Again, to clarify what this means:
from sources in the local universe, we can expect to see most gamma-ray photons with energies < 20
TeV, but as we look at sources further away, the highest energy photons start getting more likely to

have been absorbed before reaching us, so this maximum energy drops down to ~ 0.1 TeV by a reshift
of 1102,

Note: we could equivalently look at this from the opposite perspective and think of the CGRH as
the source redshift at which 7 = 1, such that the CGRH is now a function of the gamma-ray energy
E instead of the redshift. This amounts to flipping the abscissa and ordinate of Figure Thus,
with this frame of mind, gamma-ray photons with energies of ~ 20 TeV have a CGRH of z < 0.01—
they are only visible from sources in the local universe within ~ 50h;§ Mpc (comoving distance).
Whereas, if we look at ~ 0.1 TeV energies, they have a CGRH of z ~ 1 (or ~ Bh;(} Gpc), allowing
them to be seen at much further distances’%.
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83. Why is the gas in the interstellar medium largely transparent at visible
wavelengths? How does the transparency of the ISM depend on wavelength in
the optical and near-IR, and why?

The combined effects of absorption and scattering are collectively referred to as extinction. The
dependence of the extinction on wavelength is complex and relies on contributions from many dif-
ferent physical processes“#®>°, Let’s go through them one at a time and explore how important they
are in the context of the ISM.

* Bound-bound absorption: This is when a photon gets absorbed by an atom or molecule, caus-
ing an electron to change energy levels (but not ionize). This attenuates a narrow region of
the continuum called an absorption line, which can become broadened due to Heisenberg
uncertainty, pressure broadnening, and Doppler shifts. It is the opposite of bound-bound emis-
sion which creates emission lines. The strength of these is largely dependent on the individual
transition.

* Bound-free absorption: This is when a photon with enough energy gets absorbed by an elec-
tron which kicks it out of an atom, causing it to become ionized. This results in broad, sawtooth-
like features rather than lines because a specific photon energy is not required, it just has to be
above some threshold (called the ionization potential or y). So at these cutoffs there are large
jumps in attenuation (e.g. the 4000A break) followed by gradual declines that are oc v,
See Figure for an example. A particularly important case here is the ionization of Hy-
drogen which has y = 13.6 eV from the ground state. Therefore, photons above this energy
(A < 912A) are strongly absorbed by this mechanism.

— Consider an H 11 region around a bright star that produces lots of Lyman continuum (UV)
photons with energies > 13.6 eV. Most of the atomic Hydrogen in H 11 regions is neutral.
Therefore, these Lyman photons are basically guaranteed to be absorbed before escaping
the H 11 region. When this happens, the H atom becomes ionized and a free electron
is created. The electron will then recombine with some other H ion. Now, it can decay
into the n = 1 ground state, producing another Lyman photon, or it can decay into the
n = 2 state and produce a Balmer photon. In the former case, the Lyman photon will
just be reabsorbed by another H atom. In the latter case, however, the Balmer photon
(in the optical) will be able to escape the H 1I region, since it is not energetic enough to
be reabsorbed by a ground state H atom, and there are much fewer H atoms in excited
states that could potentially be ionized by a Balmer photon (but not 0, so this does lead
to a slight jump in absorption at ~ 3600 A known as the Balmer break). Therefore, these
regions are optically thick to UV radiation and optically thin to optical radiation.

* Free-free absorption: The inverse of bremsstrahlung radiation, which arises when an electron
interacts with another nearby ion which allows it to absorb a photon. See §5/Q76 for a detailed
description of this process and how the opacity depends on the frequency. The absorption
coefficient has a dependence of approximately a, o< v2T~%/2n? in the Rayleigh-Jeans limit.

— In dense H 11 regions with T ~ 10* K and n ~ 10* cm™3, the optical depth T becomes 1 at
~ 141 GHz, well into the radio regime. Thus, at optical wavelengths, free-free absorption
is negligible. The less dense phases that comprise most of the volume of the ISM will have
an even smaller effect due to the n?> dependence.

* Thomson scattering: In this process, an electron scatters a photon into a different direction
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but does not absorb it. This leads to a net loss in flux since the photon can be scattered in
any random direction, and our line of sight will only occupy a small fraction of that. Again,
see §5/Q76 for a detailed description, but this process leads to a rather simple opacity that is
independent of frequency, & = n,o;.

- Since the Thomson cross section o, is so small (~ 107* ¢m?), electron scattering is typ-
ically not an important contributor to the total opacity. It will only become important at
very high temperatures when the other opacity sources tend to decrease, but since the hot
phases of the ISM with T 2 10°>° K have such low densities n ~ 0.004 cm™2, the opacity
from electron scattering is still low.

Figure 5.19: A plot showing the characteristic sawtooth shape of the bound-free opacity as a function
of wavelength.

To review, in all of the above cases, in the context of the gas in the ISM, the extinction in
the optical regime is basically negligible. We saw that bound-free absorption starts becoming
important in the UV (with a slight bump in the blue-optical for the Balmer break), free-free absorption
becomes important in the radio, and Thomson scattering is almost always negligible.

But wait! This all comes with one big caveat: something we have not considered here is extinction
from dust. Dust is far and away the primary cause of extinction from the ISM in the optical and UV
regimes (below the Lyman limit). The extinction curve plotted as a function of inverse wavelength
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Figure 5.20: Extinction curve A, plotted as a function of inverse wavelength A~'. The inset plot
zooms in to show the region with A > 2 um®®,

(A1) is shown in Figure Astronomers typically quantify the extinction curve as

F
A, =—2.5log,, (F_g) (5.114)
A

where A, is in magnitudes, F, is the observed flux of an object, and F 7? is the flux the object would
have had with no extinction. This can be related to the optical depth by

A, =—2.5l0g,,(e”") ~ 1.0867, (5.115)

Examining the plot, we can see that extinction from dust is mostly unimportant in the infrared (A <
1 um™), but increases steeply through the optical (1 < A™! < 3 um™), and continues increasing
even more steeply through the UV (™! 2 3 pm™"), with a distinct “bump” feature at 2175A. There
are a few observations we can make about this curve.

* Observed curves can vary in shape from one line of sight to another. We therefore characterize
the slope of the extinction curve in visible wavelengths by the dimensionless parameter

AV — AV
Az—A, EB-V)

Ry

(5.116)

where A, and A, are the extinctions measured in the B(4405A) and V(5470A) bands, and
E(B—V)=Ap—Ay is the “reddening.” Typical sight lines in the Milky Way have an R ~ 3.1
(using a Cardelli extinction law)"%%, whereas starburst galaxies seem to have an average R, ~
4.05 (using a Calzetti extinction law)™°>.
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* If the dust grains were large compared to the wavelength, the extinction cross section would be
independent of wavelength since it would just be due to the geometry of the dust grains. In this
case, R, — 00. However, we notice that the extinction continues to rise even for the shortest
UV wavelengths where we can measure it. Therefore, there must be dust grains with size
parameters 2ra/(A = 1000A) S 1, i.e. dust grains with sizes a S 150 A. The actual extinction
from these grains can then be calculated analytically with Mie theory, which assumes the grains
are homogeneous spheres with an isotropic dielectric function.

* The dust grains and gas in the ISM appear to be well mixed. Therefore, we can use the red-
dening to estimate the column density of Hydrogen (or vice versa). Ny/E(B—V) = 5.8 x
10*' cm™?mag™!.

Now we look at some of the prominent features individually®.
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Figure 5.21: Left: A zoomed-in part of the extinction curve showing the DIBs®. Right: An infrared
spectrum of the protostar W 33A that is embedded in a molecular cloud. The spectrum shows many
absorption features from ices®>*1%°,

The 2175A feature: This feature is thought to be caused by m — 7* transitions (i.e. from de-
localized electrons) in graphitic material, which could be graphite itself, or it could be Polycyclic
Aromatic Hydrocarbon (PAH) molecules. These have a distinct hexagonal structure, and due to this
complex molecular structure, vibrational and rotational energy transitions generally lead to much
wider emission and absorption bands than those seen from atomic transitions.

Diffuse Interstellar Bands (DIBs): Between 0.38-0.868 ym there are over 100 observed absorption
features of varying widths and strengths. They were discovered in 1922, yet over 100 years later we
are still unaware of what causes them! They are too broad to be small molecules. See a zoomed-in
part of the extinction curve that shows these features in the left panel of Figure [5.21}

The silicate features: These are barely visible on the full plot, but become apparent on the inset
that is zoomed in to the region A~ < 0.5 um™'. They are at ~ 10 and ~ 18 um and are thought to
be caused by silicate dust grains consisting of Si, O, Fe, Mg, and other metals. The 10 pm feature
corresponds to the stretching of the Si-O bonds, and the 18 pm feature corresponds to the bending
of the Si-O bonds about the Si vertex (see Figure[5.22)). Since these features are so broad and lack
substructure, they are likely from amorphous grains rather than crystalline grains (meaning there is
no long-range order, the structure varies smoothly throughout the grain).
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Figure 5.22: Depiction of the bending and stretching of SiO to produce the observed infrared absorp-
tion features®”.

The CH feature: Again, this feature is only barely visible on the inset next to the silicate features.
At 3.4 pm, this is caused by the stretching of CH bonds in aliphatic (i.e. chain-like) hydrocarbons.

Ice features: There are many more absorption features due to ices that can be observed through
sight lines passing through molecular clouds. These include, but are not limited to, H,O, CH,, NHj,
and CO,. See an example in the right panel of Figure|5.21

The amogus feature: This sussy feature is only visible if we zoom in extremely close to the peak of the
10 pm silicate feature (see Figure[5.23). This feature is thought to arise from isolated and relatively
large amogus-shaped dust grains which have likely been ejected from their fellow dust crews’ clouds
for being too sussy. The composition of these sussy bakas is not well understood. The fact that their
absorption band lies on top of the silicate features suggests that they are some combination of Si,
O, and other metals, but it could be that they are impostors hiding some icy compositions instead,
which would explain why they have been ejectedﬂ

b B pm {e] pm 101 pm

Figure 5.23: The amogus feature at 10 pm.

4See the database of all the amogi spectral features here
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https://www.youtube.com/watch?v=5DlROhT8NgU

84. Sketch a typical cooling function A(T) for diffuse interstellar gas and iden-
tify its prominent features, spanning from IR to X-ray. Overplot a hypothetical
heating curve and show how to identify points of thermal equilibrium and their
stability.

Cooling64’107‘108‘109:

Cooling can be quantified in terms of the radiative cooling rate per unit volume, [ 6] = ergs ' cm™>. A
number of different processes contribute to cooling at different temperatures. In the high-temperature
regime (above ~ 107 K), we have

* Bremsstrahlung emission: Free-free interactions between electrons and ions produce an emis-
sivity given by equation (7.18]). Integrating this over frequency gives us the contribution to
cooling, which we see has the proportionality 6 o< n?T*/2.

In the lower temperature regime, we have

* Collisional excitation: An electron collides with an atom, exciting one of its electrons (but not
ionizing it). The excited electron then emits a photon and returns to a lower energy level. The
cooling rate from these excitations depends on how likely they are to interact, so it’s propor-
tional to the densities of both the electrons and the atoms they are exciting (most likely H), so
(gexc o< Neny.

* Collisional ionization: An electron collides with an atom, removing one of its electrons and
creating an ion. This removes an energy equal to the ionization threshold from the gas. This
does not directly result in any radiative cooling, but it is a necessary process to produce ions
that can then recombine with electrons.

* Recombination: An electron recombines with an atom, emitting a photon. This produces a
cooling rate that depends on both the density of electrons and ions in the plasma, 6; o< n,n;.

(note the above three processes also have strong temperature proportionalities). It is often assumed
that the plasma is in Collisional Ionization Equilibrium (CIE), which is a steady state where colli-
sional ionization, charge exchange, and recombination are the only processes that alter the ionization
balance. In other words, CIE assumes that there is no incident ionizing radiation. Under this assump-
tion, the ionization fraction of each element depends only on the temperature, and not the density
of the gas.

Notice that all of the above examples of € are proportional to two number densities. At temperatures
2 10* K, the ionization of Hydrogen provides enough free electrons that collisional excitation is
dominated by electron collisions. And at low enough densities, every collisional excitation is followed
by a radiative decay. Therefore, all of the cooling processes have a common factor of n,n;. Thus it
is often customary to introduce the cooling function

€

AT, 2Z)= , [A]=ergs'cm?® (5.117)

ey
which removes the dependence on density. Also note that since collisional excitation, ionization, and
recombination will look differently for different metals, A also strongly depends on the metallicity
Z. The cooling function in CGS units (ergs ' cm?) is plotted in Figure for a number of different
metallicities.

217



tollisional {enizakion, exihahon, & recombinahon

f 1 [ ggwd'-
eND — 2Zo
- Free-free emission
~ T Fe LK'fﬂ'j)
§ Luv/iX-m)
%
o —
H He
e .
< Molecolosr linet
LFIR Jrodico)
-
1©
-5
I©
1 { t t t t t
ot 1o° 10" 10 10° i 0%
T(K)

Figure 5.24: The cooling function A plotted against the temperature T, for a few select metallicities.

We can decompose this into contributions from different lines, which looks like Figure [5.25]

CIE Radiative Coo
Z
n
0 10-22
=
3}
al
s_‘ T
. L
&10-2 N/ :
A N I\ : ]
» AT N e AT ) el ]
£ AN ng’f N @/ﬁo e He
~ Sy A .11 Yoot l/\‘ 'l\(\” \ 7
= 1/ liN 7/ | ‘.?’:';"l _r'\\/{ ’Lf"\‘ ,‘\/ _
Y P A (S VSN S e S R U .
i e ! | \\\a AN \ I - N
ST oy J"\\' /5 [ N .
| I!_J' 1'| H '.fu\ | 6\ / _,:'; "\,-\‘__“-}-\\\ pE—
10—24 L";.F-’I hn‘ 1 wllw|||F i ‘.!i\:h |i‘:fl"l:|| \‘ \'\3 }I’\'\ﬁ |\\\||\|‘l RN
104 108 108 107 108
T(K)

Figure 5.25: Decomposing of a Z = Z, cooling curve into contributions from individual species.
Notice that each species is fairly localized at a specific temperature®. Note: ignore the axis label,
Draine defines A differently than us (he essentially has A for what we are calling ¢).

218



Heating %5109

Heating can be quantified in a similar way to cooling, with the heating rate per unit volume that
has the same units as 4, i.e. [5#] = ergs™'cm ™. Once again, there are a number of sources that
contribute to heating in different conditions:

* Photoelectrons ejected from dust grains: High-energy photons can also knock electrons out
of dust grains, pumping more kinetic energy into the gas. Most likely these are from small
grains like PAHs. The heating rate here is proportional to the gas number density, since the gas
and dust are well mixed, 7€, o< n.

* Cosmic rays: These high-energy (1-10 MeV) protons can collide with atoms and eject elec-
trons, injecting energy much like the previous two mechanisms. As such, the proportionality
here is the same, J o< n.

* Photoionization: Aside from collisional ionization, an atom may also be ionized if it absorbs
a photon with enough energy. It is unlikely that the photon has the exact amount of energy
needed to ionize the atom, so whatever extra energy it has will be transformed into the kinetic
energy of the electron, thus heating the gas by an amount hy — y. This is offset by recombi-
nation, but since recombination rates are generally higher for lower-energy electrons, there is
still a net heating that occurs from photoionization. This heating rate is proportional to the
number density of ions that can be ionized by the incident radiation and the cross-section for
photoionization. Therefore, S, o< n;.

Again, in a similar fashion to what we did for the cooling curve, we can define a density-independent
version of the heating rate since all of these mechanisms have the same scaling with density (linear
this time instead of quadratic). This is the heating function

(T)= % , [T1=ergs™! (5.118)

In general, the first two mechanisms dominate the heating of the diffuse ISM, while photoionization
is relatively unimportant. This is because the primary source of photoionizing photons for Hydrogen
is in the UV above the Lyman limit, which as we learned in §5/Q83 is highly attenuated due to being
mostly trapped within dense H 11 regions around O and B stars. Thus, outside of these regions, the
rest of the ISM has relatively little UV photon flux for photoionization.

The balance of heating and cooling®>1%:

The cosmic ray heating rate is independent of temperature, so for simplicity let’s just consider a
cosmic-ray heating function Iz = const (in reality, the photoelectron heating rate is just as important,
and has a complicated dependence on temperature and ionization fraction). For this constant [,
we can plot it on top of our cooling function A, but to keep it in the same units we will have to look
at I'/n. Since for the ISM, n decreases as T increases, maintaining a constant pressure, we will have
a positive slope (n™! oc T). See what this looks like in the left panel of Figure m

Now, we can imagine subtracting these two function from each other to get a net heating/cooling
rate. This is describes by the generalized loss function

2L(T)=n*A(T)—nI(T) (5.119)

where if & > 0 we have net cooling, if &£ < 0 we have net heating, and if & = 0 we have equilibrium.
Plotting this for our example makes it obvious which points have thermal equilibrium, we just find
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Figure 5.26: Left: A hypothetical heating rate from cosmic rays plotted over our CIE cooling function.
Right: The loss function obtained by subtracting the cooling and heating functions from the left panel.

where £ = 0 (see the right panel of Figure |5.26)).

How can we identify the stability of these points? It’s fairly straightforward. Imagine we are at the
equilibrium point labeled “A” in the figure and we experience a small perturbation in temperature.
Here we notice the derivative (at constant pressure) is

0¥

That is, if our temperature slightly increases, then we start to have net cooling, and if the temperature
decreases, we start to have net heating. Perturbations in both directions tend to bring us back to our
original point, so this means A is a stable equilibrium point. By inspection, so is C. These two points
roughly correspond to the CNM and WNM.

On the flip side, points B and D have the opposite relationship:

(8;%) <0 (5.121)
oT J»p '

which will tend to cause runaway heating or cooling if we have a slight perturbation in either direc-
tion. Therefore, these points are in an unstable equilibirum.

Again, this is a simple example with a really unrealistic heating function, but it gets the general
point across about how one can use the loss function to find stable and unstable equilibrium points.
The points A and C in the figure can roughly be identified as the CNM and WNM phases of the ISM
(§81Q72).
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85. What is “brightness temperature”? What is a ‘Jansky”? How are these
different?

Radio astronomers typically describe the specificy intensity of a source I, using the brightness tem-
perature Tj. This is defined as the temperature of a hypothetical blackbody that has an intensity of
I, at frequency v. In other words,

2hv? 1

LOY=B,[y (D] = =5 (5.122)

At first blush this seems ridiculous since the relationship between I, and Tj is nonlinear. But in radio
astronomy, we are in the Rayleigh-Jeans regime where hv < kTj, for which the relationship does
become linear:

exp(ﬂ) ~ 1+ hy — | I, ~ —kTy (5.123)

In contrast, a Jansky is a unit of specific flux (note: not intensity, i.e. not per solid angle like the
brightness temperature; see Appendix 812.11)). By definition, it is

1Jy=10*ergs 'cm 2Hz ! (5.124)

This unit is used commonly in radio astronomy since a typical galaxy has a flux on the order of a few
Janskys in the radio®.
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86. Make a simple, classical argument to show that the spectrum of radiation
from monoenergetic electrons with a speed v impinging on ions at an impact
parameter b would be roughly flat up to a frequency ~ v /b.

The electrons will be decelerated during their pass-by of the ions (which we assume are positively
charged) due to electromagnetic interactions, causing them to emit photons. Note: We ignore the
case where the ion is negatively charged, since the electron would be accelerated and gain energy,
meaning it does not emit any radiation.

We can start with the Larmor formula to find the power radiated from the acceleration:

dE 2¢?
P=—==""1a%(t 5.125
1 3C3a() ( )

Figure 5.27: Diagram of particle scattering.

Assume an electron traveling in the +X% direction at speed v approaches another particle with a charge
of Ze at an impact parameter of b. Define the time t = 0 to be when the electron is directly above
the charged particle. Then the acceleration is

Ze? Ze? Ze?
F=——t=m,a(t) — a(t)=-— f=———¥ 5.126
r2 Alt) () m,r2 m, (b2 + v2t2) ( )
Expanding the unit vector ¥, we have
Ze?
a(t)= (—vtx—b2) (5.127)

m, (b2 + v2t2)3/2

See Figure for the geometry. From here, we can already arrive at our desired conclusion with
a bit of thought: The acceleration a(t) falls off quickly to O when |t| is large because of the t2
dependence in the denominator. Thus, the acceleration is only substantial during a time interval of
T ~ b/v. Because this time interval is short, the bulk of the radiation will be emitted as a pulse. In
the frequency domain, this is a wave packet consisting of a superposition of many frequencies.

What frequencies will contribute to the packet? Well, the motions of the electrons will not change
significantly on any timescales shorter than v (since during this interval the acceleration is roughly
constant at the maximum value), so this corresponds to a maximum frequency of v ~ 1/t ~ v/b.
However, there are changes in motion on longer timescales since the electromagnetic force is long-
range, so there are contributions from frequencies below this limit all the way down to essentially
v~ 0.
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With this, in principle, we’re done. However, for funsies let’s continue and see if we can actually get
an expression for the spectrum dE/dw as a function of .

We can use Fourier analysis to look at our problem in the frequency domain and thus find the spectrum
of radiation emitted. There are two properties of the Fourier transform that will be useful for us.

1. Parseval’s theorem, which states

J dt f3(t) = J do f?(w) (5.128)
2. If f(t) is real, it follows that
f=w) = f*(w) (5.129)
Putting these into use, we integrate (5.125]) over time to obtain
202 [T 202 (% 4e2 [,
E:§C_3 _Oodta (t)zggj_wdwa (w):§C_3 . dwa ((,()) (5.130)
Thus, the spectrum is
dE  4e*,
— = —-—a 5.131
1o 332 (@) ( )

Evidently, we need to get the Fourier transform of the acceleration, i.e.

a(w) = \/%_ﬂ_ Lx) dt e ™ta(t) (5.132)

Using our arguments about the collision time 7, the integral can be well approximated by lowering
the limits of integration

T/2
1 .
a(lw)~ — dte“ta(t) (5.133)
var f—r/Z

In the limit w7 > 1, the integral oscillates rapidly and averages out to 0, while in the limit w7 < 1,
the exponential goes to 1, so we have

A(w) ~ {?V/m wr <1 (5.134)

wT>1

Also, the x-component of the acceleration is positive for t < 0 (as the electron approaches) and
negative for t > 0 (as the electron flies away), so the change in velocity in the x-direction averages
out to ~0. In contrast, the z-component is always negative, so it will add up. Thus we can consider
the acceleration to only be important in the z direction. In this case, we can get Av by integrating
the z-component from (5.127). Defining x = vt/b:

Ze? fw dx 27 e

Av =

= = 5.135
m,bv ( )

o (L +x2)32 m,bv
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Plugging back into ((5.131))

. 872 .

e ———— <
— =< 31mm2c3b2y2 T (5.136)
dw e

0 wT>1

Here, notice that dE/dw approaches a constant value in the low-frequency limit and drops to 0
in the high-frequency limit. The cutoff frequency where we transition between these two limits is
vt ~1 — wv~1/7 ~v/b, below which point the spectrum is essentially flat. This agrees with
the conclusion we reached earlier. The actual frequency dependence is complicated since it depends
on the exact form of the Fourier transform in equation (which turns out to be a modified
Bessel function).

The observed spectrum we actually see will just be this dE /dw integrated over many different scatter-
ing events within some unit time and unit volume, but since in this simple example we are considering
all scattering events to have the same v and the same b, this should not introduce any additional
dependence on frequency. The spectrum is plotted in Figure in both the time and frequency
domains. See Refs. [93//94/95/110.

N §Ze"
dE e
E(t') T I;) 3WM¢L b*v
-0
+ ‘U v/b

Figure 5.28: Left: The pulse of energy emitted by a single scattering event as a function of time.
Right: The rough behavior of the spectrum for a single scattering as a function of frequency.
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87. If a typical interstellar dust grain is 0.2 microns in size, and starlight suffers
an extinction of 1 magnitude per kpc, estimate the space density of dust grains.

The extinction, from equation (5.115)), is related to the density of the dust grains by
A, ~1.0867; = 1.086J dsa, =1.086nos (5.137)

Where the extinction A, = 1 mag, the path length s = 1 kpc, and the cross-section o is the sum of the
cross sections from absorption and scattering from the dust. In this case, the dust grain radii a are
large compared to the wavelength (a > A1), so we are in the simple geometric optics limit. Naively
from everyday experience, we would expect the cross section to just be o = a?, the cross-sectional
area of the dust grains. However, this is wrong. Why? In this case, the dust grains are small and far
away from us, so not only do they block the light that is coming directly towards us from behind the
dust grain, but they also produce a non-negligible amount of small-angle scattering at the edges of
the dust grain that further reduces the observed flux. The end result is that the actual cross section
is exactly twice the cross-sectional area of the dust grain,

o= 27'ca2 (5.138)

The factor of 2 can be derived from the a > A limit in Mie theory. See a demonstration of this effect
in Figure [5.2904%

Extinction = Absorption + Scattering

Y

Y

.
>
>
-
>

Figure 5.29: A visual demonstration of the extinction of light from a large dust grain®.

Therefore, solving for n, we have

A, /1.086
n= —’1/ (5.139)
2mazs

Ignoring all constants of order unity, we have

1
"™ (104) x 10° x 1018

~10 B cem™ (5.140)
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88. What are the Einstein A and B coefficients for a spectral line, and what are
the relationships among them?

The are a number of processes involved in the transitions between energy levels that are related to
a spectral line. Let’s say we have X, which can represent an atom, ion, molecule, dust grain, or
anything that has energy levels, and it transitions between a lower level ¢ and upper level u. The
number density of X in each level is n, and n,,.

* Absorption: X absorbs an incident photon with just enough energy and moves from the lower
level to the upper level

X,+hv—X, , hv=E,—E, (5.141)

The rate that X will absorb photons will obviously depend on the number density n, and the
number density of incident photons with the right energy. There will also be a proportionality
factor: the probability that X will actually absorb a photon per unit time per unit energy density
of incident photons. We call this factor the Einstein B coefficient B,,. Thus, we can write the
change in the density of the upper and lower levels of X from absorption as

(dn“) (d"" ) B (5.142)
= —| — =n,u .
de abs de abs ot

Here, u, is the energy density of photons with the right frequency (erg cm™ Hz ). Therefore,
[B,,] =erg'ecm®s ' Hz.

* Spontaneous emission: X moves from the upper level to the lower level and emits a photon
with the difference in energies between the two levels

X,—»X,+hv , hv=E,—E, (5.143)

This is a random process, so the probability per unit time that X will undergo this transition is
given by the Einstein A coefficient A ,. In other words, we can write the change in the density
of X from spontaneous emission as

dn( dnu
E = — de = nuAulf (5144)
spon spon
Thus, [A,]=s"".

* Stimulated emission: This is similar to spontaneous emission, but here an incident photon
gives X a little kick that causes it to emit its own photon

X,+hv—X,+2hv , hv=E,—E, (5.145)

Therefore, this process also depends on the incident radiation of photons, so we use the Einstein

B coefficient B, # By,
dne dn
— =— = = B 5.146
( dt )stim ( dt )stim nuuv ut ( )
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How are these coefficients related to each other?

We can find a relationship between A, B,,, and B,, by considering the case of thermal equilibrium.
In this case, the radiation field is blackbody radiation, so we use the Planck function for the incident
intensity. Then, the energy density u,, is

41 8mhv? 1

B,(T) = c3 exp(hv/kT)—1 (5.147)

(uy)g = —
C

And the total change in energy levels is

de B dt abs dt spon dt stim_ L5y Plu u\ul vPul .

If the absorbers are in equilibrium with the radiation field, then the relative populations should be
given by Boltzmann statistics: n,/n, = (g,/g,) exp(—(E, —E,;)/kT) and dn,/dt = 0. Therefore, we
can solve for u, and compare it to what we would expect for LTE:

n
uv(_[Blu_Buﬁ) :Aué (5.149)
nLl
Aul / Buf
u, = (5.150)
’ (géBZu/guBuf)eXp(hv/kT)_ 1
Comparing this to (5.147), we can immediately see
A,  8mhy? B
B_u[ - 3 ) gEBZu - guBul (5151)
Therefore
_ 87Thv?’B _ 8nhv3&B (5.152)
ul — c3 ul — 3 . lu .
QED®%, Note that these relationships still hold even outside of thermal equilibrium!
Side note: Relating the Einstein coefficients to emission and absorption:
The spontaneous emission coefficient j, can be related to the Einstein coefficients by
dn, ) hv hv
= — X — X — |j,=—nA 5.153
Jy ( de spon 41 (Pv Jy 47 u ué(;bv ( )

where ¢, is the normalized line profile that defines the frequency dependence of j,—i.e. ¢,dv is
the probability that a photon is emitted within a frequency range (v, v+ dv). If we integrate over
the frequency v and the line of sight £, we can get a relationship for the upper level column density
N, = f dén, based on the flux of a line

1 F 4r
== 5.154
Y ARy Q ( )

We can do something similar for absorption (including true absorption and stimulated emission) by
definition the cross-section o, (7). The incident flux of photons is cu, /hv, each with a cross-section
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o, (7), thus

hvy
c

d
( nu) :ngfdvogu(V)% where o,,(v) = —B,, ¢, (5.155)
abs v

de
Where the ¢, here is the same as above—essentially a delta-function that picks out a specific fre-
quency, normalized such that integrating over ¢, gives 1. Now we can define the absorption coeffi-
cient a, as

dTlu dnu cu,,
( de )abs_( de )sﬁm - f dva,——> — a, =m0, () 1,0y (V) (5.156)

Thus, in terms of the B coefficients,

h
a, = L (n,By, —n,B, ), (5.157)
C

Note that the B coefficients can oftentimes be defined in terms of the intensity I, instead of the energy
density u,,, which leads to a difference of a factor of c¢/47 compared to our results here.
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89. Explain quantitatively why stimulated emission is important and sponta-
neous emission is usually ignored in the radio domain, whereas the reverse is
true in the optical domain. Given a thermal spectrum at some temperature T,
at what frequency would the two emission rates be equal?

We can use the relationships derived in §5/Q88 to compare the rate of spontaneous emission to the
rate of stimulated emission:

_ (dne/dt)spon _ nuAug _ 8mh 1)3 l _ ehv/kT B
(dng/dt)gim  nuU,By ¢ u,

1 (5.158)

Therefore, in the radio domain where hv < kT, we can approximate & ~ hv/kT < 1. In other
words, stimulated emission dominates over spontaneous emission. On the flip side, in the optical
hv> kT, so Z > 1 and spontaneous emission dominates over stimulated emission.

It is easy to find where they are equal by just setting & = 1:

k
WikT — o9 5 »=2"1n2 (5.159)
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90.

Name five molecules found in the interstellar medium and comment on

how they are detected. What limits our ability to directly detect the most com-
mon molecules in the ISM?

1.

H, (molecular hydrogen): By far the most abundant molecule in the ISM, found within dense
molecular clouds with temperatures ~ 10 K. Unfortunately, oftentimes H, is not directly ob-
servable. It has many lines from electronic transitions in the FUV, but since molecular clouds
are dusty and have large column densities, we cannot see these lines. It also has lines from
vibrational and rotational energy transitions in the IR, but the energies of these transitions are
high enough that they can’t be excited in molecular clouds with temperatures ~ 10 K. There-
fore, we have to use tracers from other molecules like CO and infer an H,-to-CO conversion
factor, which is highly uncertain®.

CO (carbon monoxide): The next most abundant molecular after H, (with a relative abun-
dance of about 10™). Its lowest energy transition, CO 1-0, is at 2.6 mm and is easily excitable
at hv/k = 5.5 K. There are still some complications with observing CO at 2.6 mm though. The
CMB is bright at 2.6 mm, and the line tends to be optically thick. At low densities, the excitation
temperature equals the temperature of the CMB, meaning we cannot see the line at all®®!

. CH (methylidyne radical): One of the first interstellar molecules to be identified, because it

has a resonance at optical wavelengths. Also has transitions in the radio at ~ 3.33 GHz and
absorption bands in the infrared at ~ 3.4 pm.

. CN (cyano radical): Very similar to CH, this was one of the first identified molecules in the

ISM because of its resonances in the optical. Has a rotational transition CN 1-0 at 113 GHz.

OH (hydroxl radical): One of the first molecules to be discovered using its radio emission—it
has transitions at 1.665 and 1.667 GHz.

Bonus round:

6.

10.
11.

12.
13.
14.

CH* (methylidyne ion): Like CH and CN, this is resonant at optical wavelengths and was one
of the first discovered molecular species in the ISM.

NH; (ammonia): Detectable in the radio from its inversion transitions at 23.694 and 23.723
GHz (caused by the N atom tunneling back and forth on opposite sides of the plane defined by
the 3 H atoms).

H,0 (dihydrogen monoxid: Has a strong absorption feature in the IR at 3.1 yum from
stretching of the H-O bonds, as well as a rotational transition in the radio at 22.2 GHz.

H,CO (formaldehyde): Observed with a rotational transition at 4830 MHz.
HCO™ (formyl cation): Observed in the radio at 89.190 GHz.

HCN (hydrogen cyanide): Very common, observed with the HCN 1-0 transition at 88.3 and
88.6 GHz (from two different isotopes).

SiO (silicon monoxide): Has a SiO 3-2 transition at 130.246 GHz.
CS (carbon monosulfide): Has a CS 3-2 transition at 146.969 GHz.

And many more! (CH;OH, HCOOH, CH5;CN, OCS, NH,CHO, HNC, H,S, etc.) See this com-
prehensive list with cool diagrams of each molecule.

SBeware of this highly toxic molecule! Everyone who has ingested it has died!
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6 Plasma & Gravitational Lensing
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91. What is “Faraday rotation”? How is it used in astronomy?

If a linearly polarized electromagnetic wave propagates through a plasma with a static magnetic field
B parallel to the direction of motion, this causes the polarization vector (i.e. the direction the electric
field oscillates in) to rotate, as shown in Figure This is called Faraday rotation.

B

Figure 6.1: The Faraday rotation of a linearly polarized EM wave.

This happens because right circularly polarized waves travel at a different speed than left circularly
polarized waves inside the plasma. Since linearly polarized waves can be decomposed into a super-
position of equal amounts left and right circular polarization, the different propagation speeds causes
a phase shift to build up between the left and right components, which causes the polarization di-
rection to rotate. The dispersion relation for circularly polarized waves in a plasma with a magnetic
field is

wz

K= 0 - ——— 6.1
¢ @ 1+ wg/w 6.1)
where w, = (4nn,e?/m,)"? is the plasma frequency (see Q93) and wy = eBj/m,c is the cy-
clotron frequency. This leads to a phase velocity of

2

2
w 1(1)p 10)pr:|
=——~rc|l+-——F = 6.2
vp(e) k(w) C[ 20)2:':2 w3 6.2)

The + is taken for right circular polarization and the — is for left circular polarization. After prop-
agating a distance L, the left and right polarizations differ in phase by LAk, so the rotation angle

becomes
L L 2
1 ww
/3=—J dL’Asz ' —2— (6.3)
2 0 0

2cw?

e3 1 g
— /
= 202 _v2 i dL neB” (6.4)
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Therefore, we usually define the rotation measure £ such that

B =@A2 (6.5)
e’ :

R = 27-szc4f dL/ TleB” (66)
e 0

We typically don’t know the polarization direction at the source, so we can’t measure 3 directly, but
we can measure the difference between f at two different wavelengths, which allows us to find the
rotation measure:

_Ba—p

R =
A3— A%

(6.7)

Then, if we also have the dispersion measure 2 (see §6/Q92), we can get the electron-density-
weighted magnetic field
L
JodL'nBy 2nm’c*
L - 3
f 0 dL’ n, e 7
And the actual magnetic field can be measured if we use observations of pulsars at close locations

on the sky but at different radial distances, since the difference in the rotation/dispersion measures
will purely be due to the difference in n,(L).

(6.8)

(By) =

2.4
B” - 27—5:;(36 % (69)

We can see why this is more clearly by taking the differential limit:

e3
dz = WTIGB”CIL (610)
d2 =n,dL (6.11)
2.4

B = Mzec % (6.12)

See more in Ref. 64l
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92. What is the “dispersion measure” for electromagnetic waves in a plasma?
How is it used in astronomy?

The dispersion relation for electromagnetic plane waves propagating in a plasma with no external
magnetic field is

c?k? = w? — wlz) (6.13)

where w, is the plasma frequency (see §@Q93). This leads to a phase velocity and a group velocity
of

2

w\—1/2
vp(w)z%zc@—w—‘z’) >c (6.14)
w2\1/2

This causes the arrival time of light to be delayed depending on the frequency w. Say a pulsar emits
a pulse at time t = 0 a distance L away from us. The time we receive the pulse will be

L L 2
dr’ dr’ 1@
t= ~ —(1+——p) (6.16)
o Velw) o C 2 w?
L
L 1
==+ dL’ w? (6.17)
¢ 2cw? |, p
Then, the delay time At =t — L/c can be written in terms of the dispersion measure 2
e? 1
At = — 6.18
2mm,c v? ( )
L
9 = J dL'n, (6.19)
0

Notice that At oc v 2, i.e. lower frequencies have longer delay times. This effect becomes more
prominent the closer w is to w,, so it’s only really noticeable in the radio. We can measure the
difference in arrival times at different frequencies to find the dispersion measure:

mmyc ,dt
—v —_—
e2 dv

Using this, in combination with an independent distance measurement, can be used to get the average
electron density along a line of sight:

9 =— (6.20)

(n,) = — (6.21)

The full 3D electron density n,(x, y, 2) can be mapped out by applying this techinque to many Galactic
pulsars. Typical models include a 4-arm logarithmic spiral pattern along with a ~ 3.5 kpc ring-like
density enhancement around the galactic center. There also tends to be more substructure around
the solar region since we can more easily resolve this area (see Figure [6.2) %%,
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Figure 6.2: The electron density as a function of distance from the galactic center along the galactic
midplane (z = 0)°411L,

Fast Radio Bursts (FRBs) are fast and energetic burst events, similar to GRBs (but in the radio
obviously). Their origins are still not yet understood. The current leading hypothesis is that they
are caused by mergers of compact objects—the bursts only last a few milliseconds, so the size of the
objects is limited by the speed of light and cannot be much larger than ~1000 km. They are also
strongly polarized, indicating the presence of a strong magnetic field (i.e. magnetars). Since they
are in the radio, we can get their dispersion measures, which cause time delays on the order of a few
seconds. They tend to be much larger than the dispersion measures of Galactic pulsars, and they are
uniform over the sky, suggesting an extragalactic origin (see Figure [6.3)).
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Figure 6.3: The dispersion measures of various astrophysical events, highlighting the contrasts be-
tween galactic pulsars and FRBs12,
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93. What is the physical significance of the plasma frequency?

Consider a uniform plasma with electron density n,. The charge is locally neutral, p = 0. An elec-
tromagnetic plane wave E(r, t) with frequency «w propagates in the plasma. Treating the problem
classically, the wave induces a force on each electron

m, ¥ = —eE(r, t) (6.22)

The magnetic force is much smaller and can be neglected. Since E is a wave, the solutions for r, the
position of the electron, must also be waves with the same frequency:

f=—w’r — m,w’r=_¢E (6.23)
Thus, the velocity of the electron is

v _© JE
© m,w? dt

(6.24)
(we could’ve also gotten this by actually doing the integration of (6.22]), but this argument is nice).
The movement of charged electrons creates a current density

e’n, OE
m,w? ot

J=—en,v=-— (6.25)

And now we can use Maxwell’s equations to find the wave equation that describes the propagation
of E through this plasma. Maxwell’s equation are

V-E=4np (Gauss’s Law) (6.26)
V:-B=0 (No magnetic monopoles) (6.27)
1JB
VXE=——— (Faraday’s Law) (6.28)
cdt
10E
V xB= 4—7rJ+ ~ (Ampere’s Law) (6.29)
c c

We take the curl of Faraday’s law and switch the order of the spatial and time derivatives

1 JB 10
VX(VXE):_EVXE:_ZEVXB (6.30)

On the LHS, we use a vector identity, and on the RHS, we plug in Ampere’s law

10 (4n 10E
V(V-E)—-V?’E=—-—| —J+-— 6.31
( ) cat(c cat) ( )

By Gauss’s law with p =0, we have V - E = 0, so the first term on the LHS goes to 0. Then we plug
in equation (6.25) on the RHS

2 2
1( _ 4rme ne)é'E 6.32)

VE=—(1 —
c2 Jt2

m,w?
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This is a wave equation, as we should’ve expected, but it does not travel at c. Comparing to a typical
wave equation, we see that this wave must have an index of refraction

w\1/2
n(w) = (1 — —;’) (6.33)
w
where I have defined the plasma frequency as
2
w2 = ame n, (6.34)
me
And we have a dispersion relation of
w=k — w'n=ck? — |2E=w?— w?) (6.35)
n
The wave has a (phase) velocity of
c c
v(w)=—=—— (6.36)
nooJl-w/w?
And a group velocity of
v, (w) = do _d ek 4 w? = 1(czk2 + w?)V2. 2%k (6.37)
$70 T dk o dk P2 P '
2k
B . (6.38)
w

=c1/1—c012)/co2 (6.39)

Physical significance

The plasma frequency w, essentially represents how quickly the charges in the plasma can react to
external stimuli. Thus, if incident light has a frequency slower than the plasma frequency w < w,,
the plasma can react in time and creates oscillations that damp and reflect the wave (k is imaginary,
leading to evanescent waves). Alternatively, if the incident light has a frequency much faster than
the plasma frequency (w > w,), the plasma cannot react and the light will pass through essentially
unaffected. For intermediate frequencies, the plasma’s reaction partially damps the incident waves,
but still lets them through, creating a delay in the arrival time dependent on the frequency (since
ve(w) <c).
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94. What are the three types of MHD waves in a magnetized plasma? Are mag-
netic fields important in the propagation of waves in the interstellar medium?
In a star?

Magnetohydrodynamics (MHD) couples Maxwell’s equations with hydrodynamics to describe the
macroscopic behaviors of highly conducting fluids (like plasmas). The ideal equations of MHD are

aa—lz +V-(pv)=0 (charge continuity) (6.40)
38—€V+ (pv-V)v= %J x B—VP (momentum continuity, Jeans equation) (6.41)
Vx(vxE)= % (Faraday & ideal Ohm’s law) (6.42)
2—1; +(v-V)P=—ypV-v (adiabatic energy equation) (6.43)

We can derive a dispersion relation similar to how we did in §6/Q93. First we linearlize these equa-
tions using small perturbations from some equilibrium state, just like we did in §8/Q130 for the Jeans
equation. The perturbations will be labeled with “1” subscripts and the backgrounds will be labeled
with “0” subscripts. The equations become

9P

o —Vi X Vpo—poV vy (6.44)
ov 1

poa—tl = 4_n(v x B;) x By— VP, (6.45)
JB
JaP
a_tl =—v, X VP, —yP,V x v, (6.47)

Then we define the displacement vector & as how much the plasma is displaced from its equilibrium:
t ag
E(r,t) = J v,(r, t)dt’ — e vy(r,t) (6.48)
0

We can then rewrite the linearlized equations in terms of d¢& / dt and integrate over time to get p.,
B,, and P, in terms of §. Then the momentum equation becomes

2

%
Pogrs = F[&(r,t)] (6.49)

F(5)=V(E- VP + 1PV - &)+ %(V X By) x [V x (§ x By)]

1 (6.50)

+—{[V x V x (§ xBy)] x By}
4

where F[£(r, t)] is the ideal MHD force operator. Notice the similarities between (6.49) and (6.22).
The derivation from here proceeds in a similar way, yielding a dispersion relation of 131141151116

(w?— kﬁvj)[w“ — kz(cs2 + vj)a)z + kzkﬁcszvj] =0 (6.51)
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Here, k; = kcos 0 is the component of k in the direction of By, ¢, = 4/ dP/3dp is the sound speed,

and
B2
V= (6.52)
4mp,

is the Alfvén velocity. This dispersion relation has a few different solutions, each of which corre-
sponds to one type of MHD wave.

B B
U H"‘-‘_\_\_\_. a E 8 e 5 R L . L . My

=== I

BIFEn Magnetosonic

Figure 6.4: Left: Alfvén waves. Right: Magnetostatic waves.

1. Shear Alfvén Waves'!>

These are the waves for which the first term in the dispersion relation goes to O.

w? = kﬁvj (6.53)

These waves propagate parallel to B, and have a displacement & orthogonal to both B, and k. There-
fore, they are transverse waves (just like normal EM waves). The restoring force for these waves is
magnetic tension. See the left panel of Figure

2. & 3. Slow/Fast Magnetostatic Waves'!>

These are the waves for which the second term in the dispersion relation goes to O (it’s just a quadratic
equation for w?).

1 4kﬁc52vj
w? = 5k2(c52+vj)[1ﬂ: 1 ]

- 6.54
k2(c2 + v})? (654

These waves propagate orthogonal to By, and they have a displacement & that is parallel to k and
orthogonal to B, making them longitudianl waves (like sound waves, except they are within the
magnetic field). The restoring force here comes from a combination of magnetic pressure and plasma
pressure. See the right panel of Figure

The difference between fast and slow magnetostatic waves, other than the obvious speed difference,
is that fast waves have magnetic and plasma pressure perturbations in phase, while slow waves have
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these two out of phase.

Astrophysical Importance'™

e In the ISM:
MHD waves in the ISM can affect Faraday rotation (see Q91).
¢ [In stars:

Alfvén waves are the primary mechanism for heating the stellar corona and accelerating stellar
winds. Additionally, counter-propagating waves are important in the development of turbu-
lence.

¢ In shocks and SN remnants:

Accelerated particles around supernova remnant shock waves generate Alfvén waves, produc-
ing “stripe”-like features in X-rays.
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95. What is the “ideal Ohm’s law” for a plasma? What does “frozen-in” mean?
The familiar version of Ohm’s law for a steady current (d/dt — 0) reads
V=IR , J=0E (6.55)

where o is the electrical conductivity. However, if we are in a plasma that is moving relative to some
external magnetic field, we also need to add in a term for the magnetic contribution:

Jza(E+§xB) (6.56)

The original form of Ohm’s law still works in the rest frame of the plasma, because the electric field
experienced by the plasma in this frame is different, i.e. E' = y(E + (v/c) x B).

For an ideal plasma, we assume o — 00, so to retain a finite current, we need

E+YxB=0 (6.57)
C

This is the ideal Ohm’s law'%,

As a consequence of this, it can be shown that the magnetic flux ®; through any surface moving with
the plasma (at fluid velocity v) remains constant. At some time t, we have

d,(t) = f B(t) - dA(t) (6.58)
S

A short At later, the magnetic field will be slightly different, and the area will also be slightly different
(it will have expanded or shrunk by a small ribbon depending upon how the velocity is oriented):

B
B(t+At)NB(t)+%At (6.59)
dA(t + At) ~ dA(t) + vAt x dL (6.60)

Therefore, our new flux is

O,(t+At)= J B(t + At)-dA(t + At) ~ J B(t + At)-dA(t) + f B(t + At)-(vAt xd€) (6.61)
S S S
Throwing away all higher order terms, this reduces to
JB
S,(t+At)~ f B(t)-dA(t) + AtJ 3 -dA(t) + AtJ B(t)-(vxdel) (6.62)
s s s

The first term is just ®5(t), and for the last term we can use the vector identity A-Bx C=AxB-C
JB
O,(t + At) =d5(t) + At T dA(t)+ At | (B(t) xv)-de (6.63)
S S

Now we can use Stokes’ theorem on the last term to convert it to an integral over the area dA(t).
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Then it can be combined with the second term.
JB
<I>B(t+At)=<I>B(t)+AtJ [E—Vx(va)]-dA(t) (6.64)
s

We’re almost done. Now we just have to use Faraday’s law to convert the derivative of the magnetic
field into the curl of the electric field:

<I>B(t+At)=<I>B(t)+Atf V x (cE—v x B)-dA(t) (6.65)

S

And we see that if the ideal Ohm’s law holds, the second term must go to 0, meaning

29,

d At)=o
s(t + At) s(t) — ot

=0 (6.66)

As a consequence of this, along a magnetic field line, the flux coming into one end must equal the
flux coming out of the other end—there can be no flux escaping along the sides of the “flux tube.”
If the tube moves with a fluid velocity v(x, t), this must still hold, so the magnetic field lines must
move with the fluid to conserve the flux. In other words, the magnetic field lines are frozen-in with
the fluid flow!”. This is shown in Figure

SH“ "o #lyx

Figure 6.5: The conservation of magnetic flux along a flux tube in a moving plasma. The magnetic
field lines have to move with the plasma in order for the flux to continue being conserved. We can
take the limit of this flux tube for arbitrarily small radii to enforce this condition rigorously.

242



96. Qualitatively, how does a gravitational lens work? Explain what needs to
be measured to use a gravitational lens system to measure the Hubble constant.
What is the current status of these determinations of H,?

Particles passing through a gravitational field will be deflected due to the gravitational force acting
on them. As it turns out, even though light has no mass, light can also be deflected in the presence
of gravitational fields. This makes perfect sense if we consider gravity as the curvature of spacetime
rather than a force, as it is described in general relativity. Light follows “straight line” paths in curved
spacetime called geodesics. We perceive objects as being in the direction that their light comes from,
so when light is bent by strong gravitational fields, it has the effect of creating images of the object
at different locations that are not the true location of the object (and depending on the geometry,
sometimes even multiple images of the same object can be created).

Say we have a source a distance D, from us, and in between us and the source, there is a lens at a
distance D, from us. The distance between the lens and the source is D,, = D, — D,. Light rays leave
the source and reach the lens plane at some impact parameter &, at which point they get deflected
into our line of sight by an angle @. The “true” angle between the lens and the source is 3, and the
angle between the true location of the source and the image of the source is a. This geometry is all

shown in Figure

Observer
¢ Das s D2 .
) Ds, Fd

Figure 6.6: The geometry set-up for gravitational lensing due to a point mass.

How much will the light be deflected by? Let’s consider a simple example where the lens is a point
mass with mass M, and light travels parallel to the lens at a speed c. We’ll make a classical argu-
ment, which requires that we assume photons have some small nonzero mass, but the result will be
independent of this mass. If the parallel distance between the light and the lens is x, then it will feel
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an acceleration

GM
a= >y & (6.67)

The component of this acceleration in the perpendicular direction will then be

GM GME
a = _x2 n 52 cos = W (6.68)
Then we can integrate this to obtain the total change in the perpendicular velocity
t
GM¢E
_ /
Av, = fo dt —(x2 ey (6.69)
Assuming cdt’ ~ dx, then
ct
1 GME 26M
Ay =_1 __ 6.70
" aﬁ HCRTO ©70
And the deflection angle becomes Av, /v = Av, /c:
2GM
h = 6.71
4=z (6.71)

As it turns out, this is only off by a factor of 2 compared to if we had done a full calculation with
GRIE:

4GM
c2&

(6.72)

a=

How will we know if a light ray from the source will reach us or not? We can use the lens equation.
The deflection angle must satisfy the condition

DS A
n=—E&—D,a(&) (6.73)
D,
Note that I am now treating 1, &, @, a, f, and 0 all as 2-dimensional vectors, since in principle the

source and lens can be oriented in any direction on the sky relative to each other. We can then divide
by D, to obtain

p=0—-24(0,0) (6.74)
Then if we define the reduced deflection angle as
a(f) = %&(Dﬂ) (6.75)
We get the lens equation
p=0—a() (6.76)
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If this equation has multiple solutions 6, for the same intrinsic angle f3, we get multiple images! In
the case where the lens is a point mass, we can plug in the deflection angle to get

4GM D,, 0
2 DD, |0]?

a(f)= (6.77)

If the source happens to be directly behind the lens, n = 0 and = 0, so 8 = a. The angle that
solves the lens equation in this case has a special name, the Einstein angle 6;:

4GM Dy
0 = 6.78
E c2 D,D, (6.78)

We can rewrite the lens equation yet again using this notation

2 8
F10[2

p=6-06 (6.79)

Notice that so long as the magnitude of 6 is 6;, it doesn’t matter what direction it is, it always solves
the lens equation. In other words, if the source is directly behind the lens, the image we get is a ring
called an Einstein ring. This configuration is shown in Figure The first person to ever observe
such an Einstein ring was Jackie Hewitt here at MIT /MKI!

Figure 6.7: Gravitational lensing creating an Einstein ring of a source when it lies directly behind the
lens.

Note that, in general, a lensed image of a source can also have its brightness magnified relative to the
original source. The light beams are subject to differential deflection, which tends to spread them
out. The surface brightness, however, is conserved because the deflection of light does not affect any
of the light’s emission or absorption. Thefefore, if the unlensed source would subtend a solid angle
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Q,, but the observed solid angle is €2, then the magnification factor is

= — 6.80
u Q, (6.80)

For sources and images that are much smaller than the characteristic scale of the lens, we can write
this as the differential area distortion of the lens mapping

op ) -
= |det| — 6.81
b= |de ( -z (6.81)
Or, for a point-mass lens, the magnifications of the two images are
1 Vy*+4
Uy = —( VAT s s Y 2) (6.82)
A\ Vy2+4 y

where y = |f|/6; is a dimensionless parameter 12120,

Measuring the Hubble Constant

For a source that has two or more distinct images, the paths that the light takes to reach us will
have different lengths. Thus, the information we receive from the image with the longer path will
be delayed by some time relative to the image with the shorter path. See the setup in Figure

Figure 6.8: Gravitational lensing where two distinct images are created along paths of different
lengths.

246



The time delay will be related to the difference in path lengths. Relative to a straight path that just
travels along D,, and D,, a path with an impact parameter £ will be longer in each segment by

/— 1 52
ADKS B 52 - Des 2 Dfs (683)

1 52
AD =\/D2+ 2—D, ~ 6.84
¢ 0 g [ 2 D ( )
Then the total difference is
1 D,+ D
== 60— 2( : “) 6.85
—2¢(5 > D&) p(o—py( 2552 (6.85)

where the f is introduced so we measure delays relative to the path that goes straight to the source
(rather than straight to the lens). Converting this into a time delay

1+Z£AD 1+ZeD€D 1

At = A
C C Dy,

S0 =B (6.86)
We also have an additional time delay that is introduced due to gravitational time dilation as the
photons pass through the gravitational potential of the source (Shapiro time delay; see §6/Q97).
This just introduces an additional term, making the total time delay*!®

At =

1+2z, D,Ds [(0 B)?

c D, —1/)(0)] (6.87)

S

where ¢(0) is the 2D lensing potential. Often the prefactor out front is given a special name, the
time-delay distance

1+2,D,D,
D, =—* 1; (6.88)
¢ ls

Now, D, D;, and Dy, are all angular diameter distances, which are proportional to H, 1. Therefore, the
time-delay distance is also proportional to H;". In other words, if we measure the time delay At, we
can estimate the time-delay distance D,, and get an estimate for H,,.

The current state of H, measurements using gravitational lensing time delays puts the Hubble con-
stant at™*!

=73.3"17kms™ Mpc ™ (6.89)

In agreement with many other late-universe methods.
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97. What is the “Shapiro time delay”? Where was it first measured?

The Shapiro time delay is induced by gravitational time dilation when light passes near a gravita-
tional potential well. It can be calcualted from

At, = ”ij—cw_ 1+Z€D@ zp(e) (6.90)

where (@) is the 2D lensing potential’”

. (20
P(0) = D_thJ —dl (6.91)

This effect was first predicted by Shapiro in 1964 and become of the four classical tests of GR:

1. The perihelion precession of Mercury

2. Deflection of stars by the Sun during a solar eclipse

3. Gravitational redshift

4. Shapiro time delay
(gravitational waves and the Hulse-Taylor pulsar came later). It was first measured in 1966 when
Arecibo and Haystack (MIT) send radio pulses to Mercury and Venus when they were on the opposite
side of the Sun relative to us. The light pulses should experience a Shapiro time delay as they pass
through the gravitational potential of the Sun. The measured values matched the predictions with
a delay of 0.2 ms. Measurements of multiple objects at different impact parameters from the Sun

were necessary to break the degeneracy between having a more distant object and a less massive
lens®22123
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98. What is gravitational microlensing, what do we learn from it, and how are
various experiments studying this phenomenon?

For stars, compact objects, and planets in our galaxy, light is typically only deflected on the order
of microarcseconds. This is not resolvable with our current telescopes, but we can still resolve the
magnification produced by lensing (see §6/Q96). This assumes that we know what the unlensed flux
of the source should be, which in general we don’t. However, if a lens happens to be moving relative
to a source such that it passes in front of it, then the magnification changes over time, and we can
compare the magnified flux to the baseline unmagnified flux.

The position of the source can be considered linear during the time intervals we’re interested in, so
the source passes behind the lens, and the distance y(t) = |B(t)|/6; is determined just from the
Pythagorean theorem (see Figure

_ 2
y(t) = \ly§+ (t - to) (6.92)

E

where t; = 0;/6 is a characteristic timescale.

H’ = {'o” f'g
———

LN

Y £ Ye

Figure 6.9: The geometry as the source passes behind the lens and changes the dimensionless distance
y ().

The total magnification as a function of position can be obtained by summing up the magnifications
of the two images from equation ((6.82):

YA () +2

y(Ovy* () +4

uly(t)]= (6.93)

This produces a characteristic light curve with a broad peak that depends on the distance of closest
approach (p = y,). See Figure|6.10*".

What can we learn from microlensing events?

We can obtain the mass of the lens, since the amount of magnification depends on it (6; depends
on M, and y depends on ), however, it is degenerate with the distances D,, D,, and D,,, and the
transverse velocity 0, so these must be known precisely to get an accurate mass estimate. This can
be done with parallax or other distance measuring techniques. We can also measure lensing events
in multiple bands to rule out stellar variability, since the lensing effect is achromatic (whereas stellar
variability is not).
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Figure 6.10: The light curve of a microlensing event for various impact parameters p, shown along-
side the magnification of the source as a function of the transit.

This technique is useful in uncovering the existence of planets orbiting the lens, as they will induce
additional blips in the microlensing light curves (see §2/Q13). Additionally, microlensing can be used
to uncover otherwise “dark” objects (i.e. isolated black holes) in the galaxy, since these objects can
still act as gravitational lenses for background objects.

How are various experiments studying this phenomenon?*2°

Microlensing events are rare and time sensitive, so they require high cadence surveys of many stars
to be constantly monitoring for them. Some examples of these surveys are

* EROS: Searched the SMC, LMC, galactic bulge, and spiral arms from 1993-2002
* MACHO: Searched the galactic bulge and LMC from 1993-1999
* OGLE: Searched the SMC, LMC, and galactic bulge from 1992—present

These surveys were primarily looking for Massive Compact Halo Objects (MACHOs). These are
just massive objects in the galactic halo that do not emit a lot of light (i.e. brown dwarfs, white
dwarfs, black holes, etc.), and they were thought to be one possible explanation for dark matter.
However, these surveys have found that the density of these objects in the galaxy is too low to explain
the required amount of dark matter. In particular, the lensing probability in the direction of the
Magellanic Clouds suggested that only about 20% of the halo mass consists of MACHOs, with a
characteristic mass of ~ 0.5 M,. As a result, this dark matter hypothesis has largely fallen to the
wayside in the modern day, being replaced by the WIMPs (Weakly Interacting Massive Particles)
hypothesis.

Other results from these surveys:
* A couple hundred exoplanet detections have been reported

» The distribution of stars in the galaxy can be measured by analyzing the lensing probability as
a function of direction

* Many new variable stars have been newly discovered and accurately monitored
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* Proper motions of several million stars have been determined based on 20 years of microlensing
surveys

* Some lensing events allow for the measurement of the radius and surface structure of distant
stars, since u depends on the position of the source. For example, if the lens is a binary system,
it can no longer be treated as a point source since the star acting as the lens will be moving
relative to the source and us, so the light curve now depends on the star’s radius.
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99. What is the “weak lensing effect”? How does this differ from “strong lens-
ing”? What are each of these phenomena useful for to astronomers?

Strong Lensing

In strong lensing, the source is visibly distorted and may form an arc, ring, or multiple images. This
requires a very massive lens and is most often observed in galaxy clusters. An example is shown in
Figure[6.11

Figure 6.11: An example of strong lensing of background galaxies. The lens in this case is the galaxy
cluster Abell 2218.

In §6Q96, we only considered simple examples where the lens is a point mass. However, in the case
of a galaxy cluster, this is a terrible assumption. Instead, we have some extended mass density p(&,z)
where & is the 2D vector giving the impact parameter and z is the distance along the line of sight.
We can’t measure the full 3D mass density, but if we assume the lens plane is relatively localized in
comparison to the source and the observer, we can convert this into a 2D mass surface density X:

X(&) = J p(§,2)dz (6.94)
Then, the deflection angle will be given by
N _ ﬁ / g - gl 2/
a(g) = =) JZ(g )—|§—§’|2d 3 (6.95)

We notice that & is effectively a convolution of %(&) with the kernel K(§) o< £/|&|?. Therefore, we
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can look at everything in Fourier space to make the analysis slightly easier
a(k) o< S(K)K(K) (6.96)

We can now quantify the criterion for strong lensing more rigorously. The critical surface density X,
is defined as

¢ D,
Z:crit ==
4nG D,D,,

(6.97)

And the convergence x is defined as the surface density relative to the critical surface density*®

x(0)

x(0) =

(6.98)

crit
If x > 1, then we expect strong lensing, whereas if x < 1 we do not expect strong lensing.
Strong lensing is useful for a number of applications:

* We can use strong lensing to get the total mass of the lens object, but often it is not as powerful
as weak lensing in mapping the spatial distribution of the 2D lensing potential

* High-z sources can be studied because the strong lensing increases the magnification (6.81)),
making them much brighter than they otherwise would be

* Time delays between multiple images can be used in cosmological studies, like in measuring
the Hubble constant (see §6.Q96)

Weak Lensing

In weak lensing, the distortion of the source is...well...much weaker than in strong lensing. For any
individual source, this makes it impossible to determine whether it is elongated due to an intrinsic
elongated shape or due to an extrinsic lensing effect. However, weak lensing can still be distinguished
by using a statistical analysis of many sources in a field of view. There should be no preferred direction
of elongation for intrinsic shape variations, but for lensing distortions, the shapes will all be distorted
in a predictable way. The difference between these two scenarios is highlighted in Figure |6.12

For each galaxy in the image, the first moment of the surface brightness (i.e. the center of luminosity)
is

_ J1e)9de

6.99
[1(6)d26 (6:99)

CM

And the shape of the image is quantified by the second moment, determined by the 2x2 quadrupole
tensor

— fI(O)(Ql - GCM,i)(ej - QCM’j)dZO

y 6.100
’ [ 1(6)d26 (6-100)
Then the ellipticity is
V(Qq —Q,)% +4Q2
|€| — (Qll QZZ) Q]_2 (6101)
Q11+ Qo +24/Q11Q20 — Q12
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Figure 6.12: The difference between intrinsic shape noise and extrinsic noise generated by gravita-
tional lensing effects.

And the position angle ¢ of the ellipse is™®

tan(2yp) = % (6.102)
11 22

Weak lensing is useful for different applications than strong lensing:

* Can be used to fully map the 2D potential/mass of the lensing object. This has been done, for
example, in the Bullet Cluster (Q101).

* The point-spread function (PSF) of the telescope used to observe the galaxies must be well
known, since this also has the effect of smearing out point sources in a predictable way.

* Distance measurements for the background galaxies are also required (i.e. with spectroscopic
redshifts) to break the degeneracies between the lens mass and the distance.
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7 Galaxies
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100. Make a sketch of the Galaxy to scale (top and side views) and indicate
its various features and properties. How are stars, gas, dust, and dark matter
distributed in our Galaxy?

DM halo
et o Stale)

DM hals
tnot t Seale)

Stellor halo

~ S0 kpt

Figure 7.1: Milky Way diagram. Left: Top-view, Right: Side-view.

The galaxy can be decomposed into a few different regions (see Figure [7.1])12%:

* Disk: Composed of cold/cool gas, dust, and young metal-rich stars. Star formation is actively
going on in the spiral arms. The Solar System lies in the thin disk ~8 kpc from the galactic
center. The barred structure is thought to be a recurrent dynamical feature in the disk phase.
Elliptical galaxies do not contain a disk and thus are not actively undergoing star formation.

* Bulge: Composed of older, metal-poor (Z ~1072-1073Z,) stars in dynamically “hot” orbits
around the central SMBH Sagittarius A*. In other galaxies, this may be where an AGN resides.

 Stellar halo: A spherically symmetric halo around the disk with warm/hot gas and older,
metal-poor stars distributed in globular clusters with ~10° stars each. May contain remnants
of mergers with satellite galaxies.

* Dark matter halo: A spherically symmetric halo even larger than the stellar halo that becomes
the dominant feature at large scales. This halo contains just the dark matter.
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101. What observational evidence do we have for dark matter in galaxies and
clusters of galaxies?

Evidence for dark matter spans a wide variety of categories and shows up prominently from sub-
galaxy scales up to the large scale structure of the universe.

1. Galaxy rotation curves™**!?: We can probe the enclosed mass of a galaxy M (< r) by measuring
the circular velocity as a function of radius:

2
r r J r

Measurements of v can be gotten a number of ways. In the Milky Way, H 1 21 cm emission (see
§71Q103) is used. In other galaxies, long-slit optical spectroscopy can be used.

Let’s try to make a prediction about what the profile will look like based on the brightness profile of
the galaxy. We can make a rather naive assumption that the mass-to-light ratio M /L of a galaxy is
constant with radius. This should make intuitive sense, since having more stars leads to more mass
and more light, and any differences in the amount of light produced by a given mass of stars should
not be position-dependent as long as we average over large enough areas (it’s the same stellar popu-
lation). Then, we can measure the luminosity of a typical spiral galaxy by considering an exponential
surface brightness profile with scale height h:

I(r)=I,e™/" (7.2)

Note: See §12.11|for an explanation of the units of I here.

We can integrate over the cross-sectional area to get the luminosity:

L(r)= f dr’'I(r')2nr’ = Zﬂfof dr'r’e™"/ (7.3)
0 0
Integrating by parts (f dvu=uv— f duv):
u=r" — du=1, dv=e"Mdr' — v=—he /" (7.4)
L(r)= ano[ —r'he™"/ ; + fr dr’he_r//h] (7.5)
0
= 2n10[ —r'he™" /M — hze_r//h]r (7.6)
=2mnl,[h?* —he ""(r + h)] O (7.7)
And taking the limit for large r:
lim L(r) = ZnIth = const. (7.8)

r—0o0

Thus, the luminosity becomes constant at sufficiently large radii (i.e. when we reach the outskirts
of the disk so there are no more stars and the gas density goes way down). Then, since M /L is also
constant, the M (< r) implied by the light should also be constant. Again, this makes intuitive sense:
once we reach the edge of the disk and the density of stars/gas goes way down, M(< r) should stop
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increasing.
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Figure 7.2: The rotation curve of the Milky Way measured out to 17 kpct,

Now, we return to the velocity profile. If our assertions are correct, then by ~15 kpc (the radius
of the disk) we should expect M(< r) to become constant, thus the velocities ought to follow an
r~1/2 Keplerian decline (this also assumes the disk is not self-gravitating). However, it has been
observed in the Milky Way (Figure and many other galaxies (by Vera Rubin in the 1970s) that
v(r) remains constant well above this radius! This would imply that instead of M(< r) becoming
constant, M(< r)/r becomes constant, i.e. the mass continues increasing as M(< r) o< r. The only
explanation is that there is some additional mass that is not in the stars/gas and does not produce
any light, which is why it’s called dark matter.

2. Galaxy cluster velocities’“*!2%; By a similar argument to the rotation curves, we can use the
virial theorem to relate the velocity dispersion of galaxies in a cluster to its mass. We make the
assumption that the galaxies in a cluster are virialized, i.e. they are in a stable gravitationally bound
configuration where the system is not losing/gaining any mass or energy. The virial theorem states:
U

2T+U=0 — T:_E (7.9)
We can recast this in terms of the mass and velocity by writing out expressions for T and U, summing
over each galaxy in the cluster:

1 1 Gm;m, GM?
T==)>mvi=-M,(V}) A6 U=— e 7.10
3 2umavt = 5Malv) e (7.10)

R

i<j

Where M, is the total mass, and (v?) and R are some characteristic mass-weighted velocity and
radius for the whole system:

1 m;m;\ 7!
_ 2y _ _+ 2 _ a2 j
M, = Ei m, , (v >_Mvir Ei mv; R—Mvir( E . ) (7.11)

i<j ij
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Which gives

GM; R(v?)
Mvir(vz> = R - — Mvir = G (7.12)
Putting this in terms of observables, we measure a projected 1D velocity dispersion in the radial

direction (o) rather than the full 3D dispersion (v?), so we need a correction of (v?) = (vZ) + (vﬁ) +

(v?) ~ 30? if we assume the velocity field is isotropic. Additionally, the characteristic radius R
represents the average (mass-weighted) separation between two galaxies in our cluster, whereas we
usually want to measure the full radius of the cluster up to some density threshold. We can make a
simple assumption that, on average, a galaxy lands at ~halfway between the center and the outer
edge, such that R ~ R;,/2. Thus, we end up with:

3R, 02
Mvir AN~ — (713)
2 G

The first to take advantage of this relationship in galaxy clusters was Fritz Zwicky in the 1930s. He
used observations of the Coma cluster and obtained o ~ 1000 kms ™. The inferred mass from these
dynamics produces a high mass-to-light ratio. Indeed, typical values in clusters are

M M
—~ 200h70(—®) (7.14)
L L,
which is higher than the typical value in early-type galaxies by a factor of ~10. This implies that a
significant fraction of the mass in galaxy clusters is dark matter. The stars visible in galaxies contribute
< 5% of the total mass in galaxy clusters!

3. Gravitational lensing’?’: The effects of gravitational lensing can be used to probe the mass

of galaxy clusters independently of any kinematics or dynamics, since the deflection angle of light
depends on the mass of the lens (see §6/Q96 and §6/Q99 on gravitational lensing). When in the
weak lensing regime, the distortion effect on galaxies is of the same order or smaller than natural
ellipticities expected in their shapes. However, the intrinsic ellipticities of the galaxies should be
randomly oriented, whereas the distortions from the lensing model should have a preferred direction,
so these two effects can be separated by averaging over the image ellipticities. This measures the
total (dark + luminous) matter in a cluster. Weak lensing of galaxy clusters shows, in agreement
with the dynamics, high mass-to-light ratios.

The Bullet Cluster is a unique case where two clusters have recently collided. In principle, the pre-
vious two results regarding the rotation curves of galaxies and galaxy velocities in clusters could also
be explained by a modification to the law of gravity on large spatial scales, rather than some unex-
plained dark matter component (i.e. MOND). The Bullet cluster provides us with an unambiguous
test for which of these scenarios is correct. The hot X-ray emitting gas in the two clusters contains
much more mass than the stars in the galaxies, and it is heavily affected by the collision. However,
the galaxies themselves are collisionless and essentially pass straight through each other. We would
expect the dark matter component to also be collisionless and trace the galaxies. We can measure
the mass distribution of the cluster using weak gravitational lensing and see where the bulk of the
mass resides. If it’s in the X-ray gas, then the previous results must be due to a modified law of
gravity on large scales, whereas if it’s in the galaxies, it must be due to some collisionless dark matter
component.
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Figure 7.3: Image of the bullet cluster. The X-ray gas is shown in red and the weak lensing mass
model is shown in blue. It is clear that the two distributions are separated, with most of the mass
residing in the galaxies. Credit: ESA.

We see unambiguously that the bulk of the mass resides in the galaxies, clearly displaced from the
X-ray gas, providing unambiguous evidence for dark matter (see Figure 120 Weak lensing can
also be employed on a large number of other clusters to reconstruct the mass density as a function of
radius, obtaining typical mass-to-light ratios that agree with those found by the dynamics (~ 200h,
in solar units; equation (7.14)).

4. X-ray emission in clusters'?®: Provided a cluster has not recently merged like the Bullet cluster,
the hot intracluster medium (ICM) can be assumed to be in hydrostatic equilibrium, in which case
we can use

1dP_ de _ GM(<r)

— 15
p, dr dr r? (7.15)

Where p, is the gas density, but M(< r) is the total enclosed mass, not just the gas mass, since it
comes from the gravitational potential ®. Using the ideal gas law:

P =nkT = 2% k1 (7.16)
um,
kTr (dlnp, dInT
M(<r)=— + 7.17
(<r) G,ump(dlnr dlnr) ( )

Thus, we can obtain the total mass just by knowing the gas density p, and temperature T of the
ICM. The X-rays emitted by the ICM originate from thermal bremsstrahlung radiation, which has as
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emissivity proportional to both the density and temperature (see §5/Q74 on bremsstrahlung). We
can deproject the observed intensity I, into the emissivity using

* i) 1d (7. L(b)b
I,(b)=2 dr— fr)y=——— db—— .18
V( ) b rm — 8V(r) mr dr . b2_r2 (7 )

Forhv < kT, jff depends only weakly on T, so one can derive p,(r) by assuming T (r) = const. (these
assumptions lead to the beta model). Then, using equation to estimate the mass, one obtains
mass-to-light ratios that are very similar to those inferred both by the dynamics and the gravitational
lensing methods. Thus, by the same argument, ~5% of the cluster mass is in the stars and ~15% is
in the ICM, so there must be some dark matter component that makes up ~80% of the mass of the
cluster.

5. Cosmic microwave background: The power spectrum of the CMB can also be used to measure
the dark matter content of the universe. The relative strength of the odd/even peaks in the spectrum
is sensitive to 2, (the baryon density), and the overall amplitude of the whole spectrum is sensitive
to Q,, (the total matter density). Thus, the dark matter can be constrained since the dark matter
density Q. = Q,, —Q,. For more details, see §8/Q129.

6. Large scale structure formation: Dark matter plays a crucial role in the formation of structure in
the early history of our universe. Since dark matter interacts gravitationally with baryonic matter, but
is not opposed by forces like pressure, it allows density perturbations to collapse and begin forming
structure (i.e. galaxies) much earlier in the history of the universe than would have been possible if
only baryonic matter existed. In other words, without dark matter, the epoch of structure formation
would have occurred much later than observed (at about ~ 1 Gyr after the Big Bang). See §8/Q131
and §8Q132 for a detailed account of how density perturbations grow in the early universe.
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102. What are the typical mass ranges of dwarf galaxies, normal galaxies, and
galaxy clusters? Describe a few ways in which we measure the masses of these
different types of systems.

Typical masses for each type of system are given below 17,

Note: For a description of the Hubble classification system and abbreviations, see §71Q109.
» Dwarf galaxies: 10’ —10° M,

- BCD: ~10° M,
— dE: 107 —10° M,
— dSph: 107 —10® M,

 Normal galaxies: 10° — 10" M,

Sa/SBa-Sc/SBc: 10° —10' M,
Sd/SBd-Sm/SBm: 108 —10%° M,
S0/SBO: 10'°—10' M,

E: 105 — 10" M,

cD: 1013 — 10" M,

Im-Irr: 10 —10% M,

* Galaxy groups: 10" — 10" M,
* Galaxy clusters: 10 —10" M,

Measurement techniques for galaxies®'11%:

* Rotation curves: Use the measured velocities (i.e. from spectra), and use M(r) = rvc2 /G for
spiral galaxies.

e Virial theorem: Like above, but use M &~ 3Ro?/2G from the virial theorem for elliptical galax-
ies.

* The Tully-Fisher Relation relates the maximum rotational velocity of a spiral galaxy to its
luminosity: L o< v} (see Q110). Thus, if one measures the luminosity/absolute magnitude
of a galaxy (which requires an estimate of the distance), they can use this to estimate the
rotational velocity, and then use that to get an estimate of the mass. This is useful in the case
that one doesn’t have any spectral information and so can’t get a direct measurement of v, in
which case a photometric redshift (or a standard candle) could be used to make an estimate of
the distance.

* The Faber-Jackson Relation relates the velocity dispersion of an elliptical galaxy to its lumi-
nosity: L o< o?, just like Tully-Fisher for spirals except it’s the velocity dispersion rather than
the rotational velocity. Thus, one can measure the luminosity/absolute magnitude of a galaxy
to get an estimate for o, and then use that to estimate the mass with the virial theorem.

For galaxy clusters’!?120;

e Virial theorem: Like with galaxies, use the virial theorem to estimate the mass M ~ 3Ro?/2G,
only here o is the velocity dispersion of the member galaxies of a cluster rather than the stars
of a galaxy.
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* Gravitational lensing: Use the distortions imparted by strong or weak gravitational lensing
to create a lens model that depends on the mass (i.e. for a point mass the angular deflection
a(§) =4GM/EcH).

* Scaling relations: There is a scaling relation between the total mass and the mass-weighted
X-ray temperature Yy = Ty M,,,. This is because the X-ray temperature T specifies the thermal
energy per gas particle, which for a cluster in equilibrium, should be proportional to its binding
energy:

M

This is essentially a restatement of the virial theorem. Since M o< r3, this gives
Ty o< r? oc M?/® (7.20)

Then, we should also expect M, to be related to the total mass M by some fraction fg,. If we
assume f,,, is constant, then M,,; = f,;M and

Y, o< M°/3 (7.21)

* X-ray emission: Refer to §7/Q101 for a detailed explanation, but in brief, the emissivity of X-
rays from bremsstrahlung radiation in the ICM can be used to get estimates for the gas density
and temperature, which can then be related to the mass of the cluster by assuming the ICM is
in hydrostatic equilibrium. See equation (7.17).
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103. Sketch the rotation curve of our Galaxy, with approximate scales on the
axes. How can information about the rotation curve be determined from 21
cm observations?

Peak. ~ 250 \emnls
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Figure 7.4: The rotation curve of the Milky Way drawn out to 17 kpc.

See Figure also see Figure for the actual data. H 1 21 cm emission is a very useful tool
for mapping the galactic rotation curve because virtually the entire galaxy is optically thin in this
waveband, and the H 1 emission will be Doppler shifted based on the local motions of the gas***}<%,
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Figure 7.5: Left: A mock observed H 121 cm emission line profile with distinct components coming
from clouds A-D. Right: The geometry for the line of sight corresponding to the middle line profile
with clouds A-D."*!

However, to construct the rotation curve we also need distance measurements—the problem is that
distance cannot be directly determined from H 1 21 cm observations, so we have to be a bit clever

about it. If we choose a line of sight that passes through the disk, we can use the so-called tangent
point method.
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* The observed H 1 profile along this line of sight will be a superposition of several gas clouds
going at different velocities at different distances to us.

 If we assume the angular velocity Q2 is a monotonically decreasing function with distance from
the galactic center, then the radial velocity should attain a maximum where the line of sight is
tangent to the local orbit (see point C in Figure [7.5p).

* Under this assumption, the distance from us to this cloud is directly related to the galactic
longitude ¢ and solar distance from the galactic center R, (8 kpc): d =R, cos?.

* And the distance from the cloud to the galactic center (which is what we’re really interested in
when looking at the rotation curve) is just R, = R, sin.

* Then the radial velocity v, is taken from the largest velocity component in the observed H 1
emission (see peak C in Figure [7.5@). Again, under the tangent point assumption, the radial
velocity here is equal to the full velocity.

* (See §7/Q117 for a full description of the galactic rotation in the solar neighborhood relative
to the Sun)
There are complications with using this method:

* Near £ = 90° and ¢ = 270° the method tends to break down because v, becomes rather insen-
sitive to changes in distance from the Sun.

* Within ~ 20° of the galactic center, clouds can start having markedly noncircular motions, so
the assumptions of the tangent point method break down and become no longer valid. This is
potentially due to gravitational perturbations from the central bar.

* The method is not usable at all between 90° < ¢ < 270° (i.e. pointing away from the galactic
center) because there is no unique orbit for which a maximum radial velocity can be observed.

For data beyond R, we have to construct the rotation curve using a different approach. We can use
velocities of globular clusters, but we have to use objects for which we can obtain a reliable distance
estimate (i.e. parallaxes, Cepheids, etc.).
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104. What is the density profile of a self-gravitating isothermal gas sphere?
What is the corresponding rotation curve for this system?

The equation of state for an isothermal (T = const.) gas is the ideal gas law P = pkT /m. Starting
with hydrostatic equilibrium242°:

dp __GM(r)p(r) N k_lenp __GM(r)

- = = .22
dr r2 m dr r2 (7.22)
dlnp GM(r)m
2

=— 7.23
" kT (7.23)

Then differentiating with respect to r and using mass conservation (dM/dr = 4nr?p):

d 2dlnp) 4nGm ,

— 2 = 7.24
dr (r dr kT P (724

Now if we consider the probability density in velocity space, we have a Maxwell-Boltzmann distri-
bution. We consider only one dimension since we can only measure the velocity dispersion ¢ in one
dimension:

2

L \dv, 2
2kT)dv‘ (7.25)

mvy

f(E)dE o< exp(— %)dE —  f(v;)dv; o< exp(—

Compare this to the standard form of a gaussian function with standard deviation o; = o:
v2 kT
exp ( — 2—1) —s ol=— (7.26)

2
i

Plugging this back in, we have

d 2dlnp) 4nG ,
- =— 2
dr(r dr 2 ' P (7.27)

We can guess a power-law solution of the form p = Cr~?, which results in

dl b d G
w2 S br)=—b — b= TG b (7.28)
dr r  dr o2
2
b=2, C= 2(7j'cG (7.29)
Giving us a density profile for the isothermal sphere of
2
o
p(r)= Y (7.30)
This is a simple r~2 power law (see Figure .
Using the Poisson equation to back out a potential:
or 10 ([ ,09) 20°
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Figure 7.6: Plot of the density profile of an isothermal sphere.

Integrating twice, we have

r25‘_<1> = f dr20?=20%r+A
or

202 A A
<I>=Jdr(i+—)=2021nr——+3
r

r r2

Choosing A= 0 to prevent ® from blowing up as r — 0 and B = —202Inr,

®(r)=20%In (L)

T'o

This results in a velocity profile that is flat and independent of radius:

2 do 202
Y =222 _, v(r)= V20
r dr r

Another way of seeing this is calculating the mass, which we see becomes proportional to r:

2

M(r)= J dranr?p(r) = z%r
0

Thus, v2 = GM /r = 202, as before.
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105. What is two-body relaxation? For a self-gravitating cluster of N objects,
each of mass m, with a velocity dispersion o, what is the relaxation time? How
long does it take for a massive object (M > m) to sink to the bottom of a cluster
potential well?

Two-body relaxation is the gradual process by which a system becomes virialized over time by
numerous 2-body interactions between particles in the system, driving the system to a stable equi-
librium state where it no longer expands or contracts. Each 2-body interaction can be categorized
as a “strong” or a “weak” encounter based on how close the 2 bodies get to each other and how
much they affect each other’s velocities. In a typical statistical mechanics example, like a collisional
gas, the interactions between particles (gas molecules/atoms) are dominated by short-range (strong)
interactions (i.e. collisions) governed by electromagnetic forces. Since the forces are short-ranged,
the molecules travel at nearly constant velocity between interactions. However, stars in a galaxy are
fundamentally different because the gravitational force is always attractive and thus acts on long
ranges. Assuming a constant density of stars, the gravitational force per spherical volume goes like
r~2x r3 =r, so the most distant stars actually dominate the dynamics. Thus the stars will accelerate
smoothly and gradually in response to density fluctuations at different points in the galaxy. Note
the similarities and differences between the following derivation and the derivation done for
bremsstrahlung radiation in §5/Q74.

For stars in a galaxy, strong encounters are extremely rare since the gravitational effects of the closest
companion stars is sub-dominant. Weak encounters are much more common, with each one only
slightly perturbing the velocity of the star. Because of this, the relaxation times for 2-body relaxation
of a stellar population in a galaxy are unphysically large (orders of magnitude larger than the age of
the universe). To see why, let’s try to estimate it.

Subject
star m >

FJ_ s\

[ ]
[ ]
[ ]
1
F :
[ ]
9 '
‘ ]
s
*% Field
star m

Figure 7.7: Diagram of a gravitational encounter between two stars*

What is the relaxation time?'2°12” For any encounter (strong or weak), the change in velocity
6v = |6v| can be estimated by assuming a star of mass m passes by another star of the same mass
(for simplicity, taking m as some average stellar mass). We also assume the second star is stationary
such that the deflection 6v L v, and 6v < v (see Figure|7.7).

Then, the component of force perpendicular to the direction of motion (where x = vt) is

P Gm? o Gm*b Gm? (7.38)
LTz T T (b2 x2p2 T b1+ (ve/bR P '
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Using Newton’s second law:

ov 1 (7% Gm (7% ve 232
Flf\,ma —> 5V—;J_OO thJ_—F N dl'|:1+(?):| (7.39)
Using a substitution s = vt /b, dt = (b/v)ds:
+00
Gm ds 2Gm
Sy = — — 5 §yv= .40
Y J_OO (1+52)3/2 Y (7:40)

(where the integral can be solved with the substitution s = tanu, ds = sec? u du).

Figure 7.8: The shell sweeped out by a star as it travels along and interacts with other stars’,

Now we consider a star that undergoes a number of these encounters as it travels along its orbit. It
sweeps out the area of a cylindrical shell 2tbdb over a length vAt, having gravitational encounters
with n stars per volume of the shell (see Figure|7.8). Thus, the total number of encounters is

N =2nbdbvAtn (7.41)

And each encounter changes the velocity by 6v given by (7.40). The star makes a random walk
through the galaxy, so after some number of encounters, while its average perpendicular velocity is
0, is variance is not, i.e.

bmax 2Gm 2
Avtzot = Z(5vi)2 S J db (ZﬂbVAtn)(W) (7.42)
i bmin

8nG?m?nAe (7™ db
= — (7.43)

v bmin b

*m’*nA b

_8nG ’v“ nat ln( bma") (7.44)

The minimum and maximum impact parameters can be estimated as by, ~ Ry, and b, ~ 2Gm/ v?
(i.e. setting 6v = v in for strong interactions). This evaluates to InA ~ 25 (where A ~
Rv?/Gm ~ N). Then we can estimate the relaxation time by setting Av,,, = v, i.e. the change in
velocity imparted by the interactions is of the same order as the star’s velocity (v ~ v, ):

2,2 3
5 8mG M nIn At g0y v

o~ t N———— 7.45
Y v relax ™ g rG2m2nln A ( )
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Substituting N = #7R®n and (v?) = 0> = GNm/R from the virial theorem

N 30°
n= = (7.46)
in(GNm/o?)?  4nG3N2m?®
We have:
_ GN’m 5
Erelax A 603 1InN < (7.47)
Or, in terms of the crossing time t ., & R/oc = GNm/o>:
N
Lrelax A2 mtcross (7.48)
These relaxation timescales are unreasonably large for a typical galaxy where N &~ 10" and ¢, & 10

Gyr (SO t,ax ~ 10° Gyr), whereas they can be reasonable for globular clusters with N ~ 10° and
teross & 1 Myr (SO t,o.x ~ 1 Gyr). Thus, the stars in a galaxy must relax in some other way, i.e. violent
relaxation (see Q113). However, 2-body relaxation is feasible for the gas since, as explained, its
collisional interactions are fundamentally different.

Sinking to the bottom of a potential well**®. The free-fall timescale can be calculated by using
conservation of energy. Say a particle falls from initial radius r, to some smaller radius r:

1 1 1 1 1 8
—mv(r)? =GMm(———) — =2GM(———) = —TEGTSP(E_l) (7.49)
2 ror ror 3 r

We can integrate this from r = r, to r = 0 to find the free-fall time

0 t
dr/r, 8n f !
—— = \| —G dt (7.50)
Jro Vro/r—1 \ 3 P 0
37
tee =
fr \ 32Gp

(7.51)

The integral is a bit tricky and requires trig substitutions to solve. But what one can notice is that
the integral is dimensionless, so we can say the integral is some constant of order unity and drop it,
along with the other constants, to get

tff ~N — (752)

(one can also use dimensional analysis to arrive at the same result). Then, rewriting in terms of N,
m, and o:

R3 (GNm)3 GNm InN
ty ~ ~\ (7.53)

GNm GNmo® i = ocN i~ ‘

o3 ] N relax

Thus, tg is a factor of ~ N smaller than t,,,,, meaning a massive object will sink before having any
strong encounters.
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106. What is the “Local Group”?

* SextansB
* Sextans A

* NGC 3190
* Antila Dwarf

NGC 185 = =
. - NGC 147

M1 '. Andromeda Galaxy (M31)
*M32

* Andromeda |

33) & Andromeda ||
- Andromeda

= Pisces Dwarf

Aquarius Dwarf
5agDIG.

Figure 7.9: Map of the Local Group. Credit: SpaceWiki.

The Local Group is the galaxy group that the Milky Way belongs to!' (see Figure . There are
about 35 other galaxies within ~1 Mpc of the Milky Way that are part of the Local Group, and its
zero velocity surface (where galaxies would turn around if their velocities were suddenly directed
outwards) is ~1.2 Mpc from its barycenter. The most prominent member galaxies are:

* The Milky Way
¢ Andromeda (M31)
* The Triangulum Galaxy (M33)

The next most luminous are the Large and Small Magellanic Clouds, which are 2 of the 13 irregular
galaxies in the Local Group. Finally, the rest are very small and faint dwarf ellipticals and dwarf
spheroidals. These have all accumulated around the Milky Way and Andromeda.

The Milky Way and Andromeda are also approaching each other with a relative velocity of 119 kms™?,

and they are about 770 kpc apart, meaning they will collide in roughly 6.3 Gyr. The total mass of
the Local Group is ~ 4 x 10 M, with a mass-to-light ratio M/L = 57(M,/L,). Compared to
M/L ~ 3(M,/L,) for the luminous matter in the Milky Way. This suggests there is a large fraction
of dark matter in the Local Group.

Why is M/L # 1 for the baryonic matter in the Milky Way? It would be if all of the stars were
Sun-like, but the initial mass function favors low-mass stars, which have much lower luminosities.
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107. What is the morphology-density relation for galaxies? Give several possi-
ble explanations for this trend.

The morphology-density relation is a correlation between galaxy morphology and the density of
the environment they tend to be found in. Specifically, early-type galaxies (ellipticals) tend to be
found more commonly in denser environments (like galaxy clusters) compared to late-type galaxies
(spirals), which are more commonly found in less dense environments'%” (see Figure .
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Figure 7.10: The morphology-density relationship%Z.

This correlation was realized as early as the 1930s by Edwin Hubble and Milton Humason, but was
quantified more accurately by Alan Dressler in the 1980s. He found that the fraction of spiral galaxies
decreases from ~60% in the lowest density regions to ~10% in the highest density regions, while
the elliptical fraction shows the opposite behavior.

Potential explanations®’”: In the standard paradigm, galaxies are believed to form as spirals, and
major mergers can convert them into ellipticals. However, if the gas around an elliptical merger
remnant is able to cool, it may form a new disk. Thus, there are two potential explanations for why
galaxies in clusters are preferentially early-type:

1. More massive halos experience more major mergers

2. Gas is not able to cool as efficiently in more massive halos

At first glance, 1 seems reasonable (denser environments lead to more mergers), but this is actually
incorrect. CDM cosmology predicts halos of all masses to have very similar average merger histories.
To see why, consider this: the typical velocity dispersion of galaxies in a cluster is much larger than
the typical internal velocity dispersion of each galaxy. So all encounters are “high-speed” encounters
from the perspective of the galaxies, making them unlikely to become merger events. Instead, 2 is
the most likely explanation. This may be the result of AGN feedback heating the gas, or it may be a
result of the gas in these environments being evacuated due to ram pressure stripping.
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108. What is the “Schechter luminosity function”? What is the luminosity of a
typical bright galaxy? How does the luminosity function of galaxies compare
to the mass function of halos from simulations?
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Figure 7.11: The Schechter luminosity function®”,

The Schechter luminosity function is a function that gives the number density of galaxies with
luminosities between L and L + dL. It is defined as’%/12°:

¢(L)dL = %(i)aexp(—i)dL (7.54)

where a ~ —1.1, ¢, ~ 5 x 107°h3 Mpc™>, and L, ~ 3 x 10" L, (see Figure . Note that these
parameters are just approximations for the general galaxy population of the unverse—in reality, the
luminosity functions of galaxies in different clusters and fields can give different parameters. It’s
defined such that integrating over dL gives the mean number density n (galaxies Mpc™3):

n= JoodL ¢(L)=¢. T(a+1) (7.55)
0
And integrating ¢ (L)L gives the mean luminosity density £ (L, Mpc™3):
£ = JOO dL ¢ (L)L = ¢, L.T(a+2) (7.56)
0
The luminosity of a typical bright galaxy is given by L, ~ 10'° L, (which is also ~luminosity of the

Milky Way).

Halo mass functions from simulations (i.e. see question on Press-Schechter theory; §7,Q119) typi-
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cally follow a more simple power-law trend where

d M™2 M<M,
" oc{ (7.57)

dM |0 M>M,

SNe
1 = Leedoude

~ AGN

<5
g
9
8 Leedboes.

ldgL. IOJM

Figure 7.12: The Schechter function compared to the halo mass function from simulations.

This shows that there is an underprediction of the galaxy number density both at the low end and
high end of the luminosity function. Both are thought to be due to suppressed star formation, but
for different reasons. The suppression at the low end is thought to be caused by feedback from
supernovae, which blows out gas that is needed to form new stars. The suppression at the high end
is thought to be due to AGN feedback, which can similarly blow out gas and dust**.
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109. Describe Hubble’s classification scheme for galaxies and explain why it is
useful.

Figure 7.13: Hubble’s tuning fork diagram™

Also known as the “tuning fork” due to its two-pronged shape (see Figure [7.13)), the Hubble se-
quence subdivides galaxies into three main categories, with some further subdivisions, based on
their observed morphologies*:

 E: Ellipticals

— S0/SBO: Lenticulars (transitional between E and S; may also have a bar)

 S: Spirals
— S: Normal Spirals
— SB: Barred Spirals

e Irr: Irregulars

Ellipticals are spherically/ellipsoidally distributed with red colors indicative of older stellar popula-
tions. They are pressure supported with random motions, and they have relatively little gas and dust.
Their brightness profiles follow a de Vaucouleurs distribution. They span a huge dynamic range in

mass (see §71Q102).

Spiral galaxies have a disklike structure with blue colors indicative of younger stellar populations.
They are rotationally supported, and have much more gas and dust than ellipticals. Their brightness
profiles follow an exponential distribution. They tend to span a smaller range in physical properties
than ellipticals do (i.e. mass, see §71Q102).

Thus, the Hubble sequence is useful in categorizing general trends in the galaxy population (support,
color, age, gas content, brightness profile, mass, etc.) simplying by looking at morphologies.

E’s are further subcategorized based on their ellipticity (how elongated they are):

* EO: Nearly spherical

!
* E7: Highly elongated
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S/SB’s are further subcategorized based on their bulge-to-disk ratio (Lpyge/Lais), how tightly wound
their spiral arms are, and how smoothly distributed the stars in their arms are:

* Sa/SBa: Most prominent bulges (Lyyge/Laisx ~ 0.3), most tightly wound arms (pitch angles
~ 6°), smoothest distribution of stars

!

* Sc/SBc: Smallest bulges (Lyyge/ Lgisk ~ 0.05), most loosely would arms (~ 18°), most clumpy
distribution of stars
Irr’s are subcategorized based on if there are any hints of some organized structure:
* Irr I: Some hint of an organized structure (i.e. spiral arms)
 Irr II: Absolutely no hint of organization at all
The Irr subclassification has since been eliminated in favor of classifying Irr I's as a further extension
of the S’s up to Sd/SBd, Sm/SBm, and Im. These tend to be much less massive than the Sa-Sc

types and are thus sometimes referred to as dwarf spirals. The truly irregular galaxies are then just
designated as Ir.

Another modification has been the subdivision of SO’s based on how much dust absorption is in their
disks:

* S0,/SBO;: No discernable dust in the disk
!

* S0,/SBO0,: Significant amounts of dust in the disk

Thus, the full modern sequence is:
* EO, E1, ..., E6, E7, S0O;, SO,, S04, Sa, Sab, Sb, Sbc, Sc, Scd, Sd, Sm, Im, Ir
* EO, El, ..., E6, E7, SBO,, SBO,, SBO;, SBa, SBab, SBb, SBbc, SBc, SBcd, SBd, SBm, Im, Ir

Alternative names for things

* Sometimes ellipticals are referred to as “early-type” galaxies while spirals are “late-type”
galaxies. This terminology is primarily used by boomers and Katiya Fosdick. It originates from
the fact that Hubble thought the tuning-fork diagram could be interpreted as an evolutionary
sequence of galaxies, from ellipticals to spirals. We know today that this is not correct, and in
fact the true evolutionary sequence likely goes in the opposite direction.

* Sometimes elliptical/spiral galaxies are referred to as “spheroid”/“disk” galaxies by hipsters.

Dwarf galaxies*!'}%”: Dwarf galaxies have a diverse structure and do not tend to fall cleanly into the
Hubble sequence, thus they have their own classifications:

* dE: Dwarf Ellipticals
* dSph: Dwarf Spheroidals
* BCD: Blue Compact Dwarfs
Dwarf ellipticals and dwarf spheroidals tend to be gas-poor systems with no young stars and low

metallicities. BCDs, on the other hand, are gas-rich, and as the name suggests, are unusually blue,
suggesting vigorous star formation.

There are also cD galaxies—see §7}Q111 for a description.
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110. What is the “Tully-Fisher relation”? Derive this relation beginning with
the virial theorem and using simplifying assumptions about galaxies. How can
this relation be used to determine H,?

The Tully-Fisher relation is a scaling relation between the luminosity L and maximum rotational
velocity v, of a spiral galaxy that says L o< vf. This only works for spiral galaxies. We can derive
this by starting with the virial theorem*+*

2T+U =0 (7.58)

We can write out the kinetic and potential energies in terms of a sum (i.e. over each star in a galaxy),
which we can then rewrite in terms of some characteristic velocity v, and radius R, (see §7,Q101 for
a detailed explanation of this part):

5 GM?
T=2Mvc , U=— R (7.59)
Such that
GM

(4

Now we need to relate M and R, to the luminosity L, which we can do if we make some simplifying
assumptions. Let’s assume that the galaxy is disk-shaped and is fully face-on such that its luminosity
is given in terms of its average surface brightness I, (luminosity density) by

L
L~nR, — R, ~ — (7.61)
0

Now let’s also assume the galaxy has a constant mass-to-light ratio ' = M /L. Then, we can write

(7.60) as

GI'L
vz ~ =

——=GI'y iyl 7.62
c \/TTCIO Ty ( )

Therefore,
1 4
~——V 7.63
GI?rl, ¢ ( )
Assuming I' and I, are constant, then we get the Tully-Fisher relation
Locvt| — |v.=220km s_l( ) (7.64)
¢ 1010

Where in the second equation values for the Milky Way are used as the normalization. The Tully-
Fisher relation can be used as a distance indicator since the intrinsic luminosity L can be compared
to the observed flux F via L = 4nd’F (where d; is the luminosity distance). The recessional velocity
is easily obtained from the redshift. Thus, one can measure an object’s redshift and v,, back out L
from the Tully-Fisher relation, and get the distance and recessional velocity. Then one can measure
Hy,=v,/d.
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111. What are cD galaxies and where are they found? How might they be
formed?

cD galaxies™: An extension of the elliptical class, these immensely bright galaxies are giant, some-
times up to 1 Mpc in diameter. The “D” here stands for “diffuse.” They have a central region with high
surface brightness surrounded by an extended, diffuse envelopse of much lower surface brightness.
Hence, they typically have best-fitting Sérsic indices > 4. They are the most massive known galaxies
with stellar masses in excess of 10'* M,, and may exceed mass-to-light ratios of 750h,,(M,/Ls),
implying vast amounts of dark matter.

They are typically found as the Brightest Cluster Galaxy (BCG) of large, dense galaxy clusters,
located at the center of the cluster. This introduces some ambiguity in the outskirts of the galaxy
as to where exactly the boundary should lie between the envelope that’s part of the galaxy and the
‘intracluster light’ (ICL) composed of stars that belong to the cluster rather than one particular galaxy.

They are thought to have formed through the accretion of multiple galaxies in a cluster, in a process
known as “galactic cannibalism.”

* The velocity dispersion of galaxies in a cluster is typically much larger than the internal velocity
dispersions of the galaxies themselves. Thus, galaxies in a cluster are unlikely to merge because
they only experience high-speed encounters.

* There is one exception—dynamical friction causes the galaxies to lose energy in each interac-
tion, causing them to gradually “sink” towards the center of the gravitational potential well of
the cluster, which is where the central galaxy resides.

* Thus, over time, the central galaxy will tend to accrete these galaxies that have lost too much
energy from dynamical friction.

* The dynamical friction timescale is shorter for more massive galaxies, so massive satellites will
tend to be accreted first.

Nearby cDs frequently appear to have multiple nuclei, supporting this accretion scenario.
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112. What is the “Faber-Jackson relation” for elliptical galaxies? How is this
different than the “fundamental plane” for elliptical galaxies?

The Faber-Jackson relation is a scaling relation between the luminosity L and velocity dispersion o
of an elliptical galaxy that says

L o< ot (7.65)

This only works for elliptical galaxies (or the bulges of spiral galaxies). Note the similarities
and differences with the Tully-Fisher relation for spiral galaxies (L o< vc“). The power law index (4)
is the same, but here we are using the velocity dispersion o instead of the rotational velocity v,. It
can be derived the same way that we derived Tully-Fisher in §7,Q110. The Faber-Jackson relation
notably has a high scatter since it covers a galaxy population with such a diverse range of properties
(elliptical galaxies have a larger dynamic range in properties like mass compared to spiral galaxies).

To address the larger scatter, a more accurate scaling relation was developed called the Fundamental
Plane which uses both the velocity dispersion o and the effective radius of the galaxy R,. One
representation of this relationship looks like:

L o< o*%R>% (7.66)

In this context, galaxies can be visualized as residing on some 2-dimensional “surface” within the
3-dimensional space of o, R,, and L.
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113. What is a violent relaxation? How does the phase space distribution func-
tion it produces differ from that of an isothermal gas? How does the timescale
for violent relation compare to that for weak 2-body interactions?

Violent relaxation is the process by which stars’ energies are changed by being in a potential ® that
varies over both time and space. A star can gain or lose energy by passing through a potential well
that is becoming shallower or deeper over time (see Figure [7.14). How a star’s energy changes in

general will depend in a complex way on the initial position and velocity of the star, even during a
simple spherical collapse. The overall effect is to spread out the range of energies of the stars12%:112,

V v V no relaxation
particle loses
energy
particle gains

V V .

Figure 7.14: Examples of particles in a time-varying potentiall%

Phase space distribution function: Consider the energy per unit mass of a star & = E/m:

1
Differentiating:
d6 _dedv  dde .68
dt  dvdt dédt '
For conservative forces, dv/dt = —V®:
d& de
— =—v-V®+ — .6
dt v dt (7.69)
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And using the chain rule:

@ _ondx o8 _ o, 20 770
dt oxdt adt dt '
Therefore,
d¢ 0o
- 71
FTRiEY: (7.71)

This shows that the change in energy is independent of the mass of the star. This is in contrast
to statistical mechanics where collisional relaxation tends to pump energy from the most massive
particles to the least massive particles, establishing the equipartition of energy and causing more
massive particle to tend to sink towards the center of the potential. Thus, an isothermal gas follows a
Maxwell-Boltzmann distribution whereas the phase space distribution of violent relaxation is more
uniform197126,

Timescale'?127; The timescale of violent relaxation can be estimated by averaging the change in
energy over all particles:

&2 1/2 o2 1/2 o 7
“\tagrarr/ “\@eaez! — |™""\Gearz/ ~ 72

Where in the penultimate step we estimated & ~ & for any given star. This is similar to the free-fall
timescale t since it is the timescale over which the potential changes during the collapse. Therefore,
the timescales for violent relaxation are much faster than those of 2-body relaxation and are feasible
for the virialization of galaxies and galaxy clusters. The proportionality with N comes from (7.53).
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114. Why do some galaxies have prominent spiral structure and others do not?
Briefly describe the density wave theory of spiral structure.

Figure 7.15: Illustration of the spiral winding problem™. Points A, B, C, and D start out in a line and
are tracked over time as they rotate at different speeds, creating spiral arms that quickly wind up.

We can try to explain the spiral structure by differential rotation in the galactic disk. That is, because
stars and gas closer to the galactic center rotate faster and those further out rotate slower, it presum-
ably should lead to the natural formation of the spiral arms. This would mean that the spiral arms
are material arms consisting of the same fixed set of stars, gas, and dust. Under this assumption, the
timescale for one rotation is

ty = — =21\ — (7.73)
v

With typical numbers, r ~ 10 kpc and M ~ 10" M, so t,,, ~ 10% yr. Over the age of the universe,
these spiral arms should have rotated ~10s to 100s of times. However, after only a few rotations this
would result in the spiral arms getting too wound up and the spiral structure would be lost. This is
known as the “winding problem” (see Figure 1,

The Lin-Shu Density Wave Theory'! suggests that spiral arms are quasistatic density waves. In
other words, the spiral arms are not material arms consisting of the same set of identifiable stars and
gas clouds. Instead, they are regions in the galactic disk with densities greater than average, perhaps
10-20%. Stars and gas clouds pass through these density waves during their orbits like cars moving
through a traffic jam.

Stars closest to the center of the galaxy will tend to orbit faster than the density waves, passing
forward through them. The increase in density can then cause some gas clouds to collapse and form
new stars. Further out, there is a point in the middle of the galaxy where the orbital periods of
stars and gas are equal to that of the density wave. Further out still, the orbits of the stars and gas
will become slower and thus they will pass through the density waves in the opposite direction (see
Figure(7.16).

How do these density waves form? The density wave theory eliminates the winding problem, but
then introduces the new question of how these density waves can be formed in the first place, which
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Figure 7.16: Illustration of the spiral arms as density waves in the observed frame S where the density

wave has angular speed Q,,, and the corotating frame S” where the density wave is staticY,

has been the subject of extensive research since this theory was first proposed by Lin and Shu in the
1960s. We can consider a simplified picture of how this can arise by looking at the orbits of stars in
a disk-like galaxy. The stars can be thought of as orbiting in an effective potential & 4:

J2
cI)eff(r"z) = @(T‘,Z) + = (774)
2r2

using cylindrical coordinates, where @ is the gravitational potential and J, is the angular momentum
in the z-direction per unit mass. Then the equations of motion are
ad‘)eff a(I)eff
f=——, §=—— (7.75)
or ’ 0z

The most simple solution is circular motion inside the midplane of the galaxy, where the & deriva-
tives are both 0 (we’ll call this potential ®.¢ ). To find a more general solution, we can consider
perturbations around this solution using p = r —r,, where r,, is the radius of the minimum energy
orbit. Then, Taylor expanding ®.4:

P oii(1,2) = B + —— —= ——= ——8| pP+—=| 2 +... (7.76
ert(12) efbm 5 Oz 20roz| 2 0r2 2 022 | ( )
Because of how we chose the minimum orbit, the first order derivatives are all 0. Then if we define
2%d 2%®
ki=— 2 (7.77)
ar? | 0z2 |,
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Figure 7.17: Left: A schematic of an orbit with epicycles. Right: The orbits of many stars viewed in a
frame that rotates at an angular speed with n =1 and m = 2 (' = Q —k/2). The residual epicycle
motions are shown in different configurations where (a) they have the same orientation, and (b)
they are rotated relative to each other'!,

We have

1 1
Dopr N Dgy T §K2P2 + 5 vz? (7.78)

which results in

pr~—xp , En—1g (7.79)
In other words, the most general solution allows for simple harmonic motion in the r and z direc-
tion around the circular orbit, leading to epicycles (see Figure [7.17| left). « is called the epicycle
frequency and v is the vertical oscillation frequency.

If we view these orbits in a frame that corotates with the orbital frequency €2, then the stars will
just be performing their epicycles around a stationary point, and the orbits will be closed. However,
we can still achieve closed orbits in a frame where the star completes n orbits for every m epicycle

oscillations (where n and m are integers). In this case, the angular frequency of the frame is given
by

Q@ =0-"x (7.80)
m
and the orbits in this frame will look like ellipses or rose petal patterns depending on the values of n
and m chosen. A particularly enlightening choice is n = 1 and m = 2, which shows residual epicycle
motions that increase in density in such a way that they can create either bar-like structures or spiral
arm-like structures depending on how the orbits are rotated relative to each other (see Figure|7.17,
right). Resonances can also develop between 2 and 2’ that allow stars to tend into these patterns.
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115. How many globular clusters does our Galaxy contain? How are they
distributed in space? What fraction of the total mass of the Galaxy do they
contain?

The Milky Way is known to contain at least 150 globular clusters with distances ranging from 500
pc to 120 kpc. They are distributed nearly spherically around the galactic center. The vast majority
of these have been found within 42 kpc, with only 6/150 having further distances between 69-123
kpc. Older metal poor clusters with [Fe/H] < —0.8 exist in an extended spherical halo, while younger
metal rich clusters with [Fe/H] > —0.8 have a much flatter distribution and may even be associated
with the thick disk. The total estimated mass of all the globular clusters is ~ 107 M, which is a
negligible amount of the total galaxy mass of ~ 10'*> M, (a fraction of 10~ or 0.001%)"L.
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116. A globular cluster at a distance of 10 kpc, containing 10° stars, subtends
an angle of 1/3 arcminute. Estimate the velocity dispersion among its stars.

Note: This question is approached from the perspective of not having a calculator, so all calculations
should be able to be done quickly in your head.

We can use the virial theorem to estimate the velocity dispersion:

\ l GM

The size R can be found using the distance and angular size:

R=6d=(1/3x60)"x10 kpc = 200,000 AU (7.82)
200,000AU ~ 1pc~ 3 x 10 cm (7.83)

In the first line we used the definition of a parsec:
0["]xd[pc] =D[AU] (7.84)

And in the second line we recalled the conversion:
206,265AU = 1pc (7.85)
The mass M can be approximated using the number of stars and average mass of a star (m) ~ 0.5 M:
M ~N{m) =10°x0.5M, ~ 0.5 x (2 x 10¥ g) x 10° ~ 10* g (7.86)

Plugging in everything in CGS units (and approximating G):

(6 x10-8) x 10%° (31-18)/2 -1
o~ \J 3% 105 ~ V2 x10 cms A (7.87)
~1.5x10%°cms '~ 1.5%x3x 10°cms™* (7.88)
Thus
o ~45kms! (7.89)
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117. What are the Oort A and B coefficients and what basic information about
the Galaxy can be determined from them? What are the four types of observa-
tions that go into constraining these coefficients, and how precisely are each
measured by current technology.

Figure 7.18: A map of the galaxy showing the relevant geometry for showing the relative velocities
of a star of the Sun

The Oort constants™ are a set of 2 parameters (A and B) that describe the differential galactic
rotation in the solar neighborhood. They were defined in a specific way by Oort such that they
could be constrained and studied by making observations of the velocities, distances, and galactic
longitudes of nearby stars in the solar neighborhood. Thus, the Oort constants provide a direct
relationship between these three quantities. We can derive this relationship, and the functional form
of the Oort constants themselves, by using the geometry in Figure The velocity components of
the star relative to the Sun are

V, =V, — Vo, = V,C080—V,sin{ (7.90)

Ve =V, — Vo = V,Sina— Vg cos/ (7.91)
We can also note a few congruencies:

rcosa =r,sinf (7.92)
rsina =rycos{ —d (7.93)
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Then, rewriting v, and v, in terms of the angular velocities Q = v, /r and Q, = v, /r,:

Vv, = V*Esinﬁ — Vg sind = (Q—Qy)rysin’ (7.94)
r
d
v, = v*E cosl —vgycosl —v,— = (Q2—Qy)r,cosf —Qd (7.95)
r r

Now if we assume Q(r) is a smoothly varying function over r, we can do a Taylor expansion about
o

(r—ro)+... (7.96)

o

0(r) = () + 3
:

Thus we can get an approximate value for 2 — , by taking the first order term:

dQ

(r—rp) (7.97)

o

We can also get an approximate relationship between d and r, — r from the figure by assuming that
d < r,, i.e. we restrict ourselves to only the solar neighborhood:

ro—r ~dcos/ (7.98)
We also recall some trig identities:

2sin 6 cos @ =sin26

7.99
2cos?’6 —1 =cos26 ( )
Using (7.97), (7.98), and (7.99), we have:
dQ i .
vV, >~ ——| rodsinfcosl =——=—| rydsin2( (7.100)
T 2 dr o
, 1dQ
v, > ——| rodcosl—Qd =5q rod(cos2f +1)—Qd (7.101)
r
T'o ro
Finally, we can define the Oort constants A and B:
1 dQ
A=——r,— .102
2 To dr o % )
1 dQ
B=—ro,—| —Q .103
2 o dr o (7 )
We can also write these using the linear velocities instead of the angular velocities:
dQ d /(v 1 dv Vo
Se 22y 22 7.104
dr|, dr(r)rO rodr|, 13 ( )
0 0
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Such that:

1(dv vo)

A=—|—| —— .105
Z(dr w To (7 )
1(dv vo)

B=—| — — .106
Z(dr ro+ . (7.106)

Then we can write the velocities in terms of A and B:

v, >~ Ad sin 2/ (7.107)
v, >~ Ad cos2{ + Bd (7.108)

Therefore we see that A describes the velocity shear (d2/dr) whereas B describes the overall galactic
rotation (2), and we have a relationship between these parameters and the observable quantities v,,
v, d, and £. We can use a combination of these parameters to get more physical quantities:

d
Q,=A—B , d—: =—(A+B) (7.109)

o

And we can constrain these parameters using (7.107)) and (7.108) with measurements of

1. Radial velocities (v,) — from stellar spectra

2. Tangential velocities (v,) — from proper motions (i.e. from Gaia)
3. Distances (d) — from parallaxes (also from Gaia)
4.

Galactic longitudes () — from where they are in the sky
Current best measurements of the Oort A and B constants are from the Gaia DR2 mission2”:

A=15.1£0.1kms 'kpc ' , B=-13.4+0.1kms *kpc " (7.110)
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118. Define the following simple “laws” and “profiles” and for what galaxy
component or galaxy type each is most relevant: Sérsic, de Vaucouleurs, expo-
nential, Einasto, NFW. Describe where observational data deviates from these
idealized profiles.
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Figure 7.19: The Sérsic profile for different values of n ranging from 1 (bottom) to 10 (top). The
blue line corresponds to an exponential profile (n = 1) and the orangle line corresponds to a de

Vaucouleurs profile (n = 4).

Sérsicl0:

I1(r) = I, exp{—b,[(r/r,)"" =11} (7.111)

where r, is the effective radius, I, is the surface brightness at the effective radius, and n is the Sérsic
index. The exact value of b, is determined such that half of the total luminosity is contained within
r, (assuming spherical symmetry), but an approximate formula is b, >~ 2n — 0.324. This profile is
quite flexible and can fit the surface brightness profiles of different galaxy components depending on
the value of the Sérsic index. For elliptical galaxies or bulges, n ~ 2—4, while for disks, n ~ 1. Since
this is fitting the surface brightness, the profile only traces luminous matter (not dark matter). A plot
of the Sérsic profile for different values of n is shown in Figure[7.19

de Vaucouleurs*2°:

I(r) =1, exp{—7.669[(r/r,)"*—11} (7.112)

This is a special case of the Sérsic profile for n = 4. Thus, it is best at fitting elliptical galaxies and
bulges.

Exponential 4

I(r)=1I,exp(—r/ry) (7.113)
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This is another special case of the Sérsic profile for n = 1, but has been redefined in terms of an
exponential scale length r; and intensity at the scale length I;. Thus, it is best at fitting disks. Spiral
arms may cause bumps in the brightness profile at certain radii that are not fit well by this profile.

Density profiles
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Figure 7.20: A comparison between the Einasto (dashed) and NFW (solid) density profiles. Notice
how the NFW profile is more cuspy for low r.

Einasto'%’:

p(r)=p_2exp{%2[(é)a—1]} (7.114)

where r_, is the radius where the logarithmic slope is —2, and p_, = p(r_,). The best-fit power law
index is typically 0.12 < a < 0.25. This profile fits the density profiles of dark matter halos. It does
not have a central r! cusp like the NFW profile does—it becomes shallower as r — 0. In general it
seems to fit dark matter halos better than the NFW profile. See a comparison of these two in Figure

Navarro, Frenk, & White (NFW)1%7:

5char

(r/r)(1+r/r)?

P(r) = Perit (7.115)

where r, is a scale radius, and 4, is a characteristic overdensity. This profile also fits the dark
matter halo density. It has a logarithmic slope of —1 as r — 0 and gradually changes to —3 as
r — o0. It resembles an isothermal sphere with a slope of —2 at r ~ r,. Has a divergent central
density (core-cusp problem; see §71Q125).
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119. What is “Press-Schechter theory” and why is it wrong?

First, let’s introduce some basic concepts. In the early universe (before structure formation), the

density at any given point can be described relative to the average density p using an overdensity
field:

(7.116)

We can smooth this overdensity field over some length scale R, i.e. by using a window function W
such that

5, (x;R) = f d*x’ §(xX )W (x +x';R) (7.117)

The length scale R then corresponds to a mass scale M o< 6R®, with a prefactor depending on the
shape of the window function.

Press-Schechter theory!%” states that the probability of a dark matter halo having a mass > M is

equal to the probability of an overdensity in the early universe (smoothed over a length scale R)
being above some critical density, 6, > &, (Where 0, ~ 1.68). In other words,

P(>M)=P(6,> 6.y M) (7.118)

If we assume §,(x) can be described by a gaussian random field, then the probability of having a
smoothed overdensity &, is given by a normal distribution

P(5,) =

1 5?
e — ) 7.119
JZro(M) e 202(M)) 7419

And the probability of having any overdensity above &, is found by integrating up to infinity:

( s = crltl ) MO'(M) Lcm s exp( ZUZ(M)) zer c( ﬁU(M) v )

Then, according to the Press-Schechter formalism, this is equal to P(> M). However, there is a
problem. As M — 0, c(M) — oo (see (7.127)), meaning P(> M) — 1/2. Evidently, only half
the mass of the universe is contained within collapsed halos. This is obviously ludicrous, with
the reason being that we only allowed regions which are initially overdense to collapse and form
halos, but there may be underdense subregions within larger overdense regions that are smaller
than our smoothing scale R that would inevitably collapse as a part of the larger overdense region
(see Figure [7.21). Thus, Press & Schechter®® included a “fudge factor” of 2 to account for these
initially underdense regions that become part of collapsed halos.

We can now construct the halo mass function n(M)dM, i.e. the number density of halos with masses
between M and M + dM. We can start with dP(> M)/dM x dM which gives the fraction of the
universe in halos with masses between M and M + dM. Then, multiplying by p makes it the total
mass per volume contained within (M, M + dM), and dividing by M gives the number density per
volume within (M, M +dM):

b 9P(> M)

M)dM =
n(M) M oM

dM (7.121)
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Figure 7.21: An illustration of why Press-Schechter theory undercounts the number of halos by a
factor of 2.

Included the fudge factor of 2 and evaluating the derivative:

p 0P(5,> 5. |M)| do
M)dM =2— dM .122
n(M) M o0 aM (7.122)
ﬁ 5crit 5crlt) dO'
=2——- - dM .12
M /2702 eXp( dM (7.123)

dlno
dinM

, 5 52
— p cr1t eXp ( CI‘lt )
M2 o 202

We can also write this out explicitly in terms of the mass!? by realizing that the mass variance is given
by integrating the power spectrum P(k) using the Fourier-transformed window function W (k;R)

(7.124)

oX(M) = ﬁ f dk P(k)W (k; R)k? (7.125)
0

If we assume a power-law power spectrum P(k) o< k™ and a gaussian kernel (though the result is
the same for a spherical top-hat kernel), then we have

o?(M) o< J dk k™2 oc k™3 (7.126)

Recalling that M o< R® o< k3,

o (M) oc k32 o pp—(n+3)/6 (7.127)

Therefore we can define some mass scale M, for which (M,) = & fm /2, which allows us to normalize
o?(M) into:

i L [ M\
M ——5 7.128
o0 =351 ) (7.128)

*

294



Then,

do  Segn+ 3( M )—(“3)/6

dM ~ 2 6M \ M,

And, plugging these back into (7.124)), we have

n+3p (M (n+3)/6 M (n+3)/3

For M < M, this acts like dn/dM o< M2, and for M > M, dn/dM quickly goes to 0.

(7.129)
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120. What is “biased galaxy formation”?

This refers to the fact that galaxies are not perfect tracers of mass in the universe, i.e. pg, (%) # p ().
This can be probed using the two-point correlation function for galaxies &, (r) (see definition in
§71Q122) and comparing it to the two-point correlation for all matter &, (which can be derived the
same way as &,). If galaxies were a perfect tracer of matter, these two should be identical. So we
can quantify the bias b,, by saying

Eea(r) = b2, Em(1) (7.131)

Since £ is the Fourier transform of the matter power spectrum P(k) (see Q122), we can also write
by, in terms of the power spectrum normalization on 8h~! Mpc scales (chosen to follow conventions).

Using (7.128)), we can define

—(n+3)/6 41
o(M)= 08(—) , Mg=—(8h"" Mpc)’p (7.132)
Mg 3
Then, the bias becomes
a O- a
bgal = Sul _ Tog (7.133)
gm O-8,m

If b, > 1, galaxies are more tightly clustered than all matter, whereas if b,,) < 1, they are less tightly
clustered. Measuring observationally from WMAP, Planckﬂ and SDSS, studies have found o, ~ 1
and 0g,, ~ 0.8, i.e. by, ~ 1.25, thus it appears galaxies are more tightly clustered"=".

Why are galaxies biased? This is because baryonic matter is subject to different physics than dark
matter, and dark matter is the dominant matter component in the universe. It may also be partially
because of how galaxy formation works, but this is generally poorly understood.

Form an
unbiased
distribution

608’m is measured from the gravitational lensing anisotropies in the CMB—the modeled lensing potential gives a

matter power spectrum, which can be compared with Q,, to give og, 131 Then, Oggal Can just be measured by the
observed galaxy 2-point correlation function.

296



121. What fractions of each of the following is composed of “dark matter”: (i)
The solar neighborhood, (ii) a typical galaxy like the Milky Way, (iii) a typical
galaxy cluster like the Coma cluster, (iv) The universe. How are each of these
estimates arrived at?

Note fractions are all quoted relative to the total matter (dark + luminous) in the system.
(i) The solar neighborhood: < 15%

First, we get an estimate for the local surface density of baryonic matter (stars and gas) in the solar
neighborhood ¥, by measuring a sample of objects within some distance. Then, we can get an
estimate for the local total matter density (dark + baryonic) by measuring the vertical velocities of
local stars (i.e. motion perpendicular to the disk), since the vertical component of the gravitational
force K, ~ 2nGX(z). This relation is derived from Poisson’s equation in cylindrical coordinates if we
assume the gravitational field K is axisymmetric (i.e. dK/d¢ = 0):

V-K=—4nGp (7.134)
oK, 10 0K, 120
: 2 (K) =2 - () =— 1
0z r&‘r(r 2 0z r&'r(v") 4nGp (7.135)
oK,
— ~ —4nGp (7.136)
Jz
h h
oK
J dz—zw—47'cGJ dzp (7.137)
h Jz h
IK,| ~ 276 (7.138)

In the third line we assumed v, does not change with radius (flat rotation curve). It turns out this is not
correct, but it’s a good first-order approximation. Thus if we can determine the vertical component
of the force K,(r,z) ~ GM(< r)z/r®, we can determine % = |K,|/27G. Once we have %, and %, we
can convert to p, and p, and from there it’s a simple matter to get the dark matter fraction:

P—Pyp

fom = (7.139)
Recent studies have found values in the solar neighborhood of p;, ~ 0.084 M, pc and p ~ 0.097 M, pc3,
giving foy =~ 13%12,

(ii) A typical galaxy like the Milky Way: ~ 90-95%

Firstly, we can use the rotation curve of a spiral galaxy to get an estimate of the total (dark + lumi-
nous) mass of the galaxy. Or, for an elliptical galaxy, we can use the virial theorem. See §7/Q101 for
details. Then, we can separately get an estimate of the stellar mass in a couple of ways:

* Measure the luminosity of the galaxy L and adopt a mass-to-light ratio I' = M /L to convert this
to a stellar mass. If you don’t have a good estimate for the mass-to-light ratio, see the other 2
methods.

* Get an optical spectrum of the galaxy and fit it with stellar population synthesis models to
obtain a total stellar mass. You get a collection of spectra for single stars of all different types
(age, metallicity, mass) and convolve these with an assumed initial mass function (i.e. Salpeter)
assuming some fixed age & metallicity—this is called a “simple stellar population” (SSP). Then
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convolve the SSPs with an assumed star formation history (single/double exponential, discrete
bursts, periodic, etc.) to get the model for the total starlight in the galaxy. This can also be
done with broadband spectroscopic data if you fit the entire SED and impose some constraints
(i.e. the infrared luminosity emitted by dust is reprocessed starlight, so it must be balanced
with the optical luminosity directly from the stars).

* Use scaling relations for the stellar mass based on other properties, like colors in specific filters,
that have been calibrated by doing the above procedure on lots of galaxies.

Side note: About 10-15% of the visible mass of the Milky Way is from the ISM, not the stars.
Obviously this is not accounted for when fitting stellar population synthesis models, but the
gas and dust masses can be estimated from the strengths of emission lines (which depend on
the column density).

In any case, once we have both the total and stellar masses, we can get the fraction of dark matter
just like in (i). For the Milky Way, M, ~ 3 x 10> M, and M, ~ 10'!, so f; ~ 95%.

(iii) A typical galaxy cluster like the Coma cluster: ~ 80-95%120:133

For clusters, the baryonic mass is dominated by the hot ICM (which accounts for up to 15% of the
total mass), so we need a different approach to measure the baryonic matter. One method that
gets us measures of both p, and M, in one fell swoop is using the X-ray emission from thermal
bremsstrahlung. See §71Q101 for a detailed explanation of how this works. Essentially, we are able
to relate the X-ray emission to the thermodynamic properties of the gas, and then we can relate the
gas properties to the total mass if we assume hydrostatic equilibrium, see (7.17).

The total mass could also be obtained from weak lensing or scaling relations, but either way we
will need an estimate of the baryonic gas density. For the Coma cluster, M, ~ 1 x 10'* M, and
M, ~ 1.5 x 10" M, corresponding to fpy, ~ 93%*3%,

(iv) The universe: ~ 85% (or ~ 23% of the total energy density)

The dark matter content of the universe depends on the cosmological parameters 2, and Q,, which
are constrained by the CMB power spectrum, BAO, and BBN. See questions §8/Q129, §8/Q144, and
§8/Q146 for details. Current values are 2, ~ 0.04 and ©,, ~ 0.27, which gives fyy = (£2,,—23)/Q,, =~
85%.
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122. What is the galaxy correlation function? How do the correlation func-
tions of galaxies and clusters of galaxies differ? How is the galaxy correlation
function used to constrain H,?

We can ask the question: “What is the probability of finding 2 galaxies within some volumes AV;,
AV,, separated by a distance r?”*?1%7 The probability of finding any galaxy within a volume element
AV at position X is

p,(x) = n(x)AV = L& Ay (7.140)
P
Then, for the two galaxies, we multiply the probabilities

=2
Ppy(x,1) = - p(X)p(X+D)AV; AV, (7.141)
Jo;

Then, if we average over all x to get the average probability in all space, we have
=2

Ppy(r) = %(p(x)p(ﬁ )AV,AV, (7.142)

The probability therefore depends on the quantity

(pX)p(x+1)) =p*{(6(x) + 1)(8(x+1) + 1)) (7.143)
= pA6(x)6(x+1)+85(x)+6(r) + 1) (7.144)
=p2(1+ (6(x)8(x+1))) (7.145)

Whereas, if galaxies were completely randomly distributed, we would expect the quantity in angled
brackets to go to 0 such that dP;,(r) = 2?dV;dV,. Therefore, we quantify the non-uniformity in the
distribution by defining the “two-point correlation function” for galaxies:

Egal(r) = (6(x)8(x + 1)) (7.146)

If £, = 0, galaxies are completely uncorrelated and their distribution is random. If £, > 0, galaxies
prefer to cluster together, and if &,,) < 0, they prefer to stay apart from each other. Notice that we
have also claimed &, is a function of the magnitude r, independent of the direction of r, which is
because the universe is homogeneous and isotropic.

Also note that £, is the Fourier transform of the power spectrum P(k) of the perturbation field:

1
(2m)3

Ega(r) = J d’k P(k)e™" (7.147)

How do we measure this observationally? Say we make a galaxy survey and measure S(r) galaxy
pairs with separations between r + Ar/2 out of a total sample size of N, galaxy pairs (note: for a
sample with N, galaxies, there are N, (N,, —1)/2 unique pairs). Then our measured probability is

Pp(r) = if(r) = i2(1+ £ ) AV, AV, (7.148)

sam
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Then, we can also created a simulated galaxy sample where we assume the galaxy distribution is
completely random and extract the number of pairs R(r) with separations between r £ Ar /2, just
like before, with a total number of simulated pairs N;,,. This gives us a probability

R
PlZ,sim(r) = ﬂ = ﬁ-zAleVZ (7149)

sim

Then we just divide (7.148) by (7.149) to isolate &,;:

Nsim S(r) _

ggal(r) = Nsam R(T‘)

(7.150)

log (£,)

log (r/[Mpc/h])

Figure 7.22: A measurement of the 2-point correlation function for galaxies'%’.

Statistical studies measuring the correlation function of galaxies have found that a power law ap-
proximates the two-point correlation function well:

€gal(r) = (rL)Y (7.151)

0

For galaxies, the best-fit values are y ~ —1.67 and r, ~ 7h;01 Mpc (see Figure . This tells us
that galaxies that are closer together are more likely to cluster together (&, is big for small r), while
galaxies that are further apart are nearly completely randomly distributed (., — 0 as r — ©0).

For galaxy clusters, the best fit values are y ~ —2.11 and r, >~ 23h_] Mpc (see reference [135).
Thus, in general galaxy clusters are much more correlated than galaxies themselves, yielding

gcluster = 3Oggal .
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Measuring H,: The Baryon Acoustic Oscillations (BAO) create a visible excess in the correlation
function at a scale of ~150 Mpc. Why? See questions §8/Q129 and §8/Q131 for an explanation of
BAO. The important point here is that the oscillations in the baryons cause a slight but noticeable
increase in the 2-point correlation function at the scale that corresponds to the first BAO harmonic
because the density perturbations in the early universe reach this length scale before collapsing,
preferentially forming more galaxies at these separations.
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Figure 7.23: Another measurement of the 2-point correlation function of galaxies, this time using
SDSS data and showing the small peak at ~ 110h~! Mpc due to the BAO"=®.

We can use the BAO as a “standard ruler” in cosmology since we know what its intrinsic length scale
should be at the time of recombination (analogous to the “standard candles” for measuring distance
from objects whose intrinsic luminosities we know). It should be ~the distance that sound could
travel from the Big Bang to the epoch of recombination (i.e. the sound horizon), or r; ~ 0.14 Mpc
(see §8]129). We can then extrapolate the intrinsic length scale into a comoving length scale atz = 0
of 1y = 1,(1 + Zrecomp) ~ 150 Mpc.

Then, we can use the galaxy correlation function in the angular direction to measure the angular size
AB of the BAO at some local redshift by looking for the small peak in the function. With these, we
have a measurement of d,(z) at a local redshift, which allows us to put a constraint on H, assuming
that we know the other cosmological parameters (£,,, Q,, etc.) well enough’3°:

r(z) . ro _c 1 ©dy
AO(z) (14+2)A0(z) Hy1l+z o E(@)

da(z) = (7.152)
We can also apply this in the radial direction by measuring the separation in redshift Az that the

301



BAO peak occurs at. Then we can relate this to the comoving distance

z+Az

c dz’ c Az

= — ~— 7.153
) B "THEE (7.153)

T'o

In both cases, we get an estimate of H,, since all other parameters (r,, A0, Az, z) are known. Note
that often our resolution isn’t high enough to separate the angular and radial separation components,
so in this case people often perform an analysis to obtain a volume-averaged distance

dv(z)z[(1+z)dA(z)]2/3[I;(zz)]l/3 s dv(z):[Agiz)]Z/B[%T/:% (7.154)

where A® = AG%3(Az/z)'/? is some kind of average dimensionless 3D separation37136,
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123. What are “active galactic nuclei”? What is the “unified model of AGN”,
and how does it explain the variety of AGN that are observed? How and when
are AGN important for galaxy evolution?

An object is classified as an Active Galactic Nucleus (AGN) if, roughly speaking, it fulfills at least

one of the following
1.

107.

A compact nuclear region that is much brighter than a region of the same size in a normal
galaxy

Non-stellar/non-thermal continuum emission

3. Strong emission lines

4.

Variability in the conintuum/emission lines on relatively short time scales

There are a variety of different subcategories of AGN that are observed with different properties,
often put in classifications based on observations from a particular wavelength regime™L.

* Seyfert Galaxies (Sy): Galaxies that have a nucleus that is optically bright and pointlike,

exhibiting a featureless power-law continuum and bright emission lines. These are radio-quiet
and may exhibit UV/X-ray excess.

1

— Seyfert I. Shows broad emission lines with speeds up to 1000-5000 kms™ and narrow

emission lines with speeds ~ 500 kms™!.

1

— Seyfert II: Shows only narrow emission lines with speeds ~ 500 kms™ and generally

have a weaker continuum (mostly stellar).

— There are also intermediate types (i.e. Seyfert 1.5) that display broad lines only for
permitted transitions (like Ha) and not forbidden transitions (like [O 111]).

Radio Galaxies: Galaxies that are extremely bright at radio wavelengths (radio-loud). May
display radio lobes, with one connected to the central nucleus by a jet. May also exhibit UV/X-
ray excess.

- Broad Line Radio Galaxies (BLRGs): Correspond to Seyfert Is. Have bright pointlike
nuclei and faint, hazy envelopes.

— Narrow Line Ratio Galaxies (NLRGs): Correspond to Seyfert IIs. Found in giant or
supergiant elliptical galaxies (i.e. c¢D galaxies).

- Also sometimes subdivided into “steep-spectrum” and “flat-spectrum” radio quasars
(SSRQs and FSRQs) based on their radio spectral index a.

Quasi-Stellar Radio Sources (Quasars): Radio galaxies that have pointlike (or “star-like”)
optical counterparts with highly redshifted spectra (z 2 0.1) containing broad emission lines.
These are some of the most distant objects known in the universe and thus they have some
of the highest intrinsic luminosities ~ 10%-10* ergs™ (~ 10°x higher than a normal Milky-
Way-like galaxy). They emit an excess of UV light compared to stars and are quite blue in
appearance, exhibiting a “big blue bump” feature in their SEDs. They also tend to exhibit lots
of narrow absorption lines at smaller redshifts than the quasar itself, due to intermediate gas
clouds along our line of sight.

Quasi-Stellar Objects (QSOs): A superset of quasars that do not have to have a corresponding
radio counterpart. It has been discovered that ~ 90% of QSOs are radio quiet. QSOs can also
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be broken up into Type I and Type II based on whether or not they exhibit broad emission
lines.

* Blazars: Display rapid variability and highly linearly polizarized light in optical wavelengths.
All blazars are radio-loud and display a UV/X-ray excess.

— BL Lacs: Characterized by rapid timescales of variability. Luminosities may change up
to 30% in 24 hours and may change by a factor of 100 over longer time periods. Have
strongly polarized power-law continua (30-40% linear polarization) and very faint emis-
sion lines at high redshifts. About 90% reside in elliptical galaxies. Named after BL
Lacertae, the most well known object in this category.

— Optically Violently Variable Quasars (OVVs): Similar to BL Lacs, but much more lumi-
nous, and may display broad emission lines.

In addition to these categories, radio-loud AGN (radio galaxies, quasars, and blazars) can be further
subdivided using the Faranroff-Riley (FR) Luminosity Classes™!:

* FR-I Objects: Defined from having the extent of the radio jets being < 50% of the full extent of
the radio source. Generally have diminishing radio luminosities with increasing distance from
the center of the jets. Often have 2 recognizable jets, and the jets tend to be curved.

* FR-II Objects: Defined from having the extent of the radio jets being > 50% of the full extent
of the radio source. Tend to be the most bright at the ends of the radio lobes. Often only have
1 recognizable jet, and the jet tends to be straight.

A note on terminology: While the above definitions are the “technically correct” usages of the
above terms, the way a lot of these terms are actually used today has somewhat morphed. Gener-
ally, “quasar” refers to both quasars with radio counterparts and QSOs without radio counterparts.
Thus, additional modifiers for “radio-loud quasars” and “radio-quiet quasars” are utilized to make

this distinction. Additionally, “QS0O” is sometimes used as an abbreviation for “quasar™’.

The Unified AGN Model: This model suggests that, despite the observational differences between
all of the types of AGN, they can all be explained as the result of the same underlying phenomenon:
a Supermassive Black Hole (SMBH) at the center of a galaxy that has a surrounding disk of gas
and dust called an accretion disk from which it is actively accreting material. Around the accretion
disk is also a larger dusty torus. The differences in each class of AGN, then, can be explained by
differences in viewing angle and accretion rate of the AGN*L,

If we are viewing the AGN from an angle above the disk/torus on the side that the radio jet is, we see
a radio-loud BLRG or Type I QSO (which one we see depends on the accretion rate—more powerful
accretion fuels QSOs). If our viewing angle is more oblique such that our line of sight passes through
the dusty torus, our view of the broad line region (BLR) immediately around the accretion disk is
obscured, so we only see the narrow line region (NLR) at larger spatial extents and hence view a
NLRG or Type II QSO. And if our viewing angle is directly along the line of sight of the radio jet, we
see a blazar—either a BL Lac or an OVV depending on the accretion rate. Finally, if we are viewing
from the side of the disk/torus that doesn’t have the radio jet, then for low accretion rates we’ll see
either a Seyfert I or Seyfert II (depending on the viewing angle), and for high accretion rates we’ll
see a radio-quiet QSO of Type I or II (again depending on the viewing angle). See Figure for a
visual summary of this model.
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Figure 7.24: A diagram of the AGN unified model, showing what type of AGN we will see depending
on the viewing angle and the accretion rate*®

Therefore, this model simultaneously explains the differences in the X-ray and optical properties of
Type I and Type II AGN, the radio properties of radio-loud and radio-quiet AGN, the radio properties

of FR-I and FR-II AGN, and the extreme variability and polarization of blazars (since we are looking
directly down the jet axis).

The SEDs of AGN are extraordinarily flat over ~15 orders of magnitude in frequency, such that
they are often described by a simple F, o< v* power law. An example is shown in Figure [7.25
There is structure, however, particularly in the form of bumps in the IR and UV. There are a variety
of emission mechanisms involved in creating the full SED, including radio synchrotron emission,
thermal emission from the accretion disk (peaking in the UV — the “big blue bump”) and dusty
torus (peaking in the IR), and inverse Compton scattering up to the X-rays127120,

Importance in galaxy evolution: Recall the difference between the observed luminosity function
of galaxies and the model halo mass function from simulations (Q108). AGN feedback is thought
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Figure 7.25: An example SED of the quasar 3C 2737,

to suppress star formation, causing a dip in the observed luminosity function at high luminosi-
ties/masses. AGN feedback comes in 2 main forms*%%:

* Radiative processes: UV and X-ray photons from the AGN can ionize atoms, and the excess
energy of the photon goes into kinetic energy, heating the gas through photoionization heating.
This is thought to be a significant contributor to the reionization of the universe. It can heat
the surrounding IGM up to ~ 10* K, suppressing gas cooling and therefore suppressing star
formation.

Radiation pressure on the dusty torus can transfer momentum from the radiation field to the
gas (since the gas is coupled to the dust) and, if the force is strong enough, it can cause the gas
to flow out (in an “outflow”) from the AGN in a momentum-driven wind.

Photons from the AGN can also heat the gas through Compton scattering (scattering between
a photon and an electron), which transfers energy to the electron if the temperature of the gas
is lower than the effective Compton temperature of the radiation field.

Although it’s highly uncertain, estimates of the efficiency of these radiative processes gives
~ 5%—that is, 5% of the energy in the radiation field is transferred into the gas. Usage of this
efficiency in simulations shows that such an energy injection has a significant impact on the
host galaxy, producing gas outflows that quench the SMBH growth and suppress star formation.

* Mechanical processes: Radio jets from the AGN can inflate “bubbles” or cavities of relativistic
gas. These bubbles then rise buoyantly and expand adiabatically, depositing energy into the
surrounding gas through shocks until the expansion velocity becomes lower than the sound
speed, after which energy is deposited through PdV work. These processes are thought to be
responsible for quenching cooling flows in galaxy clusters.

As with the radiative processes, it is thought that mechanical feedback can efficiently quench
cooling and suppress star formation.
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124. Describe the following relations and what they are useful for: (i) Kennicutt-
Schmidt; (ii) M-sigma relation; (iii) the Madau plot; (iv) the star-forming main
sequence.

(i) Kennicutt-Schmidt: A scaling relation between the local star formation surface density in a given
region, Xgrr, and the local gas surface density 2,,:

3 1.4
Yigrr = 2.5 x 1074 M, yr ' kpe ($) or | g o< Ll

7.155
1M, pc2 gas ( )

where the power law index n ~ 1.4+ 0.15 (from Refs. [139]140). Allows us to predict star formation
rates given a more easily observable quantity in the gas density. SFRs are hard to measure directly—
must either use scaling relations or model spectra with stellar populations using an assumed IME
age, metallicity, and dust extinction, all of which come with uncertainties.

(ii) M — o relation: A scaling relation between the mass of a black hole and the velocity dispersion
in a bulge/elliptical galaxy:

200kms—1

4.38

where the power law index ranges from 3.75-5.1 depending on the sample used and the exact def-
inition of o. The above value of 4.38 is taken from Ref. 141l This is useful because it is hard to
measure black hole masses directly, whereas o is very easy to measure. It also gives us a hint that
galaxies are intrinsically linked to their SMBHs and coevolve, since measurements of o often come
from well outside the sphere of influence of the BH.

(iii) Madau plot: A plot of the cosmic star formation history, i.e. average star formation rate over
time/redshift. It has a distinct peak near a redshift of z ~ 2, called “cosmic noon.” See Figure

This is around the same time when the number density of quasars also peaks, inferring some con-
nection between AGN and host galaxy activity, like M — o. Suggests that many metals were formed
early from the deaths of massive stars (this is corroborated by ICM metallicity measurements).

(iv) The star-forming main sequence: A scaling relation between stellar mass M, and star formation
rate SFR that also evolves over time’*>:

log SFR(t) = (0.84—0.026t)log M, —(6.51 —0.11t) or [SFRocM*®| (att=13) (7.157)

(t is the age of the Universe in Gyr). This describes most galaxies quite well, but there are outliers.
Particularly “red and dead” ellipticals, which fall below the main sequence, and starbursts, which lie
above it. Figure [7.27] shows this relation at a few selected redshifts.

This relation suggests that galaxies spend most of their lifetimes forming stars in a regulated way;,
and it is useful for understanding galaxy evolution and stellar populations.
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Figure 7.26: The Madau plot of SFR vs. redshift142,
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Figure 7.27: The SFR main sequence at a few different redshifts’#.
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125. Describe the following galaxy-formation problems: (i) the missing satel-
lite problem; (ii) the core-cusp problem; (iii) the cooling flow problem. Which
of these are solved? What are their solutions?

(i) The missing satellite problem: This refers to the discrepancy in the number of subhalos predicted
by CDM simulations and the number of satellite galaxies observed around larger galaxies (see Figure
7.28).

Missing Satellite Problem (MSP)

A quantitative comparison of # satellites at r < 400 kpc.
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Figure 7.28: Plot showing the difference in observed vs predicted number of satellite galaxies'**,

Potential solutions:

* The thought is that star formation is less efficient in the least massive DM halos, but it is not
known how star formation is being suppressed in these halos.

* Recent surveys from SDSS (and in the future LSST) have found lots of extremely faint dwarf
galaxies that have somewhat resolved this tension. Nora Shipp (formerly MIT) has done work
demonstrating that if one carefully considers the detectability limits of faint satellite dwarf
galaxies, this problem is resolved, and in fact there may actually be a “too many satellites”
problem.

* Accurate modeling of baryonic physics in these simulations (like FIRE) can also resolve this
tension.

(ii) The core-cusp problem: CDM simulations of dark matter halos predict “cuspy” density profiles
described by an NFW profile (see Q1 18) that sharply increases like ! at small radii. However, ob-
served rotation curves (and thus density profiles) of dwarf galaxies are much more “cored”, meaning
they have a constant density at small radii (see Figure xS

Potential solutions:

* Baryonic feedback (i.e. from SNe, AGN, or a rotating spiral arm bar) can “puff up” the dark
matter distribution and form a core

* Warm or self-interacting DM
* MOND
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Figure 7.29: Demonstration of the different density profiles of observed galaxies and simulated ha-
los 146

(iii) The cooling flow problenﬂ: The hot intracluster medium (ICM) in galaxy clusters typically
has temperatures on the order of 10”7 K and emits X-rays via thermal bremsstrahlung. This radiation
causes it to lose energy and cool down over time. If the gas is allowed to cool down enough, it can
start radiating energy through other mechanisms, primarily through line emission. How long will
it take the gas to cool? We can examine this problem by calculating the cooling time, which is just
the time it will take to radiate away all of its thermal energy. We learned in §5/Q84 that the cooling
function A(T) describes the cooling rate of a system as a function of its temperature—specifically,
nyn,A(T) is the cooling rate per unit volume. A(T) takes into account cooling from all mechanisms,
including thermal bremsstrahlung and line emission. We can compare this to the thermal energy per
unit volume, which is

3
&= EnkT (7.158)
Thus,
& 3nkT 9 T
tee = = =———"—=</~33x100———yr (7.159)
¢ 2nynA(T) n_sA_53(T)

So, since A o< T2, we see that t . o< Tl/ng_als.

of the ICM’s volume are much longer than the Hubble time t5 o< H !, But, since the hot gas is
in hydrostatic equilibrium, this requires it to get denser towards the cluster center. This means the
cooling time must get shorter. Within the central ~100 kpc of some clusters, the cooling times can
reach below 10 Gyr, meaning we should be able to see evidence of cooling. As the gas cools, its
temperature drops. In order to maintain the same pressure to support the weight of the surrounding
gas, it must flow inwards to increase in density. This process is known as a cooling flow. Clusters

In a typical cluster, the cooling rates of most

7This is what I do research on, so this section may be more detailed than necessary...
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with cooling times that drop below the age of the universe in their cores are known as cool core
clusters. See Figure for an example of cooling time as a function of radius.

Cooling Time
(yr)
1010 1'011 1012

10°

108

0.1 1
Radius (Mpe)

Figure 7.30: A plot of cooling time as a function of radius from the center of Abell 4784
We can calculate the mass deposition rate by noticing that the radiated luminosity should be equal to
the change in the thermal energy and PdV work on a blob of gas as it falls inwards, assuming the cool-
ing process is isobaric. Notice, since the enthalpy is defined as the internal energy plus PV, the radi-
ated energy is simply equal to the change in enthalpy AH = AE+PAV (this is a standard result from
thermodynamics for isobaric processes, see e.g. https://en.wikipedia.org/wiki/Isobaric_process).
Therefore, the radiated luminosity is the time derivative of AH:

d d (3 3. d

L=—(AH)=—| -NkAT +PAV |=-NkAT + — (PAV 7.160

dt (AH) det (2 ) 2 de ( ) ( )
Thenwe use N = pV /um, = M/um, — N = M/um,, and with the ideal gas law, PAV = NkAT =
MKkAT /um,, so both terms combine with a factor of 5/2:

L= §—M kAT (7.161)
2 um,

If we want to consider all of the cooling from some maximum temperature T down to O (or roughly
0), then we can just replace AT with T. Solving for M gives:

. 2um,
M(<r)= kT L(<r) (7.162)

This is known in the literature as the classical cooling rate, since we’ve made a lot of assumptions—
mainly that the cooling flow is steady and isobaric and that it remains constant over several gigayears.
In a typical cluster, class1cal cooling rates measured from the hot X-ray emitting ICM range from

~ 10— 100 M, yr!, while some have up to M 2 1000 M, yr~. This implies that large quantities
of cold gas are being dep031ted within the BCG, which should then be able to form stars. However,
the measured star formation rates in BCGs are typically only a few M, yr™!, 2 orders of magnitude
less than the deposition rate. This is the first puzzle that makes up what is known as the cooling
flow problem, but there’s more.
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We can further break this down to obtain the spectrum of a cooling flow by considering the differential
form of equation (7.161)):

5 M

dL = ———kdT =n,nyA(T)dV (7.163)

2 um,
Now, to get the specific luminosity, we need a per-unit-frequency version of the cooling function,
A,(T), that specifies the cooling rate as a function of temperature for an individual frequency, as
opposed to A(T) which is the cooling rate at temperature T integrated over all frequencies. With
this, we have

dL, =nnyA,(T)dV (7.164)

Comparing this to the previous equation, we find the form of the cooling flow spectrum looks like14Z

5 M (™ A(T)

L,=>—"k NG

= dT (7.165)
2 um,

0

where M becomes a sort of normalization factor. Note that A,(T) can be written as ¢,/n,n; where
€, is the emissivity (energy per unit time per unit volume per unit frequency). Thus, the cooling flow
spectrum can be calculated if we know the emissivity and the cooling function. This is theoretically
simple for bremsstrahlung radiation (see §5/Q74), but for line emission is becomes exceedingly com-
plicated, and oftentimes simulations (such as CLOUDY) need to be used to compute ¢, as a function
of v and T. For this reason, cooling rates from specific emission lines are typically quoted simply
with T factors:

Lline = 1—‘line]\d where 1—|1ine dT (7166)

. a k meax Aline,v(T)
pJo

The factor a is 5 for isobaric cooling and 3 for isochoric cooling. Notice that by recasting the integral
over temperature to an integral over time, we can recover a simpler expression for I'*4%:

a nk €
dt ==————dT — Tj,.= | —dt 7.167
2 nyn,A(T) fine J o) ( )
X-ray spectroscopy of cool core clusters has revealed an absence of spectral lines with energies be-
tween 1-2 keV, leading to the cooling rates measured from these lines to be far lower than the classical
cooling rates. Evidently, the gas cools down to about 1/3 of the mean temperature and then vanishes.
This is the second and final puzzle that makes up the cooling flow problem.1%’

Potential solutions: The classical mass deposition rate we calculated in assumed that the
gas is not being reheated at all. The leading hypothesis to explain the cooling flow dilemma pro-
poses that the gas is being reheated via feedback from an AGN in the BCG. Specifically, mechanical
feedback from the radio jets inflates bubbles of hot gas in the ICM that buoyantly rise, dispersing en-
ergy throughout the cluster. See question §7/Q123 for a more detailed description of AGN feedback
processes. The details of this process are still widely unclear. Open questions:

* How do the AGN jets efficiently couple to the ICM and inflate the bubbles?
* What are the duty cycles of the AGN and how does this affect cooling?
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¢ How does AGN feedback evolve over time?

An additional source of heating that has been proposed is thermal conduction—i.e. the temperature
gradient in the ICM may induce heat transport from the outside inwards via conduction. However,
the conductivity of the ICM is not well constrained*%Z.

An alternative explanation is that there is a significant population of cold clouds that absorb the softer
X-ray emission, making it appear as though the cooling abruptly stops when in reality it does not.
As such, these are called “hidden cooling flows.” This explains the lack of 1-2 keV X-ray emission
lines, but AGN feedback is still required to explain the lack of star formation and prevent massive
cooling rates in hotter gas’*.
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126. Summarize the state of the experimental field of 21 ¢m cosmology and
what it hopes to accomplish.

See §5/Q80 for a description of the 21 cm spin-flip transition of neutral Hydrogen.

Experimental 21 cm cosmology attempts to utilize this transition to directly probe the amount of
neutral Hydrogen in the universe as a function of redshift. The hope is that by doing so we can
better constrain when the epoch of reionization occurred, which will allow us to better understand
how and when the first stars and quasars formed and evolved. Reionization is the period when our
universe transitioned from mostly neutral to mostly ionized (due to radiation from the first stars and
QSO0s). Currently it is only constrained to be somewhere between z ~ 5—15 (see Question §8Q141;

Figure[8.18) 150051

How is this done?

The CMB radiation is essentially used as a backlight—CMB photons at 21 ¢cm can be absorbed by
neutral hydrogen and excite this transition, so we should expect to see a dip in the CMB wherever
there is neutral Hydrogen. We can use the radiative transfer equation (see to predict what
kind of radiation we will see:

dr, .
q =j,—a,l, — =S,—1, (8.1)
S T,

where S, = j,/a, is the source function. If we assume S, is constant over s (the line of sight), we
can integrate and obtain

I,(s)=1,0)e™ +8 (1—e ™) (8.2)
If we then assume the optically thin regime, so 7, < 1 and e ") ~ 1 — 17 (s), we have
L(s)—1,(0) = (S, —1,(0))7,(s) (8.3)

Or, written in terms of the brightness temperature (see Q85) and spin temperature (see Q80):

Ty(s) = T,,(0) = (T; — T,(0)) 7, (s) (8.4)

Here, T, is the spin temperature of the H 1 gas in the IGM, T,(0) is the brightness temperature of the
CMB at 21 c¢m, and T, (s) is the observed brightness temperature. Thus, 21 cm cosmology focuses on
measuring the temperature difference AT, = T, (s) — T, (0).

The difference in temperatures depends on the optical depth, and the optical depth depends on the
amount of neutral H 1 at a given redshift that absorbs CMB radiation. Thus, we can relate AT}, to the
neutral Hydrogen fraction and the baryon density 2, by

c 1

T,(5) o< nyy(2)ds o< Xiy(2)Q2,(2)

Current state of the field:

* CHIME: Measures between 400-800 MHz, which is sensitive to an H1 21 cm signal at a redshift
of ~ 0.8 —2.5. Wide FOV radio telescope made up of cylinders rathers than dishes. Can also
measure the BAO. Images must be stacked to increase SNR.
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* HERA: Measures between 120-200 MHz, which is sensitive to an H 121 c¢m signal at a redshift
of ~ 6 —13. Array of dishes with a large collecting area (10° m?). Will allow us to constrain
the 21 cm power spectrum (which measures the correlation between ionization bubbles).

e LOFAR: 115-230 MHz and 30-80 MHz

e MWA: 80-300 MHz

e PAPER: 100-200 MHz

* SKA: 50-350 MHz, 0.95-1.76 GHz, 4.6-14 GHz, 0.13-1.1 GHz

Challenges:

The main challenge is accounting for foreground emission, which is orders of magnitude brighter
than the cosmological signal that we are trying to measure. This makes the post-processing very
difficult—Haochen Wang at MIT/MKI does this. The foreground comes from galactic synchrotron
emission (i.e. from AGN radio jets, XRBs, SNe remnants, the ISM, etc.; see §51Q75) and unresolved
extragalactic sources.
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127. Summarize the state of the experimental CMB field and what it hopes to
accomplish.

At a redshift of z ~ 1100, the universe’s ambient temperature (T ~ 3000 K) finally becomes cool
enough to allow protons and electrons to form neutral atoms in a process called recombination
(confusingly named since this is the first time they are combining...it should just be called “combi-
nation”, but I digress). This causes the number of free electrons to plummet, which in turn greatly
reduces the optical depth of the universe due to electron scattering, making the universe “transpar-
ent” to photons for the first time. The Cosmic Microwave Background (CMB) is radiation from this
time that we observe today, which has cooled down due to redshift. Today we observe the CMB as
a blackbody spectrum that peaks at 2.726 K and is uniform across the whole sky up to a AT /T of 1

part in 10° (see Figure[8.1)).

Figure 8.1: A map of the CMB as seen by WMARP The left panel shows the different stages of subtract-
ing systematic effects. First, the main signal of T = 2.726 K is subtracted off. Then, there are also
signals due to the motion of the Earth and the Milky Way (causing a dipole moment), and emission
from the Milky Way (i.e. synchrotron emission from XRBs and SNe remnants, free-free emission, and
dust emission from the ISM), which leaves a strip through the center. The final map leaves only the
residual temperature differences.

Measuring the anisotropies in the CMB provides us with direct probes of matter over- and under-
densities in the early universe. By measuring the power spectrum of the CMB, we can probe these
temperature differences on different angular scales and compare them directly to what should be
expected based on cosmological models, which allows us to constrain parameters like the matter
density, baryon density, cosmological constant, and Hubble constant (see §8Q128 and §8/Q129 for
more information).

Measuring the polarization of the CMB can also provide us with evidence of primordial gravitational
waves, but a true detection of these has yet to be done.

A brief history:

* 1965: Arno Penzias and Robert Wilson, working at Bell Labs, serendipitously discover a 4 K
excess temperature in their antenna, and are able to attribute it to the CMB after consulting
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with Robert H. Dicke, Jim Peebles, and David Wilkinson (all professors at Princeton). This
discovery would later win the 1978 Nobel Prize.

* 1980: Some theoretical work on inhomogeneities is done, and the Soviet satellite RELKIT-1 is
able to place limits on these.

* 1992: NASA launches the COBE satellite, which measures anisotropies of AT/T ~ 107°.
Probes the low-{¢ (large angular separations) part of the power spectrum. This wins the 2006
Nobel Prize.

* 2001: NASA launches the WMAP satellite, which extends the precision to measure up to the
third peak in the power spectrum.

* 2007: SPT comes online at the South Pole and starts taking measurements of the CMB at fine
angular resolutions.

* 2013: ESA launches the Planck satellite, which gets the best measurements of the CMB power
spectrum to date.

* 2014: BICEP2 claims the detection of B-mode polarization, which would be evidence of primor-
dial gravitational waves. This is later discovered to be a false positive due to dust polarization.

See §5/Q79.

Also, we can’t forget about the important contributions of Mario to the field of experimental CMB
cosmology. After all, he’s one of the first google results for “CMB”!

< Al Images Videos
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128. What are the anisotropies in the CMB? How do their amplitudes depend
on angular scale?

The anisotropies in the CMB are temperature differences from the expected 2.726 K on the order
of 5T = AT/T ~ 10™>. We can measure these anisotropies by analogy to the 2-point correlation

function (i.e. (7.146)):
C(AB)=(86T(0,¢)5T(6+ A6, d)) (8.6)

We can decompose the temperature fluctuations into spherical harmonics, where we have

fax  {
5T(0,$)=D_ > ayn¥im(6,$) 8.7)

£=0 m=—(

We can get the coefficients a,,, by recalling that Y;,, are orthonormal, i.e.

J 42, (0, $)Y, (6.9) = 51,0, 5mm, (8.8)
Thus, we have
A = f d8T(, $)Y;, (6, ) 8.9)
We can then define the power spectrum in direct relation to by
1 ¢
C = %) = 2 8.10
=l = 577 2, lowl (8.10)

where the average is over m. This is related to C(A6) by

C(Af) = 4%2(26 +1)C,P,(cos AO) (8.11)
J4

Often when plotting the CMB power spectrum we plot the quantity £(£+1)C,. On large angular scales,
there has not been enough time yet for sound crossing, thus no structures have formed/collapsed.
Then, if the CMB directly reflects the matter power spectrum P(k) o< k, the quantity £({ + 1)C,
should be constant19%412,

Primary anisotropies

1. The Sachs-Wolfe (SW) Effect (/ < 100)

* Photons last scattered in a potential well will experience gravitational redshift as they
climb out of it, causing them to become cooler and redder.

¢ From Tegmark (1995)"%: matter overdensities also cause time dilation effects, meaning
the photons we see from these regions are actually from slightly earlier (hotter) times.
They are also just intrinsically hotter, so they produce hotter photons. These two effects
are proportional to the gravitational potential at the time of last scattering, ~ ®/3.

* Overall, matter overdensities will cause the CMB to look slightly cooler, while underden-
sities will look slightly hotter.
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2. The Large-Scale Doppler Effect ({ < 100)

Photons last scattered in matter moving away from us will experience a Doppler redshift,
causing them to become cooler and redder.

3. Acoustic Oscillations (100 < ¢ < 1000)

Once baryons enter the sound horizon, pressure is able to balance gravity. This causes
overdensities in the baryon-photon fluid that are in the process of collapsing to rebound
and start oscillating around an equilibrium point.

The sound speed in the baryon-photon fluid is ~ ¢/+/3, so the sound horizon occurs at
angular scales of 6, ~ 1°, corresponding to £ = 180°/6 = 180.

Then there are harmonics at 2¢, 3/, etc.

4. Silk Damping (¢ Z 1000)

Photons have a finite mean free path between each scattering event, so they are not per-
fectly coupled to the baryons. Thus, the photons execute a random walk sequence. If
they get far enough, they can diffuse out of a perturbation and take some baryons with
them. This tends to even out any differences in temperature between hot and cold regions
within some length scale.

The mean free path of photons due to Thomson scattering is A = 1/n,0;, and each photon
is expected to experience N scatterings, where N is given by

1 cty100
N=—-——"— 8.12
) (8.12)
where t,;q is the age of the universe at z = 1100, and the factor of 1/3 accounts for the
3D nature of the random walk.

We can estimate t,;,, in the matter-dominated regime as (see §12.12)

2 1

1100 ~ ———— ~ 1035 8.13
1007 3 /(1100) 8.13)

Similarly, we can estimate n, from the baryon density Q;:
_ Pe

p

n, Q,(1+2)*~313cm™ (8.14)

Then rg, = VNA is the average distance expected to be traveled after N random walk

steps.
1 1 1
\J 3 3n,0r

Which corresponds to a mass scale of

4 i
My = gﬂrjlkp ~ 10" M, (8.16)

Thus, anisotropies above this length scale will tend to be smoothed out™>#112,
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Secondary anisotropies

1. The Integrated Sachs-Wolfe (ISW) Effect

* This is similar to the SW effect, except applied to time-changing potentials. Thus, it is
only important on large angular scales (small £). In a flat universe, this can happen for
two separate reasons.

* The early ISW effect occurs before the universe becomes matter dominated (i.e. when
it is radiation dominated)—in this regime, the density perturbations grow more slowly
than the scale factor, causing the potential to decay until the universe becomes matter
dominated.

* The late ISW effect occurs after the universe becomes dominated by the cosmological
constant, which once again causes the gravitational potential to decay over time.

2. The Sunyaev-Zel’dovich (SZ) Effect

* CMB photons can gain energy if they are inverse Compton scattered by high energy elec-
trons (i.e. in the ICM of galaxy clusters). Important only for the highest {’s (smallest
scales).

* Comes in 2 forms: thermal SZ and kinematic SZ. For more details, see §8/Q147.

3. Gravitational Lensing

* The angular difference that we see between two photons can be changed by gravitational
lensing, causing small perturbations in the observed anisotropies on the order of a few
percent.

4. Thomson Scattering

* A photon can be scattered by an electron on its way from z = 1100 to us, especially after
reionization. This means the location we measure a photon from may be different from
where it actually came from. This has the effect of “smearing out” the anisotropies because
we measure a weighted average of the temperature from the z = 1100 CMB.

The CMB power spectrum, with each of these anisotropies labeled, is shown in Figure 8.2
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Figure 8.2: The CMB power spectrum, showing the anisotropies from late ISW (magenta), early ISW
(blue), Doppler shifts (red), acoustic oscillations (green), and Silk damping (orange). Note that the
regular SW effect is included in the green curve along with the acoustic oscillations™#. The legend
also shows how different cosmological parameters affect each of these anisotropies, which we will
expand on more in the next question (§8/Q129).
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129. What are acoustic peaks in the CMB power spectrum? What do their
locations and amplitudes tell us?

The peaks in the CMB power spectrum are a result of the evolution of overdensities in the early
universe that causes them to undergo acoustic oscillations for a window of time. For a detailed
explanation of this process, see §8/Q131.

closed QK open
A\ [QK‘O) (—ﬁ[ﬂt?[}) Q'b
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120 SSO 800

MulH?o\e_ moment

Figure 8.3: The CMB power spectrum, annotated with the information we can obtain from the loca-
tions and sizes of the acoustic peaks.

A sketch of the CMB power spectrum is shown in Figure We notice that the first acoustic peak
occurs at a multiple moment of ¢ ~ 180, the second at £ ~ 550, and the third at £ ~ 800. The
locations and amplitudes of these peaks depend on the cosmological parameters of the universe—
namely, the matter density (2, baryon density 2;, and curvature density .

The location of the first peak’!’:

We can derive the location of the first peak by asking the question: “At what angular scales should
we see the lowest harmonic oscillation period?”

Different oscillation periods corresponds to having more oscillations in between the time when the
an overdensity enters the sound horizon and when it hits recombination. Thus, the first, lowest
harmonic occurs when there is exactly 1/2 of an oscillation between these two points—that is, the
oscillation is at its first maximum compression exactly at recombination. This corresponds to sound
being able to cross the overdensity exactly 1 time before recombination. The first few harmonics are
depicted visually in Figure (for an explanation of this figure, see §8/Q131).
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Figure 8.4: The evolution of an overdensity perturbation over cosmic time, highlighting the period
of baryon acoustic oscillations with different harmonic periods.

We can find the horizon scale for the matter-dominated universe at recombination (z = 1100) with
the horizon distance derived in Appendix section §12.12] We just have to replace the speed of light
¢ with the speed of sound ¢, = c/+/3:

21 2 1
re=3ct , t~— ~— (8.17)

3H(z)  3H,/Q,(1+2)°

Which corresponds to angular scales of

r 1 ¢ (7 do
0=, d,= — 8.18
S A7 1+4zH, ), E(z) (8.18)
Here, d, is the angular diameter distance. So we have
i~ 1 c dy 1 c [ —2 ]z (8.19)
T 142 Hy/Q, Jo A+2P2 T 1+zH /O, LVT+2 Jo '
1 c 2 2c
~ 2— ~ (8.20)
1+2H,,/Q, V1i+z 2Hy 4/,

Where we approximated 1+2z ~z and 1/+/1+z ~ 0. Putting it all together, we get about 1 degree

r 1
=" ~—=~1° (8.21)
dA v 3z
Which corresponds to a multipole moment of
m 180
{=—=——=180 8.22
0 1 (8.22)
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Note that in this derivation we assumed ¢, = c/+/3 which gives a sound horizon of r, ~ 0.26 Mpc, but
in actuality, considering the relative densities of baryons and photons in the early universe, it’s closer
to ¢/v/6. Modern measurements from the Planck collaboration lead to a smaller sound horizon of
~ 0.14 Mpc and an £ ~ 220%>.

Also notice that in calculating the angular diameter distance d,, we assumed a flat universe (2x = 0).
In fact, if we had an open or a closed universe, the effect on d, at a redshift of 1100 would be drastic!
See Figure for a visual representation of this effect. In essence, an open universe with hyperbolic
geometry would cause 6, to be smaller for the same size object, while a closed universe with spherical
geometry would cause 6, to be larger. We capture this effect by absorbing it into the angular diameter
distance. Note that this effect does not just apply to the first peak, but all of the peaks. Thus, the
locations of the peaks depend on the curvature parameter ;. Results have found that this is
consistent with Q; ~ 0, i.e. our universe is spatially flat.

s

>

Figure 8.5: A diagram showing how having an open or closed geometry would change the relation-
ship between r, and 6;, causing the angular diameter distance to grow or shrink.

The absolute amplitude of the peaks®'?:

Consider the approximation for the age of the universe in the matter-dominated regime (valid at
recombination):

2 1 2 1
t~ = ~ = (8.23)
3H(2)|,21100 3 Hyv/Q,(1+2)3

Notice that t o< Q;l/ 2. In other words, if Q,, is larger, the universe is younger at a redshift of 1100.
This gives less time for structure to grow in the early universe, and thus there is less overall power
in the CMB power spectrum. Thus, the amplitude of the whole spectrum depends on the matter
parameter . Results show Q,, ~ 0.27.

The relative amplitude of the peaks!!?1°¢:

Recall from our discussion about the peak locations that the first harmonic has 1/2 of an oscillation,
the second harmonic has a full oscillation, etc. In general, the odd harmonics correspond to points of
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maximum compression while the even harmonics correspond to points of maximum rarefaction.
So, we have to ask: how strong will the compressions and rarefactions be relative to each other?

In a primordial overdensity, the total mass M will be dominated by dark matter. If we increase
the baryonic mass m;, the total mass will barely change, but the small mass of the matter that is
actually oscillating (the baryons) will increase. Conceptually, this is just like mass loading a spring!
If the spring has more mass, it will fall further (maximum compression) since it starts with more
gravitational potential energy (GMm,/r?), but during the rebound it will return to the same spot it
started at (maximum rarefaction) since we have barely changed the total mass M > m,;. See this
depicted visually in Figure

Low Baryons High Barvons | Low Baryons High Baryons

Imual Conditions

.-!'l-']:.!xim:.ll Rarefaction) (Maximal Rare 01 )
bl

Even
Peaks

AT=0

Odd

Peaks . Peaks

Maximal Maximal
Compression Compression

~ —®

Figure 8.6: The effect of mass loading a spring on the relative strength of compression and rarefac-
tion>°,

This has the effect of enhancing the compressions (odd peaks) relative to the rarefactions (even
peaks). In other words, the relative amplitudes of the even and odd peaks depend on the baryon
density Q,. Results give a baryonic contribution of 2, ~ 0.05.

The Temperature of the CMB™*

The CMB temperature can directly give us the radiation density .. This is because the CMB is a
near-perfect blackbody, so we can simply relate the temperature of the blackbody to the photon’s
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energy density using

pyc2 =u, = aT? (8.24)

Where T = 2.7 K. In fact, we can generalize this to include neutrinos as well. If we call the effective
number of degrees of freedom shared by the neutrinos and the photons g, ~ 3.363 (this is a weighted
sum since photons contribute 2 d.o.f. and neutrinos contribute 6 d.o.f.), then we have

u, g.al*
e g L 8.25
Pr 2 2 2 ( )

Then we just use the definition of Q,

8nG 4nGg.aT*

Q2. = 2 2
Perit 3H0 3I_I()C2

r

Which gives Q, ~ 8.24 x 107>,
Miscellaneous™!?:

From the previous sections, we have estimates of Q, €,,, ©2;, and Q,. From these, we can infer the
remaining parameters:

Q,=9,-9, (8.28)

where 2, is the density from the cosmological constant, and €2, is the density of cold dark matter. This
gives Q, ~ 0.73 and 2, ~ 0.22. We can also estimate 2, from the late-time integrated Sachs-Wolfe
effect (which causes the slight increase in power at the lowest £’s).

Note: Some of the above effects are also degenerate with h (= H,/100 kms ' Mpc™!). For example,
notice in equation that t is actually proportional to t o< Q;l/ 2h~!. Thus, we can get a general
idea of h, but it will be degenerate with what we have for 2,,. The baryon density also has the
same degeneracy. This is why in the CMB results papers these values are often reported as ,,h? and
Q,h?. This degeneracy can partly be broken by analyzing the gravitational lensing anisotropies in
the CMB. These require a model of the lensing potential, which gives a matter power spectrum and
a measurement of the parameter 0891171/4.
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130. Write down the Jeans equation for a disturbance propagating in a self-
gravitating medium. From this show how to find the critical wavenumber for
propagating modes. What is the Jeans mass?

This question is a bit involved. The full derivation of the Jeans equation is likely not necessary to
know since they only ask for us to write it down, so one can probably skip the first section here.

Derivation of the Jeans Equation**"127;

Let’s say we have a total of N particles, each with their own positions x and velocities v. Then, we can
define a phase space distribution function f (x,v, t)d*xd®v which gives the probability of finding a
particle within (x,x + d®x) and (v,v + d3v) at time t.

such that f dBxdPvf(x,v,t)=1 (8.29)

If we make the following assumptions: 1) there are no sources or sinks (particles are not created or
destroyed), and 2) there are no hard scatterings; then we can apply the continuity equation with our
distribution function in 6D phase space, with a 6D phase vector w = (X, V):

d 0
—f+v-(fv'v):O — —f+—(f )+—(fv) (8.30)
at at
If we have a gravitational potential &, then v=—V&, so we have
af af of
P +v i Vo v 0 (8.31)

This is the Collisionless Boltzmann Equation. If we integrate over velocity, we obtain the zeroth
moment
on v=+00

Efdgvf(x,v,t) — a——i——(nv) Vo x f =0 (8.32)

vV=—00

The last term goes to O since common sense dictates our probability of having an infinite velocity
should be 0. Thus, we recover the 3D spatial continuity equation. Note: n is not a number density
here, it is a probability density of finding a particle within a volume (x, x + d°x).

? 9 —(nv) = (8.33)

Now, if we multiply by a velocity component v; and then integrate over velocity, we obtain the first
moment. From now on, I'll stick with index notation for all the vectors to avoid any confusion

2 0%
Ejdgvvf+z fdgvvlvjf Z de e (8.34)

There are a few useful quantities we can use to simplify the above expression—the average velocity
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and the velocity dispersion:

<vi>=%Jd3vvif(x,v,t) , (vivj):%fd%vv]f(xv 0, %= () —()y) (635

These terms, along with the continuity equation (8.33)) allows us to write the first term in (8.34) as

0 on o(v;) 2, 0 a(v;)
5 (D = Fplu) # s =) 2 ) (8:36)
We can rewrite the second term as
S
D> o= [n(o? + (v) (v;))] (8.37)
=l 0x; J
And for the third term, we integrate by parts to move the derivative
of av;
fdgvv a_ = Jf —f d3va—Vif = _J d*vé,; f (8.38)
— Z 5.— | d®vf = n o2 (8.39)
Y 8 B Bx '
Putting it all together from (8.36)), (8.37), and (8.39), we have
a(v;) ° >4 2 0%
n V) 2 v;))+ ; ox, n(O' + (i) {v;D]1+ na—xj =0 (8.40)
Further simplifying, we obtain the Jeans Equation:
o) & a< - 78
— N— = e 8.41

With the interpretation of each term as follows, from left to right:
* Acceleration of the particles
* Kinematic viscosity / shear
* Thermal pressure gradient
* Gravity
Now we can simplify the notation a bit if we introduce the thermal pressure P = paizj and redefine

v as the average velocity vector, i.e. v= ({(v,),(v,), (v;)). Then, we have the Jeans Equation (once
again) as:

Z_v +(v-V)v=—Vd— lVP (8.42)
Jol
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Applying the Jeans Equation to a propagating disturbance’”:

Let’s say our disturbance is characterized by small parameter &€ such that we can write the density,
velocity, pressure, and potential in our medium as some constant values plus a small perturbation
term:

p(x,t)=po+epi(xt) (8.43)
v(x,t) =V, + evy(x,t) (8.44)
P(x,t) =P, +¢eP;(x,t) (8.45)
d(x,t) =D, + eP,(x,t) (8.46)

Then, we assume the background is uniform and static, i.e. we assume v, = P, = &, = 0, and
po = const. These assumptions are actually inconsistent, since according to Poisson’s equation we
would have

V2®,=4nGp, — 0=4nGp, (8.47)

This is called the Jeans Swindle. Legend has it that this technique was once used by a ne’er-do-
well to convince a merchant that some denim garments had absolutely no potential on the market,
despite the fact that they had the density of an average pair of trousers. Believing them worthless, the
merchant relinquished the clothing and went about his day, completely unaware of the true potential
of his wares. The ne’er-do-well later sold off the denim attire for a profit of 4 homemade pies and
ate well for the next 2 days.

For our analysis, where we only consider a small perturbation, the Jeans Swindle actually does not
affect our results at all, so we’'ll just ignore it and continue on.

First we use the Jeans equation, ignoring anything of order &(¢*) and throwing away all terms with
Vo =Py =%, =0:

0 1
(ev) +[(vo +evy) - V](evy) ==V(e®) — ———V(eP) (8.48)
ot PotEP
@ =—Vo, — ivp1 (8.49)
at Po

vy Csz
—L=_ve,—2Vp, (8.50)
ot Po
Then, we can use the continuity equation, doing the same thing
ap
ot
%, 0
s%—kv-(epovl)zo — %+pOV-V1:O (8.52)
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Now we differentiate this with respect to time

2%p, 82Pl_|_ v,
ot? a2 T PoV gy

And we plug in our result from the Jeans equation for the velocity derivative

d
+p0§(v.vl): :0 (8.53)

9%p, 2 Csz 2
at? Po

And, using Poisson’s equation, we have

%P1 a0
Ze2 —c;Vip; =4nGp,py (8.55)

This is a wave equation for the density perturbation traveling at a speed c, with a source term for
the gravity. If we assume a generic wave solution of the form

p, = Cellkxet) (8.56)
Then we recover the relationship
—w?p, +’K*p; =4nGppy — w?=c’k*—4nGp, (8.57)

We have two possible cases here:
* w?>0 — exponentisimaginary — p, is stable and propagates as a wave

* w?<0 — exponentisreal — p, is unstable and grows exponentially (cloud collapses)

We can see that the bounding case is at w = 0. We can solve for k is this case, where we obtain

_ 4nGp,
==
N

k? (8.58)

This corresponds to a length scale of

2r\2  mc?
Aﬁ:(—”) = s A =\ (8.59)
k Gpo Gpo

This is the Jeans length! This is an upper limit on the size of the density perturbation before it will
collapse, since it corresponds to the above cases like so:

) nc?
w’ = 4n(? — Gpo) (8.60)

* A<, — w?>0 — stable

* A>1, — w?<0 — unstable (collapse)

The Jeans Mass'1?:
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We can recast the Jeans length in terms of a mass scale called the Jeans mass

4 4 n \*?
M, = gnkipo = gnpocf(G—pO) (8.61)

Note: This long and complicated derivation for the Jeans length can be done roughly in a much
quicker method. Intuitively, in a cloud of gas we have gravity balanced by pressure. If gravity com-
presses faster than a sound wave can cross the cloud, then there is not enough time for pressure
to push back against gravity. Then, all we have to do is compare the sound-crossing time t, to the
free-fall time t (7.52):

VGp

£y~ = (8.63)
CS

tg~t, — collapse! (8.64)

This gives us an estimate for the Jeans length of

(8.65)

Which is only off from the true value by a factor of /.
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131. Qualitatively, how does a density fluctuation grow over cosmic history
and how does the answer differ for dark matter and baryons?

As we saw in §8/Q130, a perturbation in density will collapse on itself if its length scale A is larger
than its Jeans length A ;. In the early universe, photons and electrons are strongly coupled, so we have
a ram pressure from photons of P = %pcz. The sound speed in this case is ¢, = v/ dP/dp = c/V3.
Using equation for the Jeans length, we have

C T
A= — 8.66
N V3 (8.66)

Now let’s compare this to the horizon scale ry in a radiation-dominated universe. In this case, we

have a scale factor a o< t'/2 and a o< %t_l/ 2. So, from the Friedman equations, we have
N2 —-1/2
1 8nG 321G
(E) _ 1 _8n6p | t:( ”p) (8.67)
a 4t2 3 3

And our horizon scale is

C 3
=2ct=——\|—< A 8.68
= @JS% ! (6.68)

We can do the same thing in a matter-dominated universe. This time, a o< t*/* and @ o< 2t7/3, so
SN2
a 4 8nGp
— = — = — = 6 G —1/2 869
(a) or2 3 (67Gp) (8.69)
And this gives a horizon scale
c 3
ry=3ct=——\|—< A 8.70
i Jep V2m = (870

We can see in both cases r; < A, so theoretically pressure should be able to keep the overdensity
from collapsing for the radiation-dominated and matter-dominated universe. However, if we look
at the very earliest stages in the history of the universe, the overdensities actually are collapsing.
This happens because the universe literally has not existed long enough for sound waves to be able
to cross the whole overdensity, so the effects of pressure (which propagate through sound waves)
cannot counteract the effects of the overdensity’s own gravity.

Eventually, at some redshift between 3000 > z > 1100 (i.e. after the universe becomes matter-
dominated, but before recombination), the first sound waves will have propagated across the over-
density. We call this event entering the sound horizon because the overdensity suddenly feels the
effects of the first pressure wave, which causes it to rebound and start expanding for a bit (since, as
we proved, if the overdensity could actually feel the pressure, it should be stable against collapse).
However, since this is only one pressure wave, the effect quickly dissipates and gravity takes over
again, causing the overdensity to collapse until the second sound wave crosses the horizon some
time later. This process repeats many times, creating what are known as Baryon Acoustic Oscilla-
tions (BAO) (though this term most often specifically refers to the first oscillation peak). See this
represented visually in the overdensity over time in Figure These oscillations are what cause the
acoustic peaks in the CMB power spectrum (see §8/Q129).
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Figure 8.7: The evolution of an overdensity 6 over redshift for both the baryonic matter and dark
matter.

Note that dark matter is not coupled at all to photons, so it does not experience acoustic oscillations
like baryonic matter does. In fact, it has no pressure to counteract gravity, so it will simply be col-
lapsing from the beginning. However, it is possible for the dark matter to stagnate if it enters the
horizon while the universe is still radiation dominated (p, > p,,), since in this case the timescale
for expansion ty,,pe i much shorter than the timescale for collapse tjq.,s:

1 1
CHubble ™ \/?I)r > Ljeans ™ Tpm

However, it will quickly begin collapsing again once the universe becomes matter dominated.

(8.71)

Later still, we reach the epoch of recombination at z = 1100. At this point, the strong coupling
between photons and electrons vanishes because electrons combine with protons to form atoms.
Therefore, we lose pressure support from the photons and our pressure drops rapidly to that of an
ideal gas

kT
=\, T=2701+2)K, P=-L kT (8.72)
m um

This causes the Jeans length to drop rapidly as well, meaning our overdensity will resume collapsing
at this point. However, it collapses faster than usual because the baryons fall into the CDM well that
has accumulated while the baryons were undergoing oscillations. We can actually use this as another
test of dark matter!12127
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132. What is the “spherical top hat” model for the formation of galaxies and
clusters? What is the significance of the number 1872?

This model assumes that an overdensity in the early universe can be described by a perfectly spherical
region with a sharp edge that has a higher density than the surrounding environment (i.e. Figure

8.8).

lo(zc)

A

Figure 8.8: The spherical top hat model for an overdensity in the early universe. The left plot shows
what the density would look like along one axis, while the right plot shows the spherical overdensity
in space.

How does the overdensity 6(x) = (p(x) — p)/p evolve with the expansion of the universe? To find
out, we can use Birkhoff’s Theorem, which states that the dynamics of a uniformly expanding, self-
gravitating sphere are equivalent to a section of the universe as a whole. Therefore, all we have to
do is apply the Friedmann equations (see §8/Q137) to this little spherical region.

First, we’ll take the background “unperturbed” density p = p, to be the critical density of the uni-
verse:

_ 3H*(t)
- pu(t)_ 87'CG

Then, for the spherical “perturbed” region, we have a density that’s higher than the critical density,
so the density parameter {2 > 1, i.e. we can think of this as a little mini closed universe! This requires
the curvature to be positive, so K = +1 in the Friedmann equation, giving us

(8.73)

8nGp,(t) 2 3 c?
H(t) = LA t :—(H2 t) + ) 8.74
(=" — P=g o HO+ 5 (8.74)
We can solve for p in both cases and plug them in to find &:
t)—p.lt 1 3¢2 2
5(t) = Pp( ) —p.(t) _ c _ c 8.75)
pu(t) p.(t) 8nGa*(t)  a?(t)HA(t)

At early times when the universe is radiation dominated, H* o< a™* so § o< a®. Later in the matter
dominated regime we have H?> o< a2 and § o< a.
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We see that the density perturbation gets more significant over time. What is the turnaround time?
That is, what is the time when the spherical perturbation stops getting bigger (due to the Hubble

flow) and starts collapsing? This will happen when the sphere has its maximum radius, r

max-*

We

can use energy conservation to equate the energy at this time, which is purely gravitational potential

energy, to the energy some time later when r < r_,,:

GM 1., GM

E=—"=—T — 7=

r 2 r

max

2GM(
r

Now for no apparent reason, let’s make a trigonometric substitution

L —sin?6
rmax
d(r/7max)

10 =2sinfcosf —

Then our equation for 7+ becomes

rr2

2sin 6 cos6dO = \

- 3
\ rmax

Rearranging, we get

JdGZSchosG _
cotf \

2GM

\ r3 sin“6
max

2GM

i = 2sin 6 cos 6d6O

rmax

max

2GM

5 COS odt

cot Odt

2GM
J dt
r3

2GM

r3

t

ZJdQSiHZQZ\

Using the half-angle formula we get for the LHS

0
f d6’(1—cos26’) =
0

Now if we replace n = 260 and solve for t, we get

max

1
0 — —sin26
2

1
t(n)==\|————
=2\ 876pm

(n —sinn)

1
r(TI) = Ermax(l —Cos

n)
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v 1—sin? 6dt

(8.76)

(8.77)

(8.78)

(8.79)

(8.80)

(8.81)

(8.82)

(8.83)

(8.84)

(8.85)

(8.86)



where the r equation just comes from the definition of our substitutions.

This is the equation of a cycloid! In other words, it is the path traced out by a point on the surface
of a rolling circle (see Figure [8.9).

Tech-Graphics

Figure 8.9: The path traced out by a point on a circle gives a cycloid*>’.

It is easy to see from this that the maximum radius will be achieved when 1 = 7, so we can solve the
time equation to get the time when the spherical perturbation is at a maximum size:

3
£ = o — (8.87)
2 \ 87GP o

What do our densities look like at this time? First let’s look at the unperturbed background density.
We can use equation (8.146)) to write p, as a function of t:

32 Pmax _ 27_52

= — = 8.88
61Gt2 — Pumax 187_C2pmax - Pumas 16 ( )

pu(t) =
In other words, at the turnover point the density is ~5.6 times larger than the ambient density. After
this point, the radius decays sinusoidally, so we have nonlinear growth of the density perturbation.
Naively from our cycloid model we would expect r — 0, but we know this doesn’t happen because
at some point galaxies virialize.

If we only care about the end point, we can just use the virial theorem in combination with energy
conservation to get the density ratio at the end stage of evolution:

2T+ U =0, E=Upy+ Tax =Up + T (8.89)
The “max” subscripts here denote the energies at the point when r = r,,, not necessarily the point
of maximum T or U! In fact, T,,, =0 and U,,, = —GM /r,,.,, SO we have
Uy Uy
Tf = —? — E= ? = Umax (890)
Therefore
U GMr r P Tiax )
f — 2 — max — max f — ( max) — 8 (8.91)
Umax rf GM rf Pmax rf



where p; is the density of the final stage of evolution. What we ultimately want here is a comparison
between this final density p, and the final density of the unperturbed background, p, ;. So we need
a relationship between p, ; and p, .. This can be found relatively simply. Between the maximum
of the cycloid and the end, we cover an angle n = w — 2, so our final time should be t; ~ 2t,,,.
Therefore, our p, o< t~2 will change by a factor

Py 1
L == (8.92)
pu,max 4
Finally, we have
max u,max 9
Pr _ Pr Pmax Pumax _ o 9 o 4 (8.93)
pu,f Pmax pu,max pu,f 16
Pr_ 1872 (8.94)
pu,f

This is the significance of the 1872 figure in the spherical top-hat model. It describes the final density
of a collapsed overdensity perturbation relative to the background density of the universe. In other
words, galaxies in the universe today should have a characteristic overdensity factor of ~ 180. This
is close enough to 200 that the astrophysics community has mostly settled on using 200 to calculate
quantities like the “virial radius”, which is the radius of a galaxy that encloses a predefined overdensity
factor!!?,
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133. Summarize the observational evidence in favor of the standard “Big Bang”
model of the universe.

1. Expansion of the Universe

We see all galaxies (outside of the local group) moving away from us very fast, in a way that
correlates with their distance. See §8Q134 on Hubble’s law: v = H,d. The only explanation
that makes sense is that the universe is expanding. Then, if we extrapolate backward in time,
we infer that the universe must have been much denser in the past, eventually all culminating
in a single point. The initial expansion of this point is called the Big Bang.

2. The Cosmic Microwave Background (CMB)

The Big Bang hypothesis implies that the universe used to be much denser, and thus much
hotter. If we go back in time far enough, the ambient temperature should reach a point that
prevents electrons and atomic nuclei from being bound to each other. During this time, the
universe is “opaque” because photons are constantly scattering off of free electrons and cannot
travel very far. The photons are also essentially a perfect blackbody at the ambient temperature
of T ~ 3000 K.

At the point of transition when the universe becomes cool enough for electrons to combine with
nuclei, the photons suddenly can travel much further without scattering, eventually reaching
us today. The last time a photon scatters before reaching us is pretty much the same distance
from us in all directions, so this makes up a surface on the sky that we call the surface of last
scattering. Since redshift expands the wavelengths like 1+ z and temperature T o< v o< 1/A,
T o< (1 +2)7}, so the temperature of this radiation today should be T ~ 3000/1101 ~ 2.7 K
where z = 1100 is the redshift of the surface of last scattering (i.e. recombination).

In fact, we do observe a nearly perfect blackbody at a temperature of ~ 2.7 K coming from
all directions in the sky uniformly. This is called the Cosmic Microwave Background (CMB)
radiation and is one of the strongest lines of evidence we have to support the Big Bang model.
For more info on the CMB, see question §8/Q127.

3. Big Bang Nucleosynthesis (BBN)

We can extrapolate back even further than the CMB epoch and surmise that the ambient temper-
ature of the universe must have been hot enough to fuse Hydrogen into Helium (He), Deuterium
(D), and Lithium (Li). This process is called Big Bang Nucleosynthesis (BBN). By constrain-
ing how long the universe was in this phase, we can use nuclear physics to get estimates of the
abundances of D, He, and Li relative to H.

The measured abundances of these elements in the present day universe all match up pretty
well to the expected estimates, lending further creedence to the Big Bang model. See §8/Q146
for more info on BBN.

4. Galactic Evolution and Structure Formation

Galaxies that we observe further away are further back in time due to the finite speed of light.
According to the Big Bang model then, these galaxies would have to be in earlier formation
stages than the galaxies we see in the present-day universe, since they’ve only had a finite time
to form since the Big Bang. We see evidence of these earlier formation stages in a number of
ways: the furthest galaxies tend to be smaller and less massive (implying they have had less
time to merge with other galaxies and grow larger) and have lower metallicities (implying their
stellar populations have not reprocessed as much H and He into heavier elements).
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134. What is the Hubble constant? Explain in detail at least three independent
methods to measure it. How does it relate to the age of the universe?

What is the Hubble constant?111°

In 1929, Edwin Hubble was measuring distances to Cepheid variables in other galaxies and noticed
a correlation between these distances and the recessional velocities measured from the redshifts of
these galaxies. This relationship is known as Hubble’s Law:

v =Hyd (8.95)

where H, is the Hubble constant. The plot from Hubble’s original paper is shown in Figure|8.10
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Figure 8.10: The relationship between distance and recessional velocity from Hubble’s original pa-
158
per+>°.

It was noticed that the galaxies were not only moving away from us, but also from each other. In
other words, this is not due to the intrinsic motions of the galaxies themselves, but the universe itself
is expanding outwards in all directions, causing everything to move away from everything else. See
the relationship between the Hubble constant and the expansion of the universe in Appendix section
In short, we get H in terms of the scale factor a(t) to be

H(a)= (8.96)

QA

Modern estimates place the current value at around H, ~ 70 km s~ Mpc ™.

How does it relate to the age of the universe?'!”

If we are to believe the Hubble law, then the universe is expanding. Then, if we go backward in time,
we should eventually reach a point where the universe was all concentrated at a single point. If we
assume the universe has always been expanding at the same rate that it is today, then this timescale
is just the inverse of the Hubble constant! (Notice that the units of H, are just s™! if we cancel out
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the km with the Mpc). We call this the Hubble time, which gives an age estimate of

1
vty=d — ty=-—=13.97Gyr (8.97)
Hy
This is actually stupidly close to the true age of the universe considering the fact that we completely
ignored how the expansion rate changes over time.

Ways to measure H,
1. Standard Candles

The most obvious way, and the way Hubble used in his original paper—we have a set of objects
where we can independently measure the distance and the recessional velocity. The velocities
are easy and can be obtained directly from the redshift (AA/A ~ Av/c). The distances are
more difficult. We can use standard candles, which are objects where the intrinsic luminosity
is known from physics, so we can get the distance by comparing it to the observed flux (L =
4nd?F). Some examples of standard candles are:

* Cepheid variables—relationship between intrinsic brightness and the pulsation period.
* RR Lyrae variables—like Cepheids.

* Type Ia supernovae—are thought to all have the same luminosity because they involve a
white dwarf surpassing the Chandrasekhar mass, which is the same for all white dwarfs.

* Tip of the Red Giant Branch (TRGB)—the brightest stars on the red giant branch undergo
a Helium flash which has a known intrinsic luminosity (since the triple alpha process is
extremely temperature sensitive, all stars that reach this point have an almost identical
core temperature/pressure/density, and thus an almost identical helium core mass of ~0.5
My).

2. Tully-Fisher

See §7/Q110. In brief, the Tully-Fisher relationship can be used to get the intrinsic luminosity
of a spiral galaxy, which can then be compared to its observed flux to obtain a distance. Then
we just compare the distance to the recessional velocity as with the previous method.

3. Gravitational Lensing

See §61Q96. For strongly lensed quasars, time delays between two different images of the same
object can be on measurable timescales (like seconds). The time delays occur because light
travels along two paths of different lengths for the different images. The amount of time delay
depends on the the distances from us to the lens, us to the source, and the lens to the source,
thus we can use this method to obtain a distance measure independent of redshift. These
measurements are primarily done by the HOLiCOW (H, Lenses in COSMOGRAIL's Wellspring)
team®?, See an example of these strongly lensed quasars in Figure m

4. Standard sirens

Like standard candles, but with gravitational waves. As it turns out, every gravitational wave
signal from the merger of two compact objects is a standard siren! From a gravitational wave
signal of a binary merger, we can get a direct measurement of the chirp mass .#, i.e.

3rs 3/5
M= E[%n—sﬂ“ y 11/3 'v] (8.98)
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Figure 8.11: The distance ladder. See Ref. [159.

And the intrinsic luminosity of the signal is directly related to the chirp mass:

32G7/?
L= (v )O3 (8.99)
5¢®
Gravitational waves are attenuated over distance in the same way that light waves are, so the
observed power will be smaller by a factor of the luminosity distance d;, which is related to

the Hubble constant:

L c (7 ay
F=——, d,=(142)— 8.100
4md? L= Z)HOJO E(z") ( )

(where, for simplicity, I took the expression for d; assuming a universe with no curvature; see
Ref. [161). This method was partially developed by Scott Hughes (MIT/MKI)!
. BAO Feature in the 2-Point Correlation Function

See §7/Q122. In brief, we can measure the angular diameter distance as a function of redshift
by comparing the observed angular size of the BAO in galaxy 2-point correlation functions to
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(¢c) HE 0435—-1223 (d) SDSS 120644332

Figure 8.12: Two strongly lensed quasars with multiple images from the HOLiCOW sample’L,

the intrinsic size, which is constrained by physics (see §8/Q129). Then, d, = r /0, which we can
relate to the expression for d, based on H,, and the cosmological density parameters. The BAO
shows up as a small peak in the 2-point correlation function because these density perturbations
are “frozen in” at recombination and collapse into galaxies, retaining their separations.

6. The CMB Power Spectrum

See §8/Q129. In brief, we can use the locations and amplitudes of the acoustic peaks in the
CMB power spectrum to constrain cosmological parameters, including H,, since these affect
how overdensity perturbations in the early universe evolve.

There is a discrepancy between the values of the Hubble constant obtained using “early universe”
measurements (5 and 6 above) and “late universe” measurements (1-4 above). This is called the
Hubble tension (see Figure[8.13)). In general, the late universe methods tend to converge on a value
of ~ 73+ 2 kms™ while the early universe methods get a value of ~ 67 0.5 kms™!. This is a
tension of > 50! The cause of this discrepancy is still unknown and is one of the biggest problems
in modern astrophysics.
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135. How can the age of the universe be estimated empirically? Do the current
estimates agree with that obtained from the Hubble constant?

The simplest (1) estimate of the age of the universe from the Hubble constant is t;; ~ 1/H,,, which
gives ~ 13.97 Gyr using a Hubble constant value of H, = 70kms~! Mpc™'. This is often referred to
as the Hubble time.

There are a few ways to measure this empirically,. We can get estimates for the ages of objects in
the universe and reason that the universe must be at least this old, so these methods all put lower
bounds on the age of the universe.

Globular Cluster Ages®?

By measuring the turn-off point from the main sequence in a globular cluster, its age can be estimated
because the hotter stars burn up their fuel and evolve into red giants faster than the cooler stars. For
more information on this, see §3lQ17.

The stars that used to be here
evolved imto RGR stars

Red Giant
branch
00 (Q
Luminosity
Unevolved
main sequence

Main-sequence Tumoff

COLOR/TEMPER ATURE
Figure 8.14: Example of measuring a globular cluster’s age from the main sequence turn-off point*®3.

The ages estimated with this method range from ~ 12 — 13 Gyr, roughly consistent with the Hubble
time.

White Dwarf Cooling*?

White dwarfs cool over time through radiation—this is a process that we understand and can model
fairly well (luminosity scales with core temperature as L o< T 67/ 2). If star formation extended back
infinitely in time, this would have no effect on the observed luminosity function of white dwarfs.
However, since the universe does have a finite age, we can observe a cutoff in the luminosity function
of white dwarfs that corresponds to how much the lowest mass white dwarfs have been able to cool
over the history of the universe (see Figure(8.15).
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og L/l

Figure 8.15: The white dwarf luminosity function in the Galactic disk?%.

This cutoff occurs at about L ~ 10~**L_, corresponding to T ~ 1000 K (compared to initial temper-
atures of order 10° K), from which we can get an age estimate of ~ 12— 13 Gyr, which again agrees
with the Hubble time.

The MW Stellar Halo??

The stellar halo of the MW is thought to contain individual stars (not in clusters) that are also old.
However, this age determination is more difficult than with globular clusters because these halo stars
are not a single population—they come from a history of mergers.
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136. How would you compute the age of our universe using the Friedmann
equation? What approximations can be made to simply this calculation?

Using the observer’s version of the Friedmann equation, written in terms of the scale factor a, we
have

-~ N\ 2
(%) =H2(Qua°+Q.a*+ Qa7 +Q,) (8.101)

See the derivation in §8/Q137. This is a separable differential equation, so we can solve for the age
at any given a by rearranging and integrating over time

H B da’
dt' = — (8.102)
0 Hy Jo v/ Qu(a)t +Q(a) 2+ Qg + ()2

I put this integral into Mathematica and I think I saw its soul die a little. So let’s try to make this a
little bit easier on ourselves.

Right away we can ignore the radiation density 2, and the curvature Q; because their values are
negligible. At this point we could technically solve the integral analytically. If we did so, we would
obtain

1

t~ —

fl da _ 2

But I don’t like integrals that require trig substitutions because my tiny pea brain can’t handle it. So
let’s make one more approximation: the universe is matter-dominated for most of its history since
Qa2 > Q, for a < 1. Therefore, let’s just ignore the Q, term too (which requires us to set Q,, = 1).
In this case, we just recover the results for a matter-dominated universe from §8/Q137

Q
arcsinh( Q—A) = 13.8Gyr (8.103)

m

1~2 1

2
&2 ~2
o 3H(a)

1
t o~ #J a'?da = ———
Hyv/ Q0 Jo 3Hyv/

All we have to do is plug in a = 1 to get the age today, which gives an estimate of ~ 9.3 Gyr. This is
a bit of an underestimate from the typically accepted value of 13.8 Gyr because the universe at the
current epoch is actually dominated by Q,, which drives additional expansion and causes H(a) to be
larger than expected for a purely matter-dominated universe®'?,

(8.104)
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137. What is the Robertson-Walker metric? What are the Friedmann equations?
How does the universe expand if it is (i) radiation dominated? (ii) matter
dominated with 2 < 1, 2 = 1, € > 1? (iii) dominated by a cosmological
constant?

The Friedmann-Lemaitre-Robertson-Walker (FLRW) Metric is given by 14121127

2
ds? = —c2de® + az(t)[% + r2d6? + r?sin® qu,’)z} (8.105)

For a full derivation of this, and a full walkthrough of setting up different cosmological distances in
an expanding universe, see the Appendix §12.12

The Friedmann Equations**}?:

Now we’re going to derive Friedmann’s equation using a purely classical argument. To do this, we
can use Birkhoff’s Theorem again (see §8/Q132). Then, for simplicity let’s take the radius of a
spherical region in the universe to have a comoving distance of r = 1 such that R(t) = a(t). Then, if
the density of this sphere is p, the mass enclosed in the sphere is

M(<a)= gﬂ:agp (8.106)

The self-gravitational force this sphere experiences is

F GM(<
g GMEA 4. 0o (8.107)
m a? 3
Let’s multiply by a:
- 4 )
ada = —anpaa (8.108)

Now we can use conservation of mass pa® = p,a; to obtain

d(1 ,2) 4 a . 4 . d ( 1)
—| =a® |=—=nGpy—a=—=nGpea,—| —— 8.109
dt(z 3" TP0 R T TP g\ Ty (8.109)
Integrating over time and calling our constant of integration —Kc?
1., 4 a ., 4 0 s a\?> 8nGp Kc?
—a“=-nGpy,— —Kc*=-nGpa—Kc* — | -] = - (8.110)
2 3 a 3 a 3 a?

This gets us to the first Friedmann equation if the cosmological constant A = 0. If we did a full proper
derivation with GR, we would’ve obtained

=N\ 2 2 2
8nG K A
(9) = omup  Re | AC 8.111)
a 3 a2 3
d 4G 3p Ac?
- =—— + — |+ — 8.112
(a) 3 (p cz) 3 ( )




These are the Friedmann Equations in all of their glory. Let’s quickly go over how one would go
about this derivation using GR, without going through any of the actual algebra:

1. Assume the universe is homogeneous and isotropic on the largest (spatial) scales, such that the
FLRW metric can be taken as our metric of spacetime.

2. Construct the Einstein curvature tensor Gy from the FLRW metric and its (second-order)
derivatives.

3. Assume that our source term can be represented by a perfect fluid, T,,, = (o +P/ cz)uuuv+P v
— A; 2
or T! = diag(—pc*, B P, P).
4. Solve the Einstein field equations, G, + Ag,, = (87G/c")T,,

For the sake of my observer pals out there, let’s reparametrize this in terms of things that are mea-
surable. First, we define the expansion rate

_ a()
Ta(t)

Next, let’s look at the density p. Normally we would think this is just due to matter, but this actually
includes the density from the energy of photons as well (i.e. p = &/c? where & is the energy density
of the universe). So, we can break this up into p = p,, + p, where p,, is the contribution from matter
and p, is the contribution from photons. We can also extend this concept to the curvature and the
cosmological constant, defining their “densities” to be

H(t) H, = H(t,) (8.113)

3 Kc? Ac?

_— = — 8.114
871G a?(t) Pa ( )

t)=—
px(t) 381G

Notice that p, = const. This allows us to write the first Friedmann equation as
871G
H?*(t) = —3 (Pmt Pt prtpA) (8.115)

Then we can define the critical density p.. as the density needed to make the universe closed (or
flat). By “making the universe closed” we mean making K = 0. We can see that this must happen if
we have

3H(t) 3H?

it0 = Peitllo) = ——— 8.116
87'CG ) pcrlt,O pcrlt( 0) 87'CG ( )

since this would require the contribution from the py term to go to 0. Then, we can define the
cosmological density parameters relative to this critical density:

pcrit(t) =

pi(t)  8nG

Q,(t) = = p:(t) (8.117)
pcrit(t) 3H2(t)
And the value today is
8nG
i,0 1( O) 3H§ pL,O ( )

Now our goal is to write everything in terms of their present-day values, since these are easily
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observable. This gives density parameters of

Pm,o 8nG
Q =m0 _==7 8.119
m,0 pcrit,o 3H§ pm,O ( )
Pr, 8nG
Qo=—"=——p.q (8.120)
pcrit,O 3H0
K 2
Qo= K0 —_2C (8.121)
pcrit,O Ho
A 2
Qpo0= Lro —62 (8.122)
pcrit,O 3Ho

We need to know how each of them evolves with respect to the scale parameter a(t). To do that,
we need an additional constraint: an equation of state that relates the pressure and density of our
perfect fluid. A general form of this equation of state is taken as

P.=w;p;c* (8.123)

where w; are constants. Let’s assume that our fluid is at a constant temperature, so there is no heat
transfer, then by the first law of thermodynamics

dU dw dv
— = —_p—_ 8.124
de de dt ( )
Replacing the energy with the energy density, and using V = (4/3)7R?, we get
3 3
AR W) __pdE) (8.125)

dt dt

Then we substitute the density pc® = u and the scale factor ay = R (where y is a comoving distance,
but it doesn’t matter as it cancels)

d(pa®) __ P d(a®)

= 8.126
dt ¢ dt ( )
Plugging in our equation of state, we obtain
P_ _301+m2 (8.127)
Jo; a
Then, integrating
p = poa 0™ (8.128)

where I took a, = a(now) = 1. There are now three cases of interest to see how each of our density
contributions scales with a (curvature is excluded, as it is a special case):

1. Matter: P = O for all p. In other words, on the largest spatial scales, matter acts like “dust”.
Therefore, w = 0 and p,, o< a>. Conceptually, this makes sense: we have 3 spatial dimen-
sions, so if matter is not created or destroyed, then as the universe expands, the density scales
inversely to the volume a®.
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2. Radiation: P,y = p,c*/3 (radiation pressure). Therefore, w = 1/3 and p, o< a~*. Conceptu-
ally, radiation density decreases with a2 just like matter, but there is an additional a* factor
corresponding to the energy of individual photons being stretched out and decreasing due to
the expansion. E, = h Ve = hvg,/a.

3. Cosmological Constant: We know the density here is constant, so the only possible solution

isw = —1,ie. P = —p,c? Conceptually, this corresponds to some kind of vacuum energy
density, which has a negative pressure that accelerates the expansion. See §8/Q140 for more
details.

For the curvature, we have a2 directly from the Friedmann equation. Therefore:

P(t) = Prno@ () = D oPcrivod (£) (8.129)
P:(6) = @ (t) = Q0P crioa () (8.130)
Px(t) = P oa (t) = Qe pPariroa (1) (8.131)
PA(t) = Qp 0Periro = cONSt (8.132)

From now on I'm going to drop the 0 index and just assume all of the density parameters are measured
at the current epoch. Putting this all back into the Friedmann equation, we recover

= —— Q0 a P+ Qat+ Qpa?+ Q) (8.133)

We notice that the prefactor is just H2. We’re almost done. There is one more thing to do: the scale
parameter a is not an easy observable, but the redshift of photons z is. The relationship between the
scale factor and the redshift is 1/a = 1 +z. For a derivation of this, see the Appendix Now
we can write the Friedmann equation fully in terms of observable quantities:

H*(2) =HJ[Q,(1+2)° +Q2.(1 +2)* + (1 +2)* + Q,] (8.134)

Oftentimes the part in brackets is given its own function:

E(z) = /Q,(1 +2)2 +Q,(1+2)*+ Q1 +2)>+Q, — H(z)=H,E(z) (8.135)

Note that by the way we defined the density parameters, they must all sum to 1 (such that for z =0,
H = H,). Often we take advantage of this by writing the total density parameter, which includes all
of the density parameters except for curvature (since curvature is a “fake” density parameter):

Q=0,+9,+9, , UR=1-0 (8.136)

Recent values of these cosmological parameters from the WMAP mission are

Q,, =0.27 +£0.04 (8.137)
Q, =0.73+0.04 (8.138)
Q, =8.24x107° (8.139)
Q, = 0.045 £ 0.003 (8.140)

Where 2, is the baryonic matter density.
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How does the universe expand in different regimes?*'”

The observer’s form of the Friedmann equation makes this painfully obvious since we explicitly sepa-
rated out the dependences on the matter, radiation, curvature, and cosmological constant densities.

(i) Radiation Dominated:

Take 2, to be the only significant density parameter. Then,
H(a) = g ~ Hyy/Q,a~% = Hi2a™? — a=HyQY?a (8.141)

We integrate to obtain

1
JdaazHOQyzfdt S EazzHOQ:/Zt — |a(t) = (2H,Q?0)'? (8.142)

We see that a o< t/2, the expansion is slower than linear. The reverse relationship gives the age in

a radiation-dominated regime

1 1 11
2H,y/Q,a* 2H(z)
(ii) Matter Dominated:
Take Q,, and Q to be the only significant density parameters. Then,
H(a) =2 ~ Hy /003 + Qa2 — d=Hyy/Qa + 2 (8.144)
a

If @ =1, then p = p.;, and we can ignore the curvature term which simplifies things greatly

2 3 23
f daa'’? = HOern/ZJ dt — §a3/2 = HOQ}n/zt — |a(t)= (EHOQ;/Zt) (8.145)

We have a o< t?/3. The expansion is faster than the radiation regime, but still slower than linear.
Once again the age can be estimated from

2 1 21
— |t~ (8.146)

t=————
3 H,/Q,a=3 3 H(z)

In the other cases where Q # 1, we have

Hyt (8.147)

J da B
VvV Qna Tt +Qp

If Q> 1, the universe must be closed, i.e. Q; =1— < 0. This means the expansion will eventually
slow down and reverse, causing the universe to collapse in on itself.

If 2 < 1, we have the opposite situation, so the universe must be open, i.e. QO =1—Q > 0. In the
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extreme case where Q, dominates over (2,,, we have

a(t) ~ Hyy/Qt (8.148)
Soa o<t and
t ~ ! (8.149)
~ H(z) ’

(iii) A Dominated

Take Q, to be the only significant density parameter. Then,

H(a)=— ~Hy,/Q, (8.150)

Qla

And integrate

d
—a—Hm/QAJdt — In— =HY(t—t,) — a(t) = agexp[ HoQ*(t — t5)] | (8.151)
o

a

We see that we have a o< exp(t) exponential growth. Then the time relative to today is

1 1
t—ty~——1 8.152
0 Z n(1+z) ( )

For a general view of how the universe expands over time for different density parameters, see Figure
8.16l
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Figure 8.16: The expansion of the universe in different regimes'%,
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138. What was the approximate temperature of the universe at recombination,
and why did recombination happen then?

The early universe has a high ambient temperature, so much so that there are a lot of photons with
energies 2 13.6 eV, the ionization potential of Hydrogen. Therefore, we just have a soup of free
electrons and nuclei until the universe cools enough that the electrons can combine with the nuclei
and form bound atoms. This process is called recombination, and we define the specific point of
recombination to be when 50% of the electrons in the universe have been bound to nuclei*.

Recombination is also the point we see CMB photons from, since this is the first time photons can
free-stream without scattering off of electrons constantly. Therefore, the temperature of the universe
at recombination should just be the temperature of the CMB—but not the temperature today, the
temperature at the epoch of recombination. Essentially, we have

Praqd < @ o< (1+2)* Cosmological equation of state + Radiation pressure (8.153)
Prad < T* Stefan-Boltzmann Law + Radiation pressure (8.154)
s Toc(l1+2) (8.155)

We can find what the ambient temperature is at recombination using the Saha equation (§5/Q77)

= e (8.156)

nn, 2gp(27rmekT)3/Ze_x/kT
Ny &u

with g, =2, gy =4, y = 13.6 V] and the condition for recombination which is n, = n, = ng = n,/2
where n; is the total number density of baryons (recall that electrons are leptons, not baryons, so
n, =n,+ny):

1 2mm, kT \%/?
Enb:(%) et /KT (8.157)

We can get n, from the observed baryon density €2, = 0.045 and parametrize T in terms of the
redshift and observed CMB temperature T = T;(1 +z) where T, =2.7 K:

19,0, 2mm kTy(1+2))*?
1 P +Z)3:( m kTo( Z)) o~ 1/KTo(142) (8.158)

2 m, h2

Solving numerically gives a redshift of z,..,m, = 1400, but this is inaccurate for a couple of reasons:
* He will recombine earlier than H because it has a higher ionization energy

* We assume electrons immediately enter the ground state when they recombine with protons,
whereas in reality they would start in an excited state before cascading down to the ground
state. This has the effect of reducing the “effective” ionization potential from 13.6 eV, so we
have to cool down more than expected to reach 50% recombination.

More accurate estimates put the recombination epoch at | 2,ecomp, =~ 1100 2,

We therefore have | T = 2.7(1100) ~ 3000K M1

Possible point of confusion:

Just calculating the thermal energy kT = y gives you a temperature of T ~ 10° K, much larger
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than 3000 K. Normally we’d expect Hydrogen to start recombining at much hotter temperatures.
What'’s going on here? For T ~ 3000 K, the ionizing energy 10° K is far into the tail of the photon
distribution. However, there are many more photons than baryons (n,/ n, ~ 10710, see Q145),
so even in the tail of the distribution, we still have more than enough photons to keep H ionized.
The baryon-to-photon ratio is encoded implicitly on the LHS of equation within p;.. We can
write this more explicitly by substituting n, = nn, where we use the expression for n, from Q145:

1 22(3)(kT\°( 2nm kT /2
o e) () e (8159
Rearranging, we get
kT \*?
2%3.84n(mc2) e*/KT (8.160)

Note: to solve this numerically, it’s helpful to do a log transform to avoid running into errors with
machine precision.
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139. When (or at what redshift) did the universe become (i) matter dominated?
(ii) optically thin to electron scattering? What temperature was the CMB at
these times? What significance did these events have for the CMB?

(i) Matter-Radiation Transition}1?

We want to find when the ©,, and 2, terms in the Friedmann equation become equal to each other
(2 and 2, are negligible in this era). So

Q,(1+2)P=0,(1+2)* (8.161)
Q

=—7_1 8.162

= ( )

r

With current values of Q,, ~ 0.3 and Q, ~ 10~* we get

2 ~ 3000 (8.163)

The current CMB temperature is T, ~ 3 K, so this corresponds to a CMB temperature of

Tempmr = To(1 + 2,,,) = 9000K (8.164)

The significance of this transition regarding the CMB has to do with how an overdensity perturbation
enters the sound horizon. We saw in §8/Q131 that the baryons will start oscillating due to pressure
support from photons when this happens. However, the dark matter has two options. If the pertur-
bation enters the sound horizon before the epoch of matter-radiation equality, the dark matter will
stagnate since the timescale for expansion (o< pr_l/ %) is much shorter than the timescale for collapse
(o< p1/?). Otherwise, if the perturbation enters the horizon after the epoch of matter-radiation
equality, the dark matter will just continue collapsing like normal.

Thus, the difference in structure formation leaves an imprint on the CMB power spectrum through
the SW and ISW effects (§8]Q128) which depend on the time-varying gravitational wells that photons
pass through. The redshift z,, also depends on 2,,, which affects the amplitude of the CMB power
spectrum as a whole.

(ii) Optically Thin Transition!*

This occurs at recombination, which is at a redshift/temperature of

Zrecomp = 1100 (8.165)

TCMB,recomb = TO(l + Zrecomb) ~ 3000K (8166)

For a derivation of these values, see §8/Q138.

The significance of this transition regarding the CMB is that this sets the surface of last scattering,
i.e. we see (approximately) all CMB photons coming from this redshift, since this is the last time they
can scatter before the universe becomes optically thin.

This also sets the scale at which we see the BAO peaks in the CMB power spectrum, since these
depend on the length of the sound horizon at recombination (which is when density perturbations
stop oscillating and collapse). See §8/Q129 and §8/Q131.
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(iii) BONUS ROUND Matter-A Transition

We can use the same process we did for (i) and apply it to the matter-cosmological constant transition:

Q,=0,(1+2)° (8.167)
Q, 1/3
== —1 8.168
z (Qm) ( )
For 2, ~ 0.7 and Q,, ~ 0.3, this gives
2o~ 0.3 (8.169)

In other words, this transition only happened relatively recently!
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140. What evidence is there for dark energy and what might it be?

Dark energy is a spoopy name for the cosmological constant in the Friedmann equations. It is natural
to attribute this phenomenon to the vacuum energy density of space, since if this existed it would
produce a negative pressure, pushing things apart from each other. To see why, recall the discussion
in §8/Q137 about the cosmological equation of state and the fluid equation:

,  d@p) _ P d(a)

P=wpc” , 8.170
P dt 2 dt (8.170)
The cosmological constant, by definition, has a constant density p, that does not change with the
scale factor of the universe, so the above equation requires w = —1:
P=—p,c? (8.171)

Due to this negative pressure, dark energy drives the acceleration of the expansion of the universe.
As the universe expands, it fills more volume, but since p,,. is constant, this means more dark energy
must continuously appear to fill the increasing volume, driving the expansion even faster. Some more
general models consider a A that can change over time, replacing dark energy with quintessence (a
time-dependent energy density). Some more exotic models consider dark energy might be due to
modified gravity.

There is actually a recent result from the Dark Energy Spectroscopic Instrument (DESI) that suggests
that dark energy may have a value of w that evolves over time, i.e.

w=wy+w,(1—a) (8.172)

where it reaches w = —1 somewhere between a redshift of z ~ 0.2-0.3 and has since evolved such
that the value at z = 0 is between —0.8 and —0.6. The physical significance of this is difficult to
interpret, but it boils down to an evolution in the nature of dark energy over time,**” since when
w # —1, the energy density is no longer constant with a / z, since p oc a=3(+"),

Calculations of the vacuum energy density from particle physics predict that it should scale with the
inverse of the Planck time squared:

Ac?

1
AP~ ———n~ 10857 — Q, = 3~ 101 (8.173)

tPlanck 0

This is 120 orders of magnitude off from the observed value of 2, ~ 0.7. So, basically perfect
agreement if you ask meﬁ!

Evidence for Dark Energy

1. CMB Power Spectrum

We can infer a value for 2, by fitting the CMB power spectrum, which gives Q, ~ 0.7. See
§8/Q129. This comes from the measurements of 2, and £ from the overall amplitude and
the locations of the acoustic peaks, from which we can get 2, using

Which assumes 2, ~ 0.

8for legal reasons, this is a joke
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2. Type Ia Supernovae

Type Ia Supernovae are standard candles that allow us to accurate get their distances. The
distance that we derive from these measurements is the luminosity distance d;, which depends
not only on the hubble constant, but also on the cosmological density parameters. For low
redshifts in a flat universe (Qx = Q, = 0):

/

c (7 dz
d (z)=(1 +z)170f0 NN CET) T (8.175)

We can see that this has a slight dependence on 2, (see for a generalized definition
of d;). Thus, one can model the luminosity distances obtained from Type Ia supernovae as a
function of z and fit models using different cosmological parameters to see what fits best. See
what this looks like in Figure|8.17
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Figure 8.17: A model that fits the distance modulus m — M as a function of redshift z, compared to
a sample of Type Ia supernovae™L.

Looking at the fits in the Figure, we can see that the supernovae at larger redshifts notably were
at higher distances than expected based on a model with no dark energy (2, = 0). We can
see this by looking at and imagining a model with (£2,,,Q,) = (1,0) vs. (0.3,0.7). At
z = 1, the first model has 1/+/8 and the second has 1/+/0.3(2)3 + 0.7 = 1/+/3.1, so the second
is obviously larger. (If we want to imagine models with a nonzero curvature we have to use a
more complicated expression for d;, so I've omitted that here).

In other words, at a given distance, the supernovae had been redshifted less than expected.
For a conceptual argument: a lower redshift corresponds to a higher scale factor, meaning
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the expansion of the universe must have been slower in the past than it is today. Thus, the
expansion of the universe is accelerating. This is a clear sign of dark energy™!!

PARTICLE PHYSICISTS (ASTROPHYSICISTS

ICALCULATED 0 _A TS LIKE 0.1, RIGHT?
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]\-‘r S
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" _RIGHT?
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141. Is most of the hydrogen in the universe neutral or ionized? Describe the
approximate ionization history of the Universe, and at what redshift the major
phase transitions occurred.

Currently most of the hydrogen in the universe is ionized. For the thermal history of the Universe,
refer to Appendix section §12.3]
In short:

For times t 5 107 s, the universe is too hot even for quarks to combine to form hadrons
(protons and neutrons)

At t ~ 107> (corresponding to z ~ 10'°), quarks and gluons form protons and neutrons. At this
point, the universe is still too hot for leptons (electrons) to combine with the hadrons to form
atomic nuclei, so the universe is completely ionized.

At t ~ 400 kyr (corresponding to z ~ 1100), the universe has finally cooled down enough
to allow electrons to combine with protons and neutrons to form atoms in a process called
recombination. At this point the universe becomes almost completely neutral.

Much later, at t ~ Gyr (corresponding to z ~ 6), the first stars and galaxies form and start
producing ionizing radiation. This eventually produces enough to almost completely reionize
the universe in a process called reionization. The actual exact redshift this occurs at is still
pretty uncertain and could be anywhere between ~5-15.

Today, z = 0, the Universe is still almost completely ionized.

A plot of the approximate ionization fraction of Hydrogen X,y against redshift is shown in Figure

8.18

Figure 8.18: The ionization of Hydrogen in the universe as a function of redshift.

The epoch of reionization is probed with H 1 21 cm cosmology (see §8/Q126) and the Lya forest
(881Q142) in the spectra of high-redshift quasars. The epoch of recombination is tightly constrained
by the Saha equation (§8/Q138) and the CMB power spectrum (§8/Q129).
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142. What is the Ly alpha forest? Why are cosmologists interested in it?

The Lya Forest refers to a series of absorption lines shown in the spectra of high-redshift quasars that
affect the UV continuum to the left of the Lya line (shorter wavelengths). The idea is that, on its way
back to us, the light from the quasar passes through a number of different intergalatic clouds of H
and He at different redshifts that will then produce Lya absorption lines at these different redshifts.
A typical quasar spectrum might have something like 50 of these Lya absorption lines at shorter
redshifts. Absorption lines from He and metals can also sometimes be seen*.

For an example of what this looks like, see Figure [8.19
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Figure 8.19: The Lyman-alpha forest of a typical quasar, with a diagram showing the path of the light
above the spectrum.

Note: bound-bound absorption around the Lya line is NOT the only important attenuation process
going on here! There is also a “line blanketing” effect at wavelengths shorter than Lya where the
continuum is attenuated by a superposition of many absorption lines on top of each other as well
as resonant scattering. This causes a staircase-like attenuation pattern at the wavelengths of each
Lyman-series line.

There is also bound-free absorption (also sometimes called photoelectric absorption) for photons
above the Lyman limit (A, < 912(1 + zabs’i)A). The amount of absorption from this process is
strongly dependent on the redshift, since the amount of neutral Hydrogen in the Universe that’s even
available to be ionized in the first place is also a strong function of redshift.
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Figure 8.20: The attenuation fraction of a typical quasar at a redshift of z = 3.5. Notice the staircase
drops that correspond to the Lyman series. Lya: 1216(1 + 3.5) = 5472A, LyfB: 1026(1 + 3.5) =
4617A, Lyy: 972(1 + 3.5) = 4374A, etc. These are caused by the blanketing effect. Above the
Lyman limit, 912(1 + 3.5) = 4104 A, we have a drop-off due to bound-free absorption, but it does
not go completely to O since the universe is already ionized at z = 3.5%°

The combined effects of these processes are often referred to as IGM absorption since they originate
from H in the IGM. If we take this to the logical extreme, we can find quasars at redshifts z 2 6, from
before the reionization of the Universe. In this case, the UV continuum to the left of Lya will drop
almost completely to 0. This is because the vast majority of Hydrogen in the IGM is still neutral and
available to be ionized. This is called a Gunn-Peterson Trough (see Figure [8.21]).
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Figure 8.21: The Gunn-Peterson trough in an actual observed quasar:®”.

Why are cosmologists interested? The absorption mechanisms are strongly dependent on the
amount of neutral vs. ionized Hydrogen in the Universe as a function of redshift. Thus, the Lya
forests of high-redshift quasars can be used in tandem with 21 cm cosmology to constrain the epoch
of reionization. We can also use the optical depth to get a measurement of the total amount of neutral
H 1in the IGM along a line of sight, which can help constrain DM structure models.
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143. What are the “flatness problem” and the “isotropy problem” in standard
Big-Bang cosmology? How does the inflationary model resolve these problems?

Flatness Problem!”
This is a “fine tuning” problem related to how flat the Universe is today (2, + Q, + 2, = 1).

To see why this is a problem, start with the Friedmann equation and substitute in the critical density,
ignoring A since it is negligible in the early universe

8nGp Kc? Ac? 3K c?
H?= — + — puua’=pa*— 8.176
3 2 T3 L ( )
Recall that p = Qp
1 3Kc?
2

a’l=—1)=— = const 8.177
P (Q ) 871G (8.177)

Notice that the RHS is just a constant. In the matter-dominated regime, p o< a2, so we have
o< (1 1) (8.178)

a —— .
Q

Since the Planck time, the scale factor a(t) has increased by a factor of ~ 10%°. In other words,
1/Q(t) — 1 must have also increased by a factor of 10°°. This means that if Q(tpy,,q) Was even
slightly off from 1, its value today would be way off from 1. But we observe today that Q(t,) ~ 1, so
at the Planck time it must have been within Q(tp;,,) = 1+ 107%°. What are the chances of that, eh?
It seems like the initial parameters of the Universe would have to be really finely tuned.

Isotropy Problem (Horizon Problem)*
This is a problem related to the seemingly paradoxical scale at which the CMB is causally connected.

In this context, the “horizon” is the boundary of the largest causally connected region. So, at the
time when the CMB starts free streaming (recombination), what is the horizon size? Recall that
in question §81Q129 we derived the sound horizon size at recombination for the baryon acoustic
oscillations. The light horizon size at recombination will follow the same steps, just replacing the
speed of sound with the speed of light ¢, — c;+/3 = c. In other words, our angular size is

d 1
=~ ~17 (8.179)

0, = 1 —
"Tdy T Wz

This is about 1 pixel in the WMAP mission, not even close to the whole sky. No 2 pixels in WMAP are
causally connected...and yet, the CMB temperature is uniform over the whole sky to 1 part in 10°.
How is this possible?

Inflation12:168

Inflation is a theory that solves both of these problems simultaneously. It does so by proposing that in
the very early history of the Universe, between ~ 10736 — 10732 5, the Universe underwent extremely
rapid expansion where the scale factor changed by a factor of ~ 10%. See, for example, Figure m

This expansion is caused by some homogeneous scalar field ¢ (read: V¢ = 0) which produces a
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Figure 8.22: The scale factor as a function of time in the inflation model.

density and pressure

1

p(¢p)= §¢2+V(¢) (8.180)

1.
P(@)=¢°~ V() (8.181)
Then, the potential is assumed to dominate, ¢ /2 < V(¢), so p is constant in time. Notice that this

has the same effect as the cosmological constant by causing exponential expansion. Plugging into
the Friedmann equation:

N

8nG 8nG d

H?= (E) = ng P _ %V(qb) = const. —> fa_ const. — a o< exp(t) (8.182)
a a

The other Friedmann equation gives us the equation of motion for the scalar field itself:
¢ +3Hp +V'($)=0 (8.183)

Notice that this is just a damped harmonic oscillator with a damping term 3H ¢. Usually here it is
assumed that ¢ < 3H¢ so that the potential, which we say starts on the top of a hill (unstable
equilibrium), does a “slow roll” down into a potential minimum. Once it reaches the minimum, it no
longer dominates the density p, so inflation ends. An example of what this potential might look like
(in 1D) in shown in Figure Note that this is not how the original inflation models proposed by
Alan Guth in 19811’ worked—they instead assumed that ¢ started out in a local minimum and then
quantum tunneled to the global minimum. However, these models are disfavored today because they
would produce large-scale inhomogeneities which are not observed.

We don’t really have any interpretation for what this scalar field actually is...it’s really just a math-
ematical device that we use to get this model where the Universe expands rapidly before calming
down.

Now let’s look at how this solves the flatness and isotropy problems. For flatness, look back at equa-
tion (8.177). Now instead of p o< a2 we have p o< const., so

(% _ 1) o a~? (8.184)
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Figure 8.23: An example of a slow-roll inflation potential in 1D.

So now, a increasing by a factor of 10°° must cause 1/Q—1 to decrease by a factor of 10%°. So instead
of driving Q rapidly away from 1, we rapidly force Q to approach 1 to minimize the LHS. In this model,
having a flat Universe today is a natural consequence of the rapid inflation of the early Universe, and
in fact we could not have any other kind of curvature. We can think of this conceptually like the
inflation “stretching out” any curvature until it becomes flat

For the isotropy problem, we have to recalculate the horizon distance d, in the ¢p-dominated regime:

" edt! * cda’ ¢ cda’
d,(t)=a(t =a(t — =a(t 8.185
() =al )JO o) = )fo — = al )JO oy (8.185)
Remember, H = const here, so we get
c(1 1
=a—(=—= 1
d,(a) aH(O a) — 00 (8.186)

The interpretation here is that before inflation the Universe is small enough that everything is causally
connected. Then, when inflation rapidly increases the size of the Universe, it causes these large
regions to have causal connections that they otherwise wouldn’t have.

There is an additional problem not mentioned in the question that inflation also solves: the magnetic
monopole problem. In short, there is no reason for us to believe that magnetic monopoles should
not or cannot exist in our universe (we observe electric monopoles, after all). As such, according
to the Big Bang model, there should have been many stable magnetic monopoles produced in the
early universe. Inflation solves this by allowing magnetic monopoles to exist prior to the inflationary
epoch. Then, after inflation, magnetic monopoles can no longer be produced, and the ones that were
produced have had their densities diluted so strongly (expansion by a factor ~ 10%°) that we wouldn’t
expect to see any of them today.
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144. What is the baryonic contribution to the cosmological mass density and
how is it determined? Where are the bulk of the baryons in our Universe?

The baryonic content to the cosmological mass density is approximately

Q, ~0.045 +0.003 (8.187)

Compared to an 2, ~ 0.3, the baryons account for only ~ 15% of the total matter density of the
Universe. This is obtained by two methods™%:

1. CMB: Fitting the acoustic peaks in the CMB power spectrum and measuring the strength of the
baryonic mass loading effect, which causes the relative amplitudes of the even and odd peaks
to change. For details, see §8/Q129.

2. BBN: Measuring the abundances of 2H, *He, *He, and ’Li produced by BBN. The primordial
abundances of these elements obviously depends on the amount of baryons in the Universe.
For details, see §8Q146.

Where are the bulk of the baryons in our Universe?

Notice that both of the above methods for measuring the baryon density probe the early epochs of the
Universe. For late Universe methods of probing the current baryon density, this is mostly pretty easy
since baryonic matter is luminous (read: we can observe it directly from its emitted light), but for dim
objects like intergalactic H 1 clouds and black holes, we can use other methods like the Lyman alpha
forest to probe H 1 column densities (§8/Q142) and gravitational microlensing to probe planets,
black holes, and other dark objects (not dark matter).

Here we run into a problem: the measured amount of baryons in the late/current Universe is different
from the amount in the early Universe—about 40% of the early Universe amount is unaccounted for
in the current Universe. This is called the missing baryons problem. It is thought that most of these
missing baryons reside in the Warm/Hot Intergalactic Medium (WHIM). We observe only ~7% in
stars and galaxies, 5% in the CGM, 4% in the ICM, and only 2% in cold gas. The Lyman-alpha forest
(i.e. the cold IGM) contains a whopping 28%, while the warm WHIM contains about 15%. This
would make the current breakdown shown in Figure |8.24

H "Missing Baryons" - Hot
WHIM
H Lya
B Warm WHIM
Stars and Galaxies
uCGM

uICM

B Cold Gas

Figure 8.24: The baryon breakdown of the current Universel7°,
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145. How did the particle content of the universe evolve? What is the most
abundant particle in the universe today?

See Appendix section on the thermal history of the Universe. In brief, the particle content
evolves from being dominated by a quark-gluon plasma with neutrinos, to a soup of protons/neutrons
and photons/leptons constantly exchanging with each other through pair creation and annihilation,
to neutral atoms and photons, to mostly ionized nuclei with free electrons, photons, and neutrinos.

In the current universe, the dominant particles by far are photons and neutrinos. We can estimate
by comparing their density parameters (2) and dividing by the mass-energy per particle to get a
rough particle number. For baryons, this is easy:

Q .
n, = —bPerit (8.188)

m,

Where Q, ~ 0.045 and p_;, ~ 107 cm™. This gives

n,~3x107cm™ (8.189)

For relativistic particles, this becomes a bit harder since we have to replace m, with E/ ¢, but E can
have a wide range of values. If we assume particles are in a thermal distribution, we can use statistical
arguments. Let’s start with a simple dimensional analysis. In a thermal distribution of temperature
T, particles tend to have energies around kT, which corresponds to a flux of kT /h particles/second,
or a density of kT /hc particles/cm. In 3 dimensions, this becomes

kT3
My~ iy~ |2 (8.190)

Using k ~ 107 erg/K, T ~1K,h ~ 107? erg s, and ¢ ~ 10'° cm/s, we get a surprisingly close value
of

n
n,~n,~10°cm™> — n= n_b ~ 10710 (8.191)
Y
Now, being a little bit more careful, the fraction of particles in a thermal distribution with energy E
is

1
f(E)= expl(E—p)/kT] =1 (8.192)

where the +1 is taken for particles that obey Fermi-Dirac statistics and the —1 is taken for particles
that obey Bose-Einstein statistics. We then integrate this over a 6D phase space d*>xd>p where each
cell has a volume h® and we have a degeneracy g. We can get the number density by dividing out
the volume, so

n= J &*p £ (E(p)) (8.193)

And recall E(p) = +/(pc)? + (mc2)2. Since we're interested in relativistic particles, kT > mc? and
E ~ pc. We also assume the chemical potential u ~ 0 since photons can be easily created and
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destroyed, and the momentum is isotropic, so d*p = 4np?dp

_4ng J = pldp
rel —
h3 |, exp(pc/kT)=+1

n (8.194)

The integral can be evaluated analytically for the brave, which gives the relativistic particle number
density. If we use the Bose-Einstein statistics, this is for photons, whereas Fermi-Dirac statistics gives

neutrinos:
¢(3) (kT)3 32(3) (kT)3
— il == - 8.195

"y nzgﬁc > Ty 477:2gﬁc (8.195)

where {(x) is the Riemann-Zeta function and {(3) = 1.202. Using T = 2.7 K for the CMB and g = 2,
we get a relativistic number density of

n,~400cm™ |, | n,~300cm™° (8.196)

These are both much higher than the baryon number density, showing that the current universe is
dominated by photons and neutrinos“*.,

We also get a baryon-to-photon ratio when fitting BBN models, which give a value consistent with
the above analysis of

Q
2 a~5x10710 22— (8.197)

where the Q,h? dependence comes from Q, p.,;, in the expression for n,,.
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146. Describe, qualitatively, the synthesis of light elements in the Big Bang.
What is the deuterium bottleneck, and how does it help produce the right he-
lium abundance? What role does radiation play in Big Bang nucleosynthesis?

When the universe is between 1-100 s old, it has cooled down enough to form protons and neutrons,
but is still hot enough to allow nuclear reactions. It is still radiation-dominated at this point.

The first thing that happens is the “freeze-out” of protons and neutrons themselves. By freeze-out
we mean that the ratio between protons and neutrons in the universe becomes fixed because the
reactions that exchange between them are no longer able to happen. Those reactions being:

n+v,«<—p+e
n+et «——p+79,
These are both mediated by the weak nuclear force. If we assume that before freeze-out the protons

and neutrons were able to reach equilibrium, then their ratio should be determined by Boltzmann
statistics:

m.kT 3/2 n m 3/2
ni=gi( ; ) e T —":(_n) ¢ (mamy /KT (8.198)

27 n, \m,

This works because the neutron is slightly more massive than the proton (m, — mp)c2 = 1.29 MeV]
so it can be thought of as an “excited state” of the proton. Based on the reaction rates of the weak
interactions, we know that freeze-out occurs at roughly kT ~ 0.8 MeV, which gives a neutron-to-
proton ratio of n,/n, ~ 0.20. This freeze-out occurs roughly 1 second after the big bang.

Once the neutrons are frozen out, they can react with the protons to synthesize heavier nuclei. In
general, reactions will always prefer making more stable nuclei. And of the nuclei with low atomic
numbers, “He is the most stable by far. This can be seen by considering the possible reactions. First
we can make deuterium (*H = D) by

p+tn—D+y
p+p—D+e" +v,
n+n—D+e +9v,

Here, the first reaction is mediated by the strong force while the latter two are mediated by the weak
force. Therefore, the first once will be much more important, and we can pretty much ignore the
other two. Then we can fuse deuterium to make

D+p——°He+y °*He+n— *He+y
D+D—°%He+n °*He+D— *He+p
D+D—3H+p SH+p— ‘He +¥
D+n—*H+y *H+D— *He+n
D+D— "He+y

Notice, as we expected, all paths end in *He because it is more stable than anything else around it.
Therefore, we can safely assume that all the neutrons eventually form *He nuclei, leaving the protons
to form 'H (i.e. just staying as protons) or *H (D) nuclei.
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An *He nucleus contains 2 protons and 2 neutrons. So say that n, neutrons combine with n,, protons
to form n,/2 helium nuclei each weighing 4amu, leaving the remaining n, — n,, protons to form
hydrogen each weighing 1 amu. Then our helium mass fraction would be

‘He 4(n,/2) _ 2nu/my)
HetHe  (my—n)+4(n,/2)  1+(n/m) (8.199)

However, this is inconsistent with observations! Where did we go wrong? Well, free neutrons are
not stable and they will decay into protons with a lifetime of about 15 minutes. Once protons and
neutrons fuse to form deuterium (D) nuclei, which are much more stable, these decays will stop. But
there is a period of time between when the protons and neutrons freeze-out and when deuterium
fusion begins when some neutrons will decay, causing our initial ratio of 0.2 to decrease. This is
known as the deuterium bottleneck.

To know how many neutrons decay, we need to know how long it takes for deuterium fusion to begin,
so we need to know how at what temperature exactly it is able to start. For this, we can use the Saha
equation (modified to account for the different masses of the particles):

3/2 kT -3/2
n, _ & ( my, ) ( 2) 0222MeV/KT (8.200)
n,n,  g,8,\m,m, 2nh

Where we have g, =3, g, =g, =2, and m, ¥ m, ~ m,/2:

KT\
n_D _ 6Tlp(mD . ) eZ,ZZMeV/kT (8.201)
n 2mh

n

The proton number n, is often expressed in terms of the baryon to photon ratio n = n,/n, with
n, ~ (5/6)n,. This is done because we know the primordial photon number well—see equation

(8.195). Then we just substitute n, = (5/6)nn,:

n 20(3) (kT \°( m, kT \ >/ .
o B (2 e

n

We'll say the deuterium bottleneck ends when there are equal amounts of deuterium and neutrons,
SO

kT \*/?
1= 6.7n(7) %22MeV/kT (8.203)
mn

Given we know 1 ~ 5 x 1071° (Q145), this can be solved numerically for T, giving T ~ 69 keV or
8 x 108 K. Since the universe is radiation dominated, this sets the timescale for how long it takes
to cool from kT = 0.8 MeV to 69 keV, which corresponds to an age of t = 200 s. With a neutron
half-life of 890 s, we can find the neutron to proton ratio at deuterium fusion to be

n, e—t/r

n, G +(1—et/7)

~ 0.15 (8.204)
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Thus, we can update our helium mass ratio to be

‘He _ 2(n,/n,)
H+4He 1+ (n,/n,)

=0.26 (8.205)

This does agree with observations, which get ~ 0.25, quite well! See in Figure people have fit

models to the observed ratios of *He/H, Y = *He/H, D/H, and "Li/H using 7 as the fitting parame-
ter2#119,
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Figure 8.25: Big Bang Nucleosynthesis models?7!,

373



147. What are the thermal and kinetic Sunyaev-Zel’dovich effects? What are
they useful for?

When photons from the CMB reach the surface of last scattering, they can usually free stream to us
without interacting with any more free electrons. However, if they happen to pass through the hot
ICM of a galaxy cluster, which does have a lot of free electrons, they can be upscattered up to higher
energies via inverse Compton scattering (because the electrons have significantly higher energies
than the microwave photons). This is called the Sunyaev-Zel’dovich (SZ) Effect.

Note: The scattering of photons in different directions does not decrease the amount of CMB photons
we receive coming from the direction of a galaxy cluster. Because the CMB is isotropic, statistically
speaking, for every photon scattered out of our line of sight, there is another photon that is scattered
into our line of sight. The difference in the CMB temperature observed over galaxy clusters is purely
due to the change in energy of the CMB photons and not their scattering in different directions. The
shift in the observed intensity is depicted in Figure |8.26
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Figure 8.26: The shift in the observed intensity towards higher frequencies (and thus higher energies)
as a result of the SZ effect'?.

Depending on how the electrons scatter the photons, this effect can be subdivided into two categories:
1. Thermal SZ Effect!*"}/2

The motions of electrons come from the random thermal energy of the ICM. To get the aver-
age change in energy of a photon in a single scattering event, we can use a clever trick. We take
equation (5.33), which gives the average power radiated by an electron in a uniform magnetic
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field, and just replace uy with u,,4 for the incident radiation field. Then, if we have a number
density n electrons, we will have on average N = no ;¢ collisions per second. Then,

P 40 41
(AE) = N = gﬁc}/zﬁzurad = g;yzﬂzurad (8206)

And the average energy of photons in a radiation field u,,4 is

(E) = Lad (8.207)
n
Therefore
AE 4 5 5
==\ _ 1 2
< I > 3}’ B (8.208)

In a thermal distribution of electrons, meve2 /2 =3kT,/2. Plugging in for # and assuming y ~ 1:

AE 4kT,
<?> == m CZ (8209)

We often define the Compton y-parameter based on this ratio as a dimensionless measure of the
amount the energy changes from repeated Compton scatterings in a distribution of electrons:

kT
y= J dt —=on,(¢) (8.210)

m,c?

Notice that y is independent of the frequency, so all frequencies will shift in energy fraction-

ally by the same amount. This is in effect the same thing as shifting the temperature of the

blackbody spectrum. Now we can recast the change in energy into a change in the observed

temperature. In the Rayleigh-Jeans limit we have I, o< v?*T;;, where T, # T, so

I, 0Ty av JE I, OJTy,
~ 2 —_ ~

i R RN2— R~ 2— R

=2y (8.211)
y Ty, v E I, Ty,

Doing a more careful analysis would yield a frequency dependence which we can absorb into
a generic function f(v):

O-TNe,col (8212)

ATy, _ kT,
= f )y =F ()5

where

hy e"/kTw 41
f)= T

bb th/kab J— 1

4 (8.213)

This confirms that in the Rayleigh-Jeans limit, f (v) — —2. Typically AT, /Ty, ~ 1072,
. Kinetic SZ Effect'”?

The motions of the electrons come from the bulk motion of the ICM, which tends to drift
towards other clusters. In this case, the bulk velocity will impart an observed Doppler shift on
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the CMB photons. Recall that in the limit of v < ¢ the Doppler shift is given by
AL _Av_Av

8.214
A y c ( )
Then this imparts a change in the observed temperature
AT, v
Z7bb TP . (8.215)
T c

Where 7, = 0¢N,  is the optical depth, and the peculiar velocity v, is measured with respect
to the Hubble flow. Thus, this can shift the observed energies in either direction (lower or
higher) depending on whether the peculiar velocity is away from or towards us. This is typically
a smaller effect than the thermal SZ effect. See the change in intensity and tempearture due
to both effects in Figure|8.27
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Figure 8.27: The change in intensity plotted as AI, (left) and temperature AT (right) for both the
thermal (solid) and kinetic (dashed) SZ effects®?2,

The SZ effect has a number of uses

* Can be used to discover galaxy clusters by looking for decrements in the CMB. Since the SZ
effect is independent of redshift z, this is a great technique to find high-z clusters.

* Can probe the pressure profiles of clusters since the thermal effect is proportional to n kT,
along different lines of sight.

* Can probe the masses of clusters since both effects are proportional to the column density of
the ICM N, ., along different lines of sight.

* Can probe peculiar velocities of clusters with the kinetic SZ effect to see how their motions are
correlated with each other (though this is hard since the kinetic SZ effect is much smaller and
hard to disentangle from the thermal SZ effect)
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148. What range of physical scales are being probed by current and future
CMB experiments? Are the anisotropies related to galaxy formation? What is
the current observational status?

Physical Scales
The angular scales of past, present, and future CMB experiments are:
e COBE (1989-1993)1741156: > 5° ¢ ~ 2 —40
¢ WMAP (2001-2010)27476: > 107, ¢ ~ 2 —1200
* Planck (2009-2013)1772178; > 5/ ¢ ~ 2— 2000
* SPT (2011-Present)*”180: >4/ ¢ ~ 300 — 3000
* ACT (2010-Present)181:82: > 17 ¢ ~ 300 — 8000
* CMB-S4 (Planned)*®?: > 1/, £ ~ 2—8000

- Plans to get both low and high ¢ to constrain B-mode polarization

Notice, the ground-based telescopes (SPT and ACT) can get up to a higher maximum ¢ because they
can be built with larger diameters than the space-based telescopes. But they cannot probe the low-{
modes because they can only see half of the sky.

Are the anisotropies related to galaxy formation?

In short, yes. Anisotropies are due to matter over- and under-densities in the early universe that
we believe eventually grow into the large scale structure of the universe (galaxy clusters, groups,
and voids) that we observe today. The differences in gravitational potential lead to the SW and ISW
effects, and acoustic oscillations that occur while these density perturbations evolve imprint their
signature wavy pattern on the CMB power spectrum. However, the Silk damping tends to smooth
out these anisotropies on scales smaller than the Silk mass, M, ~ 10! M. For details, see Q128.

What is the current observational status?

* Planck data has excellent quality down to an £ ~ 2000, and modern analyses are reaching the
statistical limit of what can be done with the CMB power spectrum.

* There is a fundamental limit on the uncertainties we can obtain for the low-{ end of the CMB,
since these values require averaging over large portions of the sky. We can only get a handful of
data points to contribute to these measurements (for example, ¢ = 1 corresponds to 6 = 180°,
so we only get 2 data points to work with).

* More work and higher resolution measurements are needed for CMB polarization measure-
ments. The future BICEP3"'** and CMB-S4 observatories will be working on this.
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149. What is the “Lyman limit”, and how does it relate to observations of high-
redshift galaxies?

This was mentioned in §8/Q142 on the Lya forest, but to go into a bit more detail, the Lyman
limit (sometimes called the Lyman break) is the wavelength/frequency/energy of the Lyman series
(n; = 1) of Hydrogen atoms at the limit where the initial state n, goes to infinity. Using the Rydberg
formula:

1 1
E= 13.6eV(—2——) (8.216)

2
ny n

We can see that using n; = 1 and n, = 00 just gives us E = 13.6 eV, the ionization potential of
Hydrogen. This corresponds to a wavelength of ~ 912 A. In other words, photons with wavelengths
shorter than this will be able to ionize neutral Hydrogen.
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Figure 8.28: An example spectrum of a Lyman-limit galaxy and corresponding images in different
filters showcasing the photometric redshift*>. Sorry I coudIn’t find a version without the shitty
watermark.
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This is an important cutoff because it allows us to probe the neutral Hydrogen content of the Universe
as a function of redshift using high-redshift galaxies. When there is a lot of neutral Hydrogen, the
Lyman continuum will drop to 0 above the Lyman limit, whereas if most of the Hydrogen is already
ionized, the continuum will be much less attenuated. The continuum actually starts getting atten-
uated before the Lyman limit due to IGM absorption (see §8/Q142 for a discussion), but it doesn’t
completely drop to O until the Lyman limit. See Figure|8.28

The steep dependence of the spectrum on redshift also allows for the use of the photometric redshift
technique, where we can estimate the redshift of a source just by looking at it in a few different
filters and noting when the galaxy completely fades from view. This obviously isn’t as precise as
spectroscopic redshifts, but it can be an alright substitute if there is a clear drop-off in intensity and
we don’t have any spectroscopic data to work with. Rohan Naidu at MIT/MKI uses this technique.

NEUTRAL

HYDROGEN PHOTONS
ABOVETHE

LYMAN LIMIT
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150. What mass should a neutrino have to close the universe? Compare it with
current upper bounds (or detections).

The density required to close the universe (i.e. make it flat with k = A = 0) is, by definition, the
critical density

0
8nG

(see §8/Q137). Comparing this to the number density of neutrinos found in §8/Q145, we get

Perit = ~10%gem™ (8.217)

_ Perit ~ 10_29

~

" n 300

v

m ~ 102 gem > ~| 19eV (8.218)

However, if we only need the neutrinos to be dark matter, we can instead say

Qcpcrit 0.27 x 10_29
m,= R A|5eV 8.219
v 300 ( )

n,

Compared to current upper bounds from the KATRIN'#® experiment are
m, < 0.8eV (8.220)

Clearly the neutrino does not seem to be the sole answer to dark matter. It can also be argued
that neutrinos in fact shouldn’t be most of the dark matter since they are “hot” (relativistic), which
would wipe out small scale structure formation. There is one theory of dark matter that posits there
is a fourth “sterile” neutrino that is heavier than the other neutrinos and doesn’t participate in the
weak interaction, but this hypothesis has yet to see any observational evidence. See neutrino mass
constrains in Figure [8.29
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Figure 8.29: A history of neutrino mass constrains, with the most recent estimates being near the
bottom. A zoomed-in panel shows the most recent results. Note that the x axis here is m?. See Ref.
187.
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151. What is the meaning and purpose of a log N-log S curve? Explain the
current interpretation of this curve for gamma-ray bursts.

This is essentially a test for us to see if the distribution of some sources on the sky are homogeneous
and isotropic (or not) without directly knowing the distance to each source. The time-integrated flux
S (sometimes called “fluence”) is defined as
E
S =

4md?
If we assume every source has the same intrinsic energy E, and these sources have some minimum
detectable fluence S,;, corresponding to a maximum distance

(8.221)

E
d_ .= 8.222
e 4'TCSmin ( )
Then the total volume in which we can detect sources is
— 4 3
V= grcdmax (8.223)

And if there is a number density n of sources, then the total number of detectable sources is

4 E \*?
N=nV = grcn(4 S ) — | N o< S;ﬂgrfz (8.224)
s min

Therefore, we can plot the number of bursts N with integrated fluxes above some minimum threshold
Snin (S0 N is a function of S, ;), and if the distribution is homogeneous and isotropic, we should
expect to see a slope of -1.5 (see Ref. [188)).

Feak flux distributon: 256 ms timescale
1000 T T T T T T T T —T T T
o \ ]
A}
s 3 r
Y Expected slope of - 1.5
'\ for homogeneous population

Observations

100

Numberof Bursts

1 Lol el 1111 L1

0.1 1.0 210.IZI 100.0 1000.0
Photonsfem™sec: S0-300kel

Figure 8.30: The log N-log$S plot for gamma-ray bursts*®.

Doing this plot for gamma-ray bursts (Figure [8.30), we see a perfect match at the bright end of the
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distribution, but a deviation from the expected slope for lower values of S;,. The fact that the bright
end of the distribution is isotropic means we cannot localize the GRBs to our own galaxy, otherwise
we would expect an anisotropic distribution (since we are offset from the galactic center)—they must
be extragalactic in origin. The deviations at the lower end means that we’re seeing the edge of the
distribution—there is a hard cutoff at some large distance/redshift where we no longer see GRBs.
What could this mean?

* The Universe has a finite age, so at very large distance we're seeing far enough back in the
Universe’s history that galaxies had not yet formed, so there can be no GRBs.

* The rate of GRBs was probably different in the past than it is today.

* Could in principle be explained by non-Euclidean (curved) geometry, but this is not backed up
by other cosmology studies.
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152. In our Universe, at roughly what scale does perturbation theory break
down and become nonperturbative?

Perturbation theory intrinsically assumes that the perturbations are small (i.e. 6 < 1). When the
density constrast grows to order unity, this assumption no longer holds. We can see from the per-
turbation studied in §8/Q132, the density contrast when the radius is at a maximum is, from (8.88)),

5 = PmaxTPumn 9 0 g 46 (8.225)

Pumax 16
Thus, we can very roughly consider the density’s growth up until this point to be perturbative, but

after it reaches its maximum size and decouples from the Hubble flow, we have to treat it nonlinearly.
In a matter-dominated universe, this corresponds to

2

3HO 3
p(z)~5.6p,(2)~ 5.6 Q. (1+2) (8.226)
8nG

If we wanted to be more pedantic, we could set 6 = 1, corresponding to p(z) = 2p,(z), which just
changes our @(1) constant out front from 5.6 — 2. This just means the density perturbation actually
becomes nonlinear before it reaches maximum expansion. I'll use this from now on (it doesn’t have
a huge effect on the results). Plugging in p = 3M /47rr> and solving for r:

GM 31 1
o= (2" (L) @227

Rewriting the constants in a more convenient form

M O\ 1
r(z)—(lOHM@) (1+Z)Mpc (8.228)

Any systems above this scale will evolve non-linearly. Generally speaking, the largest systems
like galaxies and galaxy clusters will go through this nonlinear phase where they eventually virialize,
which prevents them from collapsing any further. There is more power at smaller scales, so smaller
scales tend to evolve nonlinearly first, creating hierarchical structure formation®??.
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9 Instrumentation & Astronomical Methods
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153. Explain how a radio interferometer manages to produce sub-arcsecond
images when none of the constituent dishes has an angular resolution of better
than 1 arcmin.

The basic principle behind radio interferometry is to use multiple radio dishes to increase the an-
gular resolution of the observations. Since the angular resolution goes like

A
A o< = 1
ocD 9.1)

Increasing the effective diameter D allows us to resolve smaller angular differences A6. But how
does this actually work?

Aperture synthesis

Each individual radio dish has an antenna that measures a voltage V; as a function of time. The
actual voltage measured will be a sum of the voltages received from different locations on the sky.
For example, if we have coordinates (¢, m) that parametrize the location on the sky, then

V.= JJ V,(¢,m)dedm (9.2)

Now, image we have two physically separated radio dishes looking at the same part of the sky in a
monochromatic band at frequency v. They will receive the signal with a relative time delay based on
how far apart they are. If two telescopes are separated by a distance b and looking at an object at a
colatitude 6, then the extra path length taken for one dish will be bsin 6. See the physical geometry
in Figure This extra path length, shown in yellow, will be constant over the field of view, so we
can add an extra delay in the signal for the telescope 2 to allow them to arrive at the signal processing
computer (shown with the blue box) at the same time.

However, there will be an additional delay (shown in green) that is dependent on the location in
the field of view. At an angle a away from the center, the additional delay will be usina, where
u = bcos6 (note that this is only a delay when «a is in the same direction as 6, as is shown in
the Figure; if a is in the other direction, then it becomes a slight lead time). Now, the sky has 2
dimensions, so we can do the exact same geometry in the orthogonal direction (into the page), which
adds another component to the delay/lead time. We define the other coordinates to be v and 3, such
that our delay is vsin 3. Then, we define { = sina and m = sin 3 such that the total delay time is
ul +vm. It is also customary to normalize u and v by the wavelength A such that they represent a
number of cycles. Then we can write the voltage in telescope 2 relative to that in telescope 1 simply

by
Vz — Vle—ZTEl'(ue+Vm) (9'3)
Now, when the signals from the two telescopes arrive at the computer, they are sent through a corre-

lator, which multiplies them and takes their time-average. Why this is done may not seem obvious
at first, but if we go through the math, we’ll see the consequences:

C=(VV)) = < ff V.(¢;,m;)d¢;dm; JJ Vj(ﬁj,mj)déjdmj> (9.4)

Now, if the two sky locations are different in the two telescopes (i.e. {; # {; and/or m; # m;),
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1= bcost!

telescope 2

Figure 9.1: The setup for radio interferometry between two telescopes.

obviously the signals will be uncorrelated, so C = 0. However, if they’re the same, we get something
interesting

¢ = i) ={ | | vte.myce.myaam) ©5)
= JJ (V.(¢, m)V;(£, m))dedm (9.6)
Using (9.3), we have
C=(VV,) = Jf (V.(£, m)?)e 2™ mdpdm 9.7)
— | Y(u,v)= JJ 1,(€, m)e 2 WHvmqpdm (9.8)

Well look at that, since the observations are in a monochromatic wave band, the average of V2 is
proportional to the intensity I,, and the correlation signal is just proportional to the Fourier trans-
form of the intensity! We often call ¥ (u,v) the complex visibility function, where the u and v
coordinates can be thought of as spatial frequencies in the EW and NS directions. As we see, one pair
of telescopes gives us one sample of ¥ (u, v) for one set of coordinates (u, v). But to reconstruct the
2D intensity I(£, m) perfectly from ¥ (u, v), we would need to know ¥ (u, v) for all possible values of
u and v:

I,(L,m)= JJ Y (u, v)e?  WHmdydy (9.9)
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Note that, in practice, since the elements of the interferometer (the telescopes) have a finite size, they
have a response function ./ (¢, m) called the primary beam, which gives the normalized reception
pattern of the individual elements. So the actual correlation measured will be

C= J (0, m)I(L, m)e 2™+ qedm (9.10)

Therefore, after doing the Fourier transform, we must divide by .« (£, m) to recover the true I(£, m).

Obviously it’s impossible to get every single value of (u,v), but we can scale this up so that with N
telescopes we have N(N — 1)/2 pairs from which we have unique values of (u,v). We can also take
advantage of the rotation of the Earth, which changes the angle 6 from the zenith that our source
lies and therefore changes the (u, v) values for each pair. An example of this for the SMA is shown
in Figure (9.2
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Figure 9.2: The u and v values for each pair of telescopes in the SMA for its “extended” configuration.

Not having full coverage in (u, v) space creates noise when we try to estimate the Fourier transform,
so there are a lot of signal processing and deconvolution techniques that radio astronomers use to
try to reduce this niose. An example of what happens when we miss coverage in different parts of
(u,v) space is shown in Figure (9.3

The maximum separation between two telescopes, B
resultant image

max, determines the angular resolution of the

AO, ;. ~ L (9.11)

Bmax
And the minimum separation between two telescopes, B,,;,, determines the field of view of the resul-
tant image

A
A Qmax ~
B

min

(9.12)
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Figure 9.3: The effects of missing low and high spatial frequencies when reconstructing the original
image with a Fourier transform.

In this way, a radio interferometer sort of acts like a spatial filter. The full range of angular sensitivities
is

— <0< — (9.13)

Any spatial scales smaller than the A8
cannot be imaged1211921193,

cannot be resolved, and any spatial scales larger than A6,

min

Looking at an example, if we were observing in the A = 21.1 cm band, then to produce images with
a resolution of 6 = 1”, we would need a maximum baseline of

A
Baax ~ 5 ~ 44km (9.14)

Taken to the extreme, the Event Horizon Telescope (EHT) coordinates radio telescopes all across

the globe to produce an effective maximum baseline the size of the entire Earth! It can achieve
resolutions as low as 35 p.as’®%,
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154. How does an X-ray telescope image? Why is it necessary to have the
reflection take place at grazing angles of incidence?

How are X-ray photons collected?

For telescopes in the optical, we use mirrors to reflect incoming light rays and converge them into
a single point, creating an image. However, this is not possible with X-rays because they are very
energetic and will just pass straight through normal mirrors. Antiquated telescopes used lenses to
refract the light into a single point, but this is also not possible with X-rays since their index of
refraction in glass is very close to 1, meaning the lens would have to be very long for the X-rays to
converge.

If the X-rays happen to strike the mirror at a grazing incidence, then they can still be reflected. There
are a few different analogies one can use to understand this. Think of a rock and a lake. Drop the
rock straight down, and it will drop straight into the water and sink down. But if you throw the rock
parallel to the water’s surface, it can skip a few times before falling in. Alternatively, think of a bullet
and a wall. Shoot the bullet straight at the wall and it will punch through and leave a deep hole.
Shoot it at an angle to the wall, and it will graze off and ricochet in another direction.

Quantitatively, the reflection probability depends on the angle of incidence 6; and the indices of
refraction of the two materials the light is being reflected off of (n; and n,). The probability is given
by the Fresnel equations

Ry, = |15 6; —nyv/1—((n,/ny)sin 6,2 | (9.15)
ny cos 0; +ny4/1—((n,/n,)sin ;)2

res | VI r) 5007~ cos 6 (9.16)
ny4/1—((n,/n,)sin 6;) + n, cos 6;

where “TE” and “TM” refer to the transverse electric and transverse magnetic polarizations. Solving
for when Ry and Ry, are 1 gives the critical angle!®>

0. = arcsin (E) (9.17)
ny

If 6 > 6., then we will only have reflection. We can already see that since the refractive indices in

the X-ray regime are both close or equal to 1, the critical angle for X-rays will have to be close to

90°. Let’s say n; = 1 and n, = 1 — 6 where 6 is small. Then let’s call 8, = /2 — 0. the small angle

complement to the critical angle. Then, using the small angle formula, we have

sinf, =1—0 (9.18)
cosf.=1—-6 (9.19)

92
1—?%1—5 (9.20)
0, ~ V206 (9.21)

And & can be estimated from dispersion theory, giving us

0. ~ y/4nr,n,A? (9.22)
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where r, is the classical electron radius and n, is the electron number density of the material®.

As a consequence, X-ray telescopes are typically built with a series of mirrors that successively reflect
X-rays into a convergence point. This type of telescope is called a Wolter telescope. See the setup
in Figure Having multiple reflecting mirrors in sequence like this allows the field of view to
be increased without making the telescope too long. The mirrors are also arranged in a cylindrical
pattern (imagine rotating the mirrors in the Figure along a horizontal axis that goes through the
center of the configuration).

Hyperboloid

Paraboloid —

Foci /‘

Reflective surfaces /

Figure 9.4: The mirror setup for a Wolter telescope of type 1.

In addition, since the grazing incidence is so shallow, mirrors can be stacked on top of each other in
an annular configuration to further increase the amount of light that can be collected. In the Chandra
X-ray telescope, for instance, there are 4 layers of these mirrors. See Figure 9.5

4 Nested Paraboloids
4 Nested Hyperboloids

X-rays
Doubly
Reflected - /
X-rays
-
Fie;:isoge\lgiew g
@ e
-
Focal
Surface =

X-rays

Mirror elements are 0.8 m long and from 0.6 m to 1.2 m diameter

Figure 9.5: The Chandra X-ray telescope’s mirror configuration.

Notice that the maximum angle for reflection 6, o< ,/n,. In other words, materials with higher
densities will be more reflective. Thus, it is a common choice to use high-Z metals such as gold or
iridium to coat the mirrors of X-ray telescopes®.
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The X-rays are typically measured using CCDs (see §9Q157). For higher energy resolution, one can
also use grating spectrometers, where a transmission or a reflection grating diffracts X-rays. These
are used on Chandra (LETGS, METGS, and HETGS—PI: Claude Canizares), and XMM-Newton (RGS),
with grating typically having ~ 10°~10* lines/mm. This is good for studying narrow spectral features
like lines.

Another option is microcalorimeters. These detect a change in temperature due to the arrival of
a single X-ray photon. This works by using a material with a resistance that changes rapidly near
some critical temperature where the pixel becomes a superconductor. This provides excellent energy
resolution of a few eV, These are used on the recently launched XRISM mission".
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155. How would you calculate the “signal-to-noise ratio” for a standard ground-
based telescope performing CCD imaging? What terms dominate at optical ver-
sus infrared wavelengths? Why, when observing objects that are fainter than
physical foregrounds like the night sky, does SNR increase as sqrt(time)?

The signal-to-noise ratio, as the name suggests, is just the ratio of the signal over the noise. Say
we observe a source with N, photon counts. Instead of looking at the total counts N, over the whole
exposure, let’s look at the count rate R, such that N, = R, t with an exposure time of t. Then, we
have the following sources of noise:

1. Source noise: The poisson noise from the source

Poisson noise goes like v/N, so o, = /R, t.
2. Sky noise: The poisson noise from the sky background

If each pixel has a sky count rate R, and our aperture covers n,;, pixels, then oy, = /n,,Rgyt.
3. Dark current: The poisson noise from the CCD dark current (thermally excited electrons)

If each pixel has a dark current of Ry, then o g,y = /M Rganct-

4. Read noise: The noise from reading out the CCD, independent of exposure time

We'll call the read noise per pixel ogy such that the total read noise is Ogy 1or = 1/TlpiXO'1§N.

We add all of the errors in quadrature, so the total signal to noise ratio is

R.t

SNR = (9.23)

2
R, t + npRgt + Ny Raanct + Ny Oy

In the optical, the limiting noise term is usually the source noise, which is the ideal scenario one
wants to be in since we inherently cannot get the noise any lower than this. In the IR, however, the
sky background becomes significant, as well as the dark current. The read noise should never be
dominant. Let’s look at some of these limiting cases’?®

e Source-dominated:

SNR =~ /Rt o< v/t (9.24)

* Sky/dark-dominated (Rgy ~ Ryui > R,):

R t
SNR ~ : o< vt (9.25)
\/npix(Rsky + Rdark)’-L
* Read noise-dominated:
R,t
npixO-RN
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156. What is the diffraction limit for a telescope? Why does the signal-to-noise
ratio scale like D* for diffraction limited imaging on ground-based telescopes
with diameter D at IR wavelengths?

The Rayleigh Criterion’

The diffraction limit for a telescope is set by the size of the diffraction pattern created when light
from a point source passes through a circular aperture. First, let’s look at the simplified case of a 1D
slit rather than a circular aperture. Light coming into the slit is essentially all parallel, but then on
the other side of the slit it spreads out in all directions equally. Then, if we look at some point P on
a screen on the other side of the aperture, at an angle 6 away from the center, two light rays will be
out of phase by the length difference between their two paths, given by x sin 6 (see the geometry in
Figure[9.6). Then, all we have to do is integrate this over all x from —D/2 to D/2 to get the total
electric field at angle 0:

D/2

E(6) =Ae_i‘°tf dax etkxsin® (9.27)

-D/2

,

N -_r&
e

, 2 =276
D {,\\A xSind

pd |

Figure 9.6: The interference of two light beams incident on a small slit of width b = D at an angle 6.

Actually doing the integration reveals that the electric field is a sinc function, and the intensity,
I=(F?),is

1(0) = Iosincz(%kb sin 9) (9.28)

Now let’s upgrade to the case of a 2D circular aperture. We now have to integrate over the whole
area of the aperture. At some separation x, we cover an area dA = 24/ R2 — x2dx, so the integral
becomes

R

E(6) =Ae ™t dAeikxsind — ppe=ict J dx v/ R2 — x2eikxsin® (9.29)

area —R

See the new geometry of the aperture in Figure
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AA

Figure 9.7: The geometry of diffraction in the case of a circular aperture.

Doing the new integral reveals that the electric field looks like a Bessel function of the first kind, and
the intensity becomes

2J. (kD sin 6)\2
1(gkDsi )) (9.30)

1(6)=1 (

©)=1 %kD sinf
This intensity profile is known as an Airy disk. So, how much does the light from a point source get
spread out by the diffraction? We can find out by looking at where I(6) goes to 0, which will happen
when the bessel function J; goes to 0. The zeros of the Bessel functions are well know, and the first
one happens at 3.8317. Therefore, this corresponds to an angle of

1 831
—kDsinf =3.8317 — sinf = 23 8317 (9.31)
2 kD
Replacing k = 27/ A, we obtain
) A
sinf ~ 1.22— (9.32)
D
In the small angle limit, this becomes
A
0~1.22— (9.33)
D

This is the Rayleigh criterion, otherwise known as the diffraction limit. Any two point sources
separated by an angle smaller than this 8 will not be resolvable. Note that in the real world, other
effects such as atmospheric turbulence cause point sources to be smeared out further, increasing the
minimum resolvable angular difference above the diffraction limit. The actual minimum resolvable
0 is often referred to as the seeing, which depends on many factors like the humidity, temperature,
airmass (how much of the atmosphere are you looking through—higher for lower altitudes), etc.
One usually needs to go to outer space to obtain diffraction-limited seeing.

Scaling of the SNR

At IR wavelengths for faint sources, as discussed in §9/Q155, the sky noise term dominates the SNR,
so we can write the SNR as approximately
R t R
SNR =~ = = *—t (9.34)

vV npistkyt vV npistky
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The count rates R, and Ry, (counts per unit time) are flux x area, so they increase with the collecting
area of the telescope, i.e. D?. However, if our seeing is diffraction-limited, then the FWHM of the PSF
decreases according to (9.33)). This means that the number of pixels covered by our source decreases
like 62, i.e. n,, oc D7, This exactly cancels out with the D? scaling of R, in the denominator,
leaving our SNR to scale like

SNR o< D%Vt (9.35)

So, if we have some target SNR we are trying to reach, the exposure time that is required to reach
this SNR scales inversely with the diameter like

t oc SNR?D™* (9.36)

The question is confusingly worded and seems to imply that the SNR itself should scale with D*, but
this is not true—as we have seen, it scales like D2. I have confirmed this with multiple sources: Chris
Layden and Kevin Burdge both agree, as well as Ref. 200/ (see the solution to problem 2b).

Note: if we're seeing limited rather than diffraction limited, then 6 does not change as a function of
D, so the number of pixels our source covers n,;, remains constant. In this case, the scaling becomes
only linear with D

SNR o< DVt (9.37)
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157. Briefly describe the following kinds of astronomical instruments and
their purpose: Schmidt camera, Ritchy-Chrétien telescope, multi-object spec-
trograph, echelle spectrograph, CCD, coronagraph, laser interferometer, adap-
tive optics

I. Schmidt Cameras*#>2%!

Also known as a Schmidt telescope, the Schmidt camera is an efficient telescope design that uses
a spherical primary mirror in combination with a corrective lens called a Schmidt lens that removes
the spherical abberation from the primary mirror.

When incoming light rays are all parallel onto a mirror, in order to focus them all into a single focal
point, the mirror shape actually has to be parabolic. If the mirror is spherical, the light rays will not
all hit the same focal point, and this is what introduces the spherical abberation. So, why not just
build telescopes with parabolic mirrors? Well, the problem is that parabolic mirrors are much harder
to manufacture than spherical mirrors. So, the Schmidt telescope takes a different approach by using
a lens on the incoming light rays which bends them in such a way that, once they are reflected off
the spherical mirror, they do converge onto a single focal point. The setup is shown in Figure

Figure 9.8: Left: Incoming parallel light rays onto a spherical mirror don’t converge on a single focal
point, producing spherical abberatin. Right: The corrective Schmidt lens bends the light in such a
way that it cancels out with the spherical abberation.

The ability to use spherical mirrors allows these telescopes to be built with larger mirror sizes and
larger fields of view. However, the focal plane is typically strongly curved, so any photographic plates
or CCDs used must be likewise curved. A variant design, the Schmidt-Cassegrain telescope, puts a
secondary mirror at this focal plain that focuses the light through a hole at the center of the primary
mirror, reducing the need for a curved detector. See these designs in Figure

|

| )) | | (B

field flattener photographic plate spherical mirror =

(lens)

Figure 9.9: Left: A typical design for a Schmidt telescope with a curved photographic plate. Right: A
typical design for a Schmidt-Cassegrain telescope with a hole in the primary mirror.

Examples: Kepler, Palomar observatory (ZTF), and Calar Alto observatory.
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II. Ritchey-Chrétien Telescopes®’>

The Ritchey-Chrétien telescope is a telescope design in the Cassegrain family that used a hyperbolic
primary and secondary mirror that are designed to reduce off-axis abberation (called coma).

As mentioned in the previous section, a parabolic primary mirror shape is required to focus parallel
light rays into a single focal point with no abberation. However, this is only true if the parallel light
rays are also parallel to the axis of the parabola. If they are coming in at an angle, they are no longer
reflected into a single point. This causes point sources that are off-centered to appear to have tails
like a comet (a coma). See Figure for a representation of this effect—it is shown for a lens, but
the principle is the same with a mirror.

Figure 9.10: The coma abberation for parallel light rays coming in at an angle to a parabolic lens.

This effect can be corrected by using hyperbolic mirrors with specific curvatures, as shown in Figure

9.11]
> \
J
§ |
> Iy,

Figure 9.11: The design of a Ritchey-Chrétien telescope.

These telescopes are also often built with a Cassegrain configuration (see the section on the Schmidt
camera). This design also allows telescopes to be built with larger and heavier mirrors, since it
becomes easier to balance them by putting all of the heavy detectors and machinery underneath the
primary mirror.

Examples: HST, Keck observatory, the SDSS telescope at Apache Point observatory, and the George
Mason University telescope.

III. Spectrographs?03:204:2051206

The question specifically asks about Multi-Object Spectrographs and Echelle Spectrographs, but first
let’s just go over what exactly a spectrograph is and what it does, because there are many different

types.
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Long-Slit Spectrographs

A long-slit spectrograph using a 1-dimensional slit aperture to collect light. The light is collected from
a single point along the slit at a time—first it is reflected through a mirror that collimates the light
coming from this point. Then, the collimated light hits a diffraction grating that disperses it into its
individual wavelengths (the light reflects and interferes with itself in such a way that it cancels out
all but one wavelength). Then, the dispersed light is collected with a CCD to create a 1D spectrum.
Then, to get spectra for different points along the slit, we can rotate the diffraction grating to cause
it to collect light from different points. This is all shown visually in Figure [9.12

D Comparison arc lamp

| slit
Light from
telescope g o plane
of telescope

Collimating
mirror

Diffraction
grating

Camera

Grating rotates mirror

“/

Computer

Detector
eg CCD camera

Figure 9.12: The setup of a long-slit spectrograph.

The resulting data is a 2D image—one dimension corresponds to the single spatial dimension of the
slit, and the other dimension corresponds to the wavelength of light.

Examples: Kitt Peak’s RC spectrograph, WHT’s ISIS
Slitless Spectrographs

You may ask, why don’t we just make our aperture 2D like a normal photometric observation to get
spectral information over the whole field of view? The problem with this is that, without the restric-
tions of the slit, the dispersed light from the diffraction grating ends up getting blended together over
different spatial locations (this is mostly a problem for extended sources or crowded fields of view).
However, slitless spectrographs like this do exist and do have some use cases.

Examples: JWST’s NIRISS
Multi-Object Spectrographs

Another technique used to obtain spectra makes use of optical fibers at the focal plane instead of a
slit. This allows us to isolate individual points in the image and obtain 1D spectra from them. We
just place an optical fiber at the location of each object we want a spectrum from, and feed them all
into the spectrograph along 1 dimension, just like with the slit. With this technique, we can obtain
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spectra from many objects all simultaneously! However, we lose the spatial information—we just
obtain a single 1D spectrum for each object.

Examples: SDSS, JWST’s NIRSpec, HST’s NICMOS, Gemini’'s GMOS
Integral Field Spectrographs

Looking for a way to get spectral information over a full 2D field of view, without compromising the
blending that comes with slitless spectrographs? Integral Field Spectrographs have got you covered.
These basically take a 2D image and split it up into smaller chunks—whether that be a series of 1D
slits, or a grid of individual points—before feeding each chunk into a spectrograph. There are a few
different approaches people take to do this. The most common one is to use an image slicer, which
is basically a series of mirrors at slightly different angles that splits the image up into 1D slices. Each
slice acts like a slit and can be fed into a long-slit spectrograph. See a diagram in Figure The
image slicing optics are typically referred to as an Integral Field Unit (IFU).

Telescope
Focal Plane p— Slicer Mirror

- — Array

Row of Pupil Mirrors

Row of Slit Mirrors

A

Figure 9.13: The instrumentation for an integral field spectrograph.

The result is a 3D data cube with 2 spatial dimensions and 1 wavelength dimension. The complex
image slicing optics typically requires us to sacrifice spatial resolution for spectral resolution. For
example, an IFU using this technique will rarely have more than a 50x50 pixel grid. However, another
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technique uses an array of optical fibers for each pixel instead of an image slicer, which allows for a
finer spatial resolution (this technique is used by MUSE).

Examples: JWST’s MIRI/MRS, Gemini’s GMOS, Keck’s KCWI, ESO/VLIT’s MUSE
Echelle Spectrographs

An echelle spectrograph uses an echelle (French for “ladder”) diffraction grating, which has a low
groove density and is optimized for high incidence angles and therefore high diffraction orders. At
these high orders, the orders significantly overlap with each other (for example, at one point you
might have order 1 light at 800 nm, order 2 light at 400 nm, order 3 light at 266.6 nm, etc.). To
separate these orders, we then disperse the light in an orthogonal direction, typically using a prism
(which disperses the light by using the fact that the index of refraction is wavelength-dependent).
The result is that the spectral orders are stacked on top of each other, and we get an extremely high-
resolution spectrum. The trade-off is that this design reduces the throughput of the spectrograph—
less light is going onto each individual pixel on the detector. See the setup in Figure[9.14

The Light Path of the High-Resolution Echelle Spectrograph
| 2b. Collimator 3. Echelle Grating

-
™ 4

7. Field
8. CCD (hidden behind field fiattener in this view)

Figure 9.14: The setup of an echelle spectrograph.

Examples: La Silla’s HARPS, Keck’s HIRES and iSHELL
IV. CCDs'*/

Once the photons are collected, they are usually measured with a charge-coupled device (CCD)—
these are used in the optical, UV, IR, and X-ray. This device essentially works by converting photons
into electrons.

In a solid, electrons don’t have distinct energy levels but rather they have allowed and forbidden
bands of energy. In a conductor, the lower energy band is not completely filled, so electrons can
freely move and conduct electricity. In an insulator, the lower energy band is filled, so electrons
cannot move and cannot conduct electricity. A CCD is made of a semiconductor where the lower
energy band is filled, but the band gap (AKA the forbidden region) between the lower and higher
energy bands is small enough that an electron can jump up to the unfilled energy band by absorbing
an incoming photon. See Figure[9.15

CCDs made with Silicon don’t work for wavelengths 2 1.1 um because photons above this limit don’t
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Figure 9.15: The different configurations of a conductor, insulator, and semiconductor’*Z,

have enough energy to push electrons into the upper energy level. Electrons can also be excited by
thermal energy, producing intrinsic noise (called dark current), so CCDs are often cryogenically
cooled to reduce this noise as much as possible.

This whole process is subdivided into individual elements called pixels. In each pixel, electrons are
excited and held in place by a small electric field created by electrodes. Then, when the image is
ready to be read out, the electrodes rapidly switch between positive and negative to transfer the
electrons from pixel to pixel and collect them at the read-out location. This is first done along a
single row, then all the rows are moved down and the next row is read out, rinse and repeat until all
rows have been read out. See this all in Figure

_{.o

X ° ® ® .

Read
Out

S
o

Figure 9.16: Left: A single CCD pixel where an electron can be excited by a photon and held in place
by a positive electrode and surrounding negative electrodes. Right: A grid of pixels on a CCD with
different numbers of electrons. During read out, the bottom row is transferred to the right. Then all
of the rows are shifted down, and the new bottom row is shifted to the right again. This is all done
by varying the electric fields in the electrodes™’.

There is one major difference between CCDs in the optical/UV/IR and in the X-ray. In the other
wavebands, 1 photon excites 1 electron, so the number of electrons is equal to the number of photons.
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However, in the X-ray 1 photon has enough energy to excite many electrons in the CCD, so the charge
on the pixel is proportional to the energy of the photon. Even the brightest sources in the sky release
much fewer photons in the X-ray than in the optical (about 0-1 per pixel every second), so we can
literally count individual photons in the X-ray and record each of their energies. However, if the
source is bright enough in the X-rays that we receive multiple photons in 1 pixel, a condition called
pile up, we have an ambiguity between an event with multiple, lower energy photons vs. an event
with one, higher energy photon.

V. Coronagraphs?%/

A coronagraph is a small attachment to a telescope that uses a disk to block out bright objects in the
image—for example, stars or AGN. This allows us to resolve and study faint sources in the immediate
surroundings of these objects without them being washed out by the bright PSF of the nearby point
source. These are useful in studying the corona of stars (hence the name), directly imaging exoplanets
around stars, and studying the host galaxies of AGN. See an example in Figure|9.17

Comet
Kudo-Fujikawa !

coronal
mass ejection

an opaque disk
blocks the Sun's glarei\

the shadow of the arm
that holds the disk

Figure 9.17: A schematic of a coronagraph being used to study the solar corona.

Examples: HST’s NICMOS, JWST’s NIRCam and MIRI

VI. Laser Interferometers2%®

A laser interferometer, as the name suggests, measures the interference pattern of two light beams
arranged perpendicularly to each other. An incoming light beam is split evenly into each direction
before being reflected back and collected at a detector. If the two paths the light traveled are ex-
actly the same length, the output should be a coherent pattern. However, if the path lengths are
slightly different, the light will interfere with itself. This is the setup that was used in the famous
Michelson-Morley experiment that disproved the existence of the aether. See the setup in Figure[9.18]
Today, interferometers are used to detect gravitational waves, since the stretching and compressing
of spacetime will cause one of the paths to become shorter/longer than the other.

Examples: LIGO.
VIIL. Adaptive Optics2®

Adaptive Optics (AO) refers to a technique where the effects of atmospheric turbulence, which blur
and smear an image (causing stars to “twinkle”, an effect known as scintillation), are corrected for
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Figure 9.18: A simple laser interferometer.

in real time by deforming the telescope mirror in such a way that the turbulence effects cancel out.
Typically, an artificial laser guide star is used as a point of reference for the AO system. An example
of such a system is shown in Figure This often allows us to obtain diffraction-limited seeing
with ground-based telescopes.
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Figure 9.19: A typical AO system.

Examples: VLT, Keck
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158. What limits the angular resolution of ground-based telescopes at 1 yum,
10 pym, or 100 m?

Recall the Rayleigh criterion for the diffraction-limited case (§9/Q156):

0 = 1.22& (9.38)
D

1 um - Seeing limited

Using a typical ground-based optical telescope size of D = 10 m, the diffraction limit here is
6 = 07025. The typical seeing limit due to atmospheric turbulence is much higher than the
diffraction limit, 6 ~ 0”5. We can use AO to somewhat mitigate these effects (Q157), but
the seeing will still typically be larger than the diffraction limit.

10 wm - Seeing limited

Once again using D = 10 m, the diffraction limit in the MIR is 6 = 0725. This is still lower than
the seeing limit from atmospheric turbulence, which is independent of wavelength, 6 ~ 0”5.
100 m - Limited by the fact that we literally cannot see 100 m light from the ground

See atmospheric transmission in §9]Q161. 6 — oo. I'm not sure why they even asked about
this one. Maybe they meant 10 m?

10 m (BONUS) - Diffraction limited

I might as well cover this case too just in case. Using a typical radio telescope diameter of
D =100 m, the diffraction limit is 6 = 7°, much larger than the seeing limit from atmospheric
turbulence. So in the radio the situation is reversed and we are diffraction limited. We can
use radio interferometry to increase our effective telescope size and push down the angular
resolution to sub-arcsecond (§9/Q153).
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159. What are “apparent magnitude,” “absolute magnitude” and “bolometric
magnitude”? What are U, B and V colors?

Note: here I just write a quick review for each of these quantities. See the appendix section §12.11.16
for a full overview of magnitudes.

Magnitudes are a logarithmic measurement of the flux of an object relative to some zero point. They
are defined such that a smaller magnitude corresponds to a brighter object. And yes, they can be
negative.

Apparent Magnitude

The magnitude of the source as viewed from Earth. Since flux falls off with distance squared, the
apparent magnitude also gets dimmer for more distant objects.

F
m—m, =—2.5log,, (F > ) (9.39)

7,0

where m,, and F, are the apparent magnitude/flux of the zero point. The most commonly used scales
are Vega magnitudes, where the zero point is the magnitude of Vega, and AB magnitudes, where the
zero point is 3631 Jy.

Absolute Magnitude

The magnitude of the source as it would be if it were viewed at a distance of 10 pc. This is kind of
like the magnitude version of the luminosity, and is a more intrinsic quantity of the object than the
flux. An apparent magnitude is converted to an absolute magnitude using the distance modulus

d

Bolometric Mangitude

The magnitude of an object integrated over all frequencies/wavelengths. We typically convert mag-
nitudes from one filter into bolometric magnitudes using a bolometric correction factor, i.e. for band
\Y

mbol == mv + BC (941)

Colors

U, B, and V are just the magnitudes in the U (“ultraviolet”), B (“blue”), and V (“visual”) filters, which
cover wavelengths:

e U: 3650+ 680 A
e B: 4400+ 980 A
e V: 55004890 A

See in the appendix for a full list of commonly used filters. The differences between two
magnitudes, i.e. B—V, U — B, etc., are called colors.
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160. Briefly describe the main objectives and capabilities of the following as-
tronomical observatories Voyager, HST, Magellan telescopes, Chandra, WMAP,
MWA, SWIFT, Planck, ROSAT, Spitzer, TESS, LIGO, LISA, NICER, CHIME, HERA,
WINTER, SPT, JWST, Roman Space Telescope, Rubin Observatory

OH SO YOU LIKE TELESCOPES?

4

NAME EHEHY\}IESMPE

I. VoyagerIm

Two space probes, Voyager 1 and Voyager 2, were launched in 1977 to study and image the atmo-
spheres and ring systems of the giant planets, Jupiter, Saturn, Uranus, and Neptune. After the success
of their initial mission, they continued to probe the outer parts of the Solar System. In 2012, Voyager
1 passed the heliopause and officially reached interstellar space, followed by Voyager 2 in 2018. They
have made the first direct measurements of the density of the ISM, and are the furthest man-made
objects in space, reaching a distance of ~ 160 AU today. They carried onboard golden records which
contained sounds, images, and mathematical knowledge of human society on Earth, just in case they
ever happened to be discovered by aliens.

1. Hubble Space Telescope (HST or Hubble)?11212

NASA’s flagship optical telescope launched in 1990 in a low Earth orbit. Has a 2.4 m mirror and
covers the UV/optical/NIR. It has made major contributions to just about every field of astrophysics.
Instruments:

* UV/Optical/NIR Imagers: ACS, WFC3, STIS
* UV Spectrographs: COS, STIS (+optical)
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III. Magellan Telescopes?®!®

Twin 6.5 m telescopes located at the Las Campanas Observatory in Chile’s Atacama Desert. Began
observations in 2000/2002. Instruments:

* Optical Imagers: IMACS, Megacam, PISCO

NIR Imagers: FourStar, MagAO

Optical Spectrographs: IMACS, MagE, LDSS-3, MIKE, M2FS, PFS
* NIR Spectrographs: FIRE

IV. Chandra X-ray Observatory (Chandra)“*

NASA's flagship X-ray space telescope launched in 1999 in a high-altitude orbit (must be above Earth’s
atmosphere which absorbs X-rays). Sensitive to ~ 0.08-2 keV. Still has the best angular resolution of
any X-ray observatory today (0”5). Instruments:

* Imagers: HRC
* Spectrographs: ACIS (PI: Mark Bautz, MKI), HETGS (PI: Claude Canizares, MKI), LETGS

V. Wilkinson Microwave Anisotropy Probe (WMAP)%>

Space probe mission launched in 2001 to measure the CMB as a follow-up to COBE. Measured
anisotropies down to angular resolutions ~ 10’. Placed strong constraints on cosmological parame-
ters (H,, 2’s). Ran until 2010.

VI. Murchisonn Wide-field Array (MWA)“>

A low-frequency (70-300 MHz) radio interferometer with a wide FOV (~ 30°). Good for probing
the epoch of reionization with H 1 21 c¢m science. Also has an all-sky radio survey of extragalactic
sources (GLEAM). Jackie Hewitt at MKI is one of the founders.

VIL. Neil Gehrels Swift Observatory (Swift)2°

A gamma-ray/X-ray/UV/optical space telescope launched in 2004, originally designed to rapidly
respond to GRBs (within < 90 s) to observe them and their afterglows. Now used for a wide variety
of science interests. Instruments:

* Gamma-ray/X-ray Imagers: BAT (15-150 keV, wide FOV to find GRBs)
» X-ray Spectrographs: XRT (0.3-10 keV)
* UV/Optical Imagers: UVOT (1700-6500 A)

VIII. Planck'””

An ESA space probe launched in 2009 to study the CMB at higher angular resolutions than WMAP
(down to ~ 5). Currently our best measurements of the CMB power spectrum and early-universe
cosmological parameters come from Planck. Ran until 2013.

IX. Roentgen Satellite (ROSAT)?

An X-ray survey satellite built through a collaboration between Germany, the US, and the UK. Launched
in 1990 and ran until 1999. Began with a 6-month all-sky survey and used its remaining time on
pointed observations. Instruments:

* Imagers: PSPC-B/PSPC-C (low-res, ~ 25”), HRI (high-res, ~ 2")
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X. Spitzer Space Telescope (Spitzer)“®

NASA’s previous-gen flagship IR telescope launched in 2003 and ran until 2020. Had a diameter of
0.85 m. It ran out of coolant in 2009, after which many of the filters became non-operational.

* IR Imagers: IRAC, MIPS
* IR Spectrographs: IRS

XI. Transiting Exoplanet Survey Satellite (TESS)*'®

An optical/NIR (one 0.6-1 um filter) space telescope launched in 2018 with 4 wide-FOV cameras
that stare at one portion of the sky for a few months before moving on to the next portion (called
a sector). It observes with a cadence of 10 mins. Designed to study transiting exoplanets, but also
useful for variables and transients of all kinds.

The pixel size is large, meaning the angular resolution is not the best (22" since the FOV is so large).
This means TESS is a good tool for finding transiting exoplanet candidates, but to be confirmed they
often need follow-up observations with ground-based telescopes that have higher angular resolutions.
This is coordinated via the TESS Follow-up Observer’s Program (TFOP) working group. PI: George
Ricker, MKI.

XII. Laser Interferometer Gravitational-wave Observatory (LIGO)?%

A gravitational wave detector that uses a laser interferometer (see Q157, §@Q163). Has two
locations: Hanover, WA and Livingston, LA, with 4 km arms. First run focused on improving the
instrumentation ran from 2002-2010. The first real science run, dubbed “advanced LIGO” (aLIGO),
started listening in 2015 and made its first detection within days: GW150914, a BBH merger.

XIII. Laser Interferometer Space Antenna (LISA)***

A proposed ESA space-based gravitational wave observatory that would allow for arm lengths of
~ 10° km. This would allow it to have sensitivity in the mHz range, opening up observations of
SMBH mergers and EMRIs. Planned to be launched sometime in the 2030s.

XIV. Neutron Star Interior Composition Explorer (NICER)%>

An X-ray instrument installed onboard the International Space Station (ISS) that was launched in
2017. Sensitive to 0.3-12 keV, does timing and spectroscopy. Its primary goal is to constrain the
neutron star equation of state. It measures hot spots on neutron stars as they rotate in and out of
the LOS, which can constrain the neutron star radius and magnetic field structure (i.e. non-dipole).
Experienced a visible light leak in 2023 that caused increase noise at soft energies (< 0.8 keV) when
the ISS is on the day side of its orbit.

XV. Canadian Hydrogen Intensity Mapping Experiment (CHIME)%3

A radio telescope that is not a traditional dish. Instead it’s a series of half-cylinder shaped detectors
that has no moving parts, which gives it a wider FOV (200 deg?). Operates between 400-800 MHz
and is focused on measuring the H 1 21 cm line (1420 MHz) to map neutral hydrogen in the local
universe (sensitive to z ~ 0.8-2.5), see §81Q126. Also good for finding FRBs. Kiyoshi Masui’s group
at MKI is heavily involved.

XVI. Hydrogen Epoch of Reionization Array (HERA)?%#*

An array of radio dishes in South Africa sensitive to 120-200 MHz, corresponding to H 1 21 cm
(1420 MHz) at a z ~ 6-13. The successor of MWA with more collecting area and more sensitivity.
See §81Q126. PI: Jackie Hewitt, MKI.
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XVII. Wide-field Infrared Transient Explorer (WINTER)?4>

A NIR (0.9-1.7 pm) time-domain instrument that is deployed on a dedicated 1 m robotic telescope
at Palomar Observatory in San Diego, CA. Will perform a seeing-limited NIR time domain survey
focusing on following up LIGO gravitational wave events to look for r-process material, kilonovae,
TDEs, and more. Uses novel InGaAs photodetectors (as opposed to the traditional HgCdTe).

Note: Don’t get it confused with the Wide-field Infrared Survey Explorer (WISE)
XVIII. South Pole Telescope (SPT)"*

A 10 m microwave/millimeter/sub-millimeter ground-based telescope located at the NSF Amundsen-
Scott South Pole Station. Began observations in 2007. Good for constraining the CMB power spec-
trum at angular scales < 5" and finding galaxy clusters using the SZ effect. Instruments:

* Millimeter Imager: SPT-3G (90, 150, 220 GHz)

XIX. Jelescope Welescope Space Telescope (JWST)%°

NASA’s current-gen flagship IR telescope launched on Christmas day, 2021. Has a diameter of 6.5 m
and is sensitive to 0.6-28.3 um over its different instruments. Orbits at the L2 Lagrange point of the
Earth-Sun system.

* NIR Imagers: NIRCam

* NIR Spectrographs: NIRSpec, NIRISS/FGS (slitless)
* MIR Imagers: MIRI (imaging modes)

* MIR Spectrographs: MIRI (spectroscopy modes)

XX. Nancy Grace Roman Space Telescope (the telescope formerly known as WFIRST)%%/

An infrared telescope with a 2.4 m diameter (same as Hubble) that is planned to be launched around
2027. Will have a much wider FOV (28 deg?) and has the science goals of direct imaging exoplanets
with coronagraphy, and advancing understandings of dark energy and cosmology. Instruments:

* IR Imagers: WFI, CGI (coronagraphs)

XXI. Vera C. Rubin Observatory (the telescope formerly known as LSST)%

An 8.4 m ground-based telescope currently under construction in Chile. Observations are expected
to begin in early 2025. Will perform an all-sky survey that is expected to find objects down to 25th
magnitude in a single visit (1000s of transients expected per night). Results will be significantly
affected by the satellite constellations contained hundreds of thousands of satellites planned to be
launched by companies like SpaceX, Amazon, OneWeb, E-Space, etc.
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161. What are the pros/cons of having a space-based versus ground-based
observatory? At what wavelengths can you do both? At what wavelengths can

you only observe from space?

Pros Cons
Ground | eEasy to maintain/repair * Atmospheric turbulence
*Cheaper *Not all wavelengths accessible
*Can build larger *Light pollution
Space | eDiffraction-limited seeing *Hard to maintain/repair
* All wavelengths accessible *More expensive
*No light pollution *Must build smaller

Wavelengths accessible from the ground:

* Optical
* NIR and some MIR
* Sub-mm/radio

Wavelengths only accessibile from space:

* Gamma-rays*

e X-rays

« MIR/FIR

* Long-wavelength radio

These are shown more precisely in Figure 9.20
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Figure 9.20: The opacity of Earth’s atmosphere as a function of wavelength, showing the openings
in the optical/NIR and sub-mm/radio?%?
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*We can actually indirectly observe gamma rays from the ground using Cherenkov Telescopes. When
gamma rays hit the upper atmosphere and interact with particles, they can create ultra-relativistic
particles that travel faster than the speed of light in air (but still slower than the speed of light in a
vacuum). This creates a flash of light that radiates in a cone (similar to a sonic boom when crossing
the sound barrier). This is called Cherenkov radiation, and ground-based Cherenkov telescopes can
detect this radiation and use its direction to pinpoint the astrophysical source of the gamma rays.

Examples: Cherenkov Telescope Array Observatory (CTAO), Major Atmospheric Gamma Imaging
Cherenkov Telescope (MAGIC)
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162. Derive the approximate (within a factor of a few) spectral resolution R
required to detect a planet that perturbs its host star by a radial velocity am-
plitude of 10 cm/s. Describe some practical challenges with calibration and
stability, and how they are addressed for such instruments. Why have we not
yet achieved this precision in RV measurements of real stars?

The spectral resolving power is defined as

A

R=—
AL

(9.42)

where AA is the minimum wavelength difference for which two spectral line features are still resolv-
able by Rayleigh’s criterion (i.e. the peak of one line must correspond to the first minimum of the
neighboring line’s peak)ﬂ The Doppler shift, in the limit Av < ¢, is approximately

Av AL 1

g — = — 9.43
C A R ( )
So, we obtain
3 x 100
Re S 2220 35100 (9.44)
AV 10

However, this is the resolving power that would be required to resolve two close lines within 10
cm/s of each other. This is NOT the same thing as the resolving power that would be required to just
measure the center of a line to 10 cm/s precision. The wavelengths are typically Nyquist sampled
(i.e. = 2 pixels for each FWHM spectral resolution element AA), and in addition we can measure
the center of a line by fitting a Gaussian model, which allows us to estimate the peak with sub-pixel
precision depending on the errors of each data point we use (see Figure 9.21]).

i
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)

Figure 9.21: An absorption line modeled with a Gaussian profile, which resolves the peak location
at a subpixel level of precision.

In general, the narrower the line itself is, the easier it is to measure the peak location (broad lines
are so smeared out that the exact location of the peak becomes hard to distinguish), and having a
higher SNR means the line is deeper, which also makes it easier. This gives an uncertainty o,

- FWHM
Y SNR

(9.45)

We can further lower this by measuring many spectral lines simultaneously. They all must have the

?See the end of this question for details
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same spectral shift, so with N lines our measurement uncertainty goes down by a factor of +/N:

o FWHM
" /NSNR
For a non-rotating star, the FWHM of the lines will essentially just be the FWHM of the spectral

resolution element as determined by the line-spread function (LSF), Av = c¢/R. Then, a typical
SNR ~ 100 and N ~ 1000, so

(9.46)

c 1

o, ~————| — |R~10% for 0, ~10 cms™* (9.47)
" R4/NSNR e

For the highest resolution spectrographs today

R~10° — o,~1ms™! (9.48)

However, most stars are rotating, with typical speeds of at least ~ 2 kms™ or more, in which case

the uncertainty increases by an order unity factor (c/R — 4/(c/R)2+v2,). If v,., > c/R, the scaling
with R becomes slower, but not 0, since the SNR also increases as R increases (the lines get deeper
as they become more resolved, SNR oc R%-%)230231123710)

Stability and Calibration Challenges

At an R ~ 10°, the spectral resolution element is ¢/R ~ 3 kms™!, so when we measure differences of

1 ms!, we're measuring differences on the order of 1/1000th of a pixel. This means the instrument
must be extremely stable against natural fluctuations:

* Pressure fluctuations — use a vacuum chamber
* Temperature fluctuations on the mK level

* Must have no moving parts

* Must have undisturbed operations

* Do simultaneous calibrations

— Use a gas cell or lamp with known emission lines to “anchor” the velocity shifts in the stel-
lar spectrum to a known source. Downside: has some very bright lines that can saturate
and bleed into the rest of the exposure.

— Fabry-Pérot etalons create equally spaced and equally bright calibration lines. Downside:
not a fundamental frequency tied to any atomic physics, just depends on the distance
between two plates.

RV Measurements of Real Stars

Stellar variability is something we can’t correct for with instrumentation, and is often much larger
than the sub-m/s levels of precision we want to obtain. This encompasses the effects of stellar rotation
(mentioned above), starspots rotating in and out of our FOV (which partially dim the side of the star
rotating away from/towards us, creating a small blueshift/redshift), and granulation due to near-
surface convection. There are many people working on analysis techniques to separate out the planet
signals from the stellar signals. There are also tellurics (absorption lines from Earth’s atmosphere)
that further introduce uncertainty in our measurements by overlapping and blending with the lines

19Als0 see this helpful YouTube video
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https://youtu.be/DmNwPTY47SA?t=1578

we actually care about. In the same vein, keep in mind that velocities are relative. This means that if
we want to know the velocities of exoplanets around their host stars to within ~10 cm/s of precision,
then we also must know the velocity of Earth around the Sun and the velocity of the Sun around the
galactic center to at least the same order of magnitude in precision.

Resolving Power for Gratings'”

Figure 9.22: Light reflecting off of a diffraction grating™*.

The grating equation states that for a grating with a spacing a between each slit, the diffracted waves
from two neighboring slits are in phase when

a(sinf; +sin6,,) = mA (9.49)

See Figure for an explanation of the symbols. If the waves are normally incident, 6; = 0, at a
wavelength of A + AA, then

asin6,, = m(A+ AQ) (9.50)

To satisfy Rayleigh’s criterion, this must correspond to the minimum of the neighboring wavelength’s
peak in the same order, i.e.

asinf,, = (m + l)?t (9.51)
N

where N is the number of grating lines. Therefore, we obtain

A

R=—=
AA

mN (9.52)

This basically shows that at higher orders (m) and larger numbers of slits (N), wavelengths are better
resolved. We can also quantify this with the angular dispersion, which gives the angular separation
per unit wavelength

pedm _ m (9.53)




With a focal length f, this becomes a linear dispersion across the detector of

dy

e,
o= =D (9.54)
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163. Summarize the current state of experimental gravitational wave detec-
tion, and the prospects for improvement in the near future.

The current state-of-the-art gravitational wave observatory is LIGO, operated jointly by MIT/Caltech.
It has two observatories in Hanover, WA and Livingston, LA. It has had a few observing runs:

* 01 (2015)

GW150914: The first gravitational wave detection, a binary black hole merger, both with M ~
30 M,,.

One other event.
* 02 (2017)
15-25% improved sensitivity over O1.
VIRGO comes online (Italy), which helps with localization.

GW170817: The first binary neutron star merger that was also detected in EM observations
(with Fermi).

Total of 6 detections.
* 03 (2019-2020)
KAGRA comes online (Japan).
More than 50 binary BBH mergers and 1 BNS merger.
GW190521: Binary black holes in the pair instability gap (~ 150 M,).
* 04 (2023-2025)
Still actively ongoing
LIGO, VIRGO, and KAGRA together form the IVK collaboration. To date, ~100 gravitational wave
detections have been recorded in total.
There are constant efforts to improve sensitivity and reduce noise. Sources of noise include:
e Thermal noise
* Quantum noise (shot noise and radiation pressure from the laser beams)
* Seismic activity
The 7.6 magnitude earthquake in Japan on January 1, 2024 damaged a lot of KAGRA's mirror sus-
pension systems, so it is temporarily offline until they can be repaired before the end of O4.
For the future:
» Further improvements to the LVK observatories will push us to higher sensitivities.

* Planned LISA observatory, which will be a space-based interferometer with much longer arms
and sensitivity in the mHz regime (more sensitive to SMBH binaries and EMRIs). See §9Q160.

* Planned Cosmic Explorer observatory, which will be a ground-based interferometer with 40 km
arms. Sensitivity o< length?.
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The Gravitational Wave Spectrum

Quantum fluctuations in early universe
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Figure 9.23: The gravitational wave spectrum.
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10 Lighting Round / Miscellaneous




164. What kind of objects would you guess the following were? HD 128220,
Abell 426, QSO 1013+277, a Crucis, Mk 509, 3C 234, NGC 2808, PSR 0950408,
BD +61° 1211, f Pictoris b

HD 128220

Regular star. HD stands for the Henry Draper catalogue, which contains stars.
Abell 426

AKA the Perseus Cluster. The Abell catalogue is a catalogue of galaxy clusters.
QSO 1013+277

A quasi-stellar object or quasar. The numbers here indicate truncated coordinates.
a Crucis

The brightest star in the Crux constellation, AKA the Southern Cross. Stars are labeled from brightest
to dimmest following Greek letters: a Crucis, 8 Crucis, ... etc.

Mk 509

An AGN. Mk stands for the Markarian catalogue which contains galaxies with excess UV emission,
indicative of AGN.

3C 234
A radio-loud AGN. 3C stands for the 3rd Cambridge Catalogue of radio sources.
NGC 2808

A globular cluster. NGC stands for the New General Catalogue, which contains all kinds of extended
objects in the nearby universe, including galaxies, emission nebulae, and globular clusters.

PSR 0950408
A pulsar. The numbers here are truncated coordinates, like with the QSO.
BD +61° 1211

A star. BD stands for the Bonner Durchmusterung catalogue, which contains stars. NOT A BROWN
DWARE

P Pictoris b

The first planet around the f3 Pictoris star. Planets are labeled with lowercase roman letters starting
from b (3 Pictoris a would be f3 Pictoris itself).
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165. What are the strongest spectral lines seen in each of the following: Inte-
grated light from a typical galaxy, a quasar, a 100 km/s interstellar shockwave,
a giant molecular cloud?

Typical galaxy

Galaxy spectra are made up of a few different components

233,

Stellar (UV/optical /NIR): Contributions from many individual stars (i.e. blackbodies) at dif-
ferent temperatures, which is relatively flat apart from a break at 4000 A caused by blanket
absorption of high energy photons by metals, and breaks at the Balmer limit (3645 A) and
Lyman limit (911 A). There are also features due to metals in cool stellar atmospheres.

Nebular (UV-radio): Lyman continuum photons from hot stars ionize the surrounding gas,
which heats up and then re-radiates the energy in a series of emission lines (free-bound to
bound-bound) and continuum emission (free-free). The emission lines are prominent but the
nebular continuum emission tends to be negligible in most cases and is usually ignored.

Dust Attenuation (UV/optical/NIR): Dust grains in the ISM are efficient at absorbing short-
wavelength radiation. This affects bluer wavelengths more than redder wavelengths and hence
has the effect of “reddening” the spectrum. There is also a bump in the UV part of the attenu-
ation curve.

Dust Emission (MIR/FIR): The energy that dust absorbs in the UV/optical/NIR must go some-
where, so it is radiated away in the MIR/FIR domain. At shorter wavelengths, this is done
by de-exciting PAH molecules, which produce broad emission features. Whereas longer wave-
lengths are dominated by larger, colder dust grains which emit like modified blackbodies.

Synchrotron Emission (radio): Relativistic electrons from supernovae can produce non-thermal
synchrotron radiation when interacting with the local magnetic field.

IGM Absorption (UV): The intergalactic medium absorbs UV radiation past the Lyman limit,
depending on the neutral Hydrogen content (i.e. depending on the redshift). See §8Q142.

Now to answer the actual question, it depends on the type of galaxy2>%.

Elliptical galaxies have no young, hot, ionizing stars, so they don’t produce any nebular emis-
sion. Thus, no emission lines. They will just have absorption lines from metals in stellar atmo-
spheres. Some of the most prominent ones are:
— CaHand K (Ca 11 AA3968,3934)
The G band (Ca 1 A4307.7 and Fe 1 A4307.9)
Mg1A5175
Na D (Na1 AA5896,5889)
H balmer series (Ha 6563, Hf} 4861, Hy 4340, ...)

Spiral galaxies do have young, hot, ionizing stars, so they have emission lines in addition to
the absorption lines. Most prominently:

- [0 11] AA3737,3739

- [0 111] AA4959,5007

~ [N 11] AA16583,6548

— H balmer series (Ha 6563, Hf 4861, Hy 4340, ...)
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- [S1v] A10.511 um
- [Ne 1] A12.813 um
— [Ne 1] A15.555 yum

Quasar

Like galaxy spectra, quasar spectra are complex and multifaceted. For a full breakdown of the SED
like I did for the galaxy, see §4/Q71. The important thing to realize here is that the quasar still has a
host galaxy around it, so we're still going to see the same prominent emission lines that we saw in the
galaxy spectra. But thanks to the strong UV continuum emission from the AGN, we’ll also see more
prominent UV emission lines, and even higher-ionization “coronal” lines that wouldn’t be possible
with a normal galaxy (though these are typically not as bright).

s Lya 1216
e C1v AA1548,1550

Coronal lines:

[Ne v] AA3426,3346
[Fe x] A6374

[Ne vi] A7.652 ypm
[Mg vii] 19.009 pm
* [Nev] A114.322 pm

100 km/s Interstellar shock wave?>

Shocks are produced by supernovae. The temperature of a 100 km/s shock, using our results from

§4.050, is

2

u

T22x107(wksl) K — T~2x10°K=~18eV (10.1)
ms-

Like with our argument in §8/Q138, even though this is below the ionization potential of He 11 (24.5
eV &~ 3 x 10° K), since there are many more photons than baryons, we can still get significant ioniza-
tion of He 1I lines, in addition to the Hydrogen lines

* He 11 A4686
* H balmer series (Ha 6563, Hf 4861, Hy 4340, ...)

Giant molecular cloud

These clouds are mostly molecular H,. If the cloud is cold (~ 10 K), the H, does not emit strongly,
so we have to use the next most common molecule, CO:

* CO1-02.6 mm
e CO3-21.4mm

Otherwise, if the cloud is warm (~ 100 K), we can use rovibrational lines in the IR:
* H, 0-0 S(0) 28.221 um
* H, 1-0 S(0) 2.2235 pm
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166. How far away are the following objects: The Sun, the Orion Nebula, M13,
M31, the Virgo Cluster, the Coma Cluster, 3C 273? How large and how massive
are they?

Mass Radius* Distance
The Sun 1M,~2x10%g 1R,~7x10%cm 1AU~1.5x 10 cm
Orion Nebula 2000 M, 4 pc 412 pc
M13 (Hercules Glob. Cluster) 6 x 10° M, 26 pc 6.8 kpc
M31 (Andromeda) 1.5 x 10 M, 23.3 kpc 765 kpc
Virgo Cluster 1.2 x 10" M, 2.2 Mpc 16.5 Mpc
Coma Cluster 7 x 10 M, 3 Mpc 100 Mpc (z ~ 0.02)
3C 2737 9 x 108 M, 3x 10™cm 749 Mpc (z ~ 0.16)

*1 pc = 3.086 x 10'® cm

TReported mass and radius are for the black hole (Schwarzschild radius), and reported distance is
luminosity distance.

Refs. 236/237/238/239/240,241.
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167. What are the brightest extra-solar-system sources at the following wave-
lengths: radio, mm, midIR, optical, UV, X-ray, gamma ray? Which, if any, are
isotropic on the sky?

Wavelength Individual examples (apparent) Other bright sources
Radio%*2 Cas A, Cyg A, Cen A Radio-loud AGN*, FRBs*
Millimeter Perseus Molecular Cloud The CMB*, cold molecular gas/dust, AGN*
MIR242 1 Car, Omega Nebula, Orion Nebula Cool stars, galactic dust, starburst galaxies*, AGN*
NIR"242 Betelgeuse, R Doradus, Antares Cool stars, galactic dust, starburst galaxies*, AGN*
Optical?*3 Sirius, Canopus, Arcturus Stars, galaxies®, AGN*
uv Adhara Hot stars, hot white dwarfs, AGN*
X-ray 244 SGR 1806-20, GRB 100621A, A 0620-00 XRBs, supernova remnants, galaxy clusters, AGN*
Gamma-ray?** GRB221009A GRBs*, XRBs, AGN*

*Isotropic
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168. Briefly describe the following famous astronomical objects: The Crab,
M3, M31, M87, W51, Cyg X-1, 3C 273, Cyg A, SS 433, GW150914, GW170817 ,
LMC, Bootes Void, Virgo cluster, TRAPPIST-1, Prox Cen b, Sgr A*

The Crab Nebula®*
AKA: M1, NGC 1952, Taurus A
Distance: 2 kpc | Radius: 1.7 pc | Mass: 5 M,

A supernova remnant and pulsar wind nebula in the constellation Taurus. The supernova event was
recorded in 1054 by Chinese astronomers. At the center is the Crab Pulsar, which powers the whole
nebula. One of the brightest persistent X-ray and gamma-ray sources in the sky.

M3246
AKA: NGC 5272
Distance: 10.4 kpc | Radius: 27.6 pc | Mass: 4.5 x 10° M

A globular cluster in the constellation Canes Venatici. It is one of the largest and brightest globular
clusters, with around 500,000 stars and an estimated age of 11.4 Gyr. Contains a lot of variable stars.

M31%58
AKA: Andromeda, NGC 224
Distance: 765 kpc | Radius: 23.3 kpc | Mass: 1.5 x 10> M,

The closest galaxy to us that is not a dwarf/satellite galaxy of the Milky Way. About the same
size/mass as the Milky Way. It is a member of the Local Group. Will collide with the Milky Way
in about 5 Gyr.

M87247
AKA: Virgo A, NGC 4486
Distance: 16.4 Mpc | Radius: 150 kpc | Mass: 6 x 10'2 M,

The BCG of the Virgo Cluster—a massive supergiant elliptical galaxy (type cD). Has a relativistic jet
extending 1.5 kpc from the nucleus, and is one of the brightest radio sources in the sky. Its SMBH,
M87*, with a mass of 3.5 x 10° M,,, was imaged by the EHT in 2017.

W51248
Distance: 5 kpc | Radius: 100 pc | Mass: 10° M,

A giant molecular cloud, one of the most active star-forming clouds in our Galaxy. Highly obscured
by dust, so it’s only visible in the IR.

Cyg X_1249
AKA: Cygnus X-1
Distance: 2.2 kpc | BH Radius: 63 km | BH Mass: 21.2 M,

A stellar mass black hole in a high-mass X-ray binary system in the constellation Cygnus. It was
discovered in 1965 as one of the brightest X-ray sources in the sky detectable from Earth, and it
became the first discovered source to be widely accepted as a black hole. Its companion is a blue
supergiant variable star.
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3C 27324
AKA: PGC 41121, HIP 60936
Distance: 749 Mpc | BH Radius: 3 x 10° km | BH Mass: 9 x 10® M,

A quasar at the center of a giant elliptical galaxy in the constellation Virgo (not the Virgo Cluster).
It was the first quasar ever discovered and is the brightest quasar visible from Earth. Coronagraphic
observations with HST later revealed the faint host galaxy.

Cyg AZSO
AKA: Cygnus A, 3C 405
Distance: 232 Mpc | Radius: 18 kpc | Mass: 10! M,

A radio galaxy with an obscured (type II) AGN that emits two strong radio jets that have inflated
radio lobes (FR-II). It is the BCG of a cluster of galaxies. There are also X-ray cavities in the ICM
coincident with the radio lobes.

SS 433251;252
Distance: 5.5 kpc | Orbital Radius: 8 x 10’ km | System Mass: 36 M,

An eclipsing X-ray binary system containing a stellar mass black hole and an A-type star. It was the
first discovered “microquasar”, with jets and an accretion disk producing very high energy photons.

GW1509144>
Distance: 410 Mpc | BH Masses: 35 M, 30 M,

The first gravitational wave detection. Came from a binary black hole merger and lasted about 0.2
seconds, with the frequency increasing from 35-150 Hz.

GW170817*
Distance: 40 Mpc | NS Masses: ~ 1.4 M, ~ 1.4 M,

A gravitational wave signal from the merger of two neutron stars detected in 2017. Was the first GW
observation to have an electromagnetic counterpart observation: Fermi detected a short GRB at the
same time/place. This was then followed up across other wavebands in the optical/UV/IR/etc. to
observe the afterglow, which localized the source.

LMc255
AKA: Large Magellanic Cloud
Distance: 50 kpc | Radius: 5 kpc | Mass: 10! M,

The largest satellite galaxy of the Milky Way. An irregular galaxy with lots of gas, dust, and star
formation. Was likely a barred spiral before being tidally disrupted by the Milky Way. Named for
Ferdinand Magellan, who first noticed the LMC/SMC during his voyages around the world.

Bootes Void2°

AKA: “The Great Nothing”

Distance: 250 Mpc | Radius: 60 Mpc

A large spherical region in the constellation Bootes that contains a significant underdensity of galaxies
(only about 60 galaxies where, for a region of this size, we should expect 2000). It is one of the largest
known Voids.
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Virgo Cluster®”
Distance: 16.5 Mpc | Radius: 2.2 Mpc | Mass: 1.2 x 10> M,

A galaxy cluster in the constellation Virgo. It is a part of the Virgo supercluster, which the Local Group
is also a member of. Its BCG is M87 (see above), and other prominent members include M49, M86,
M60, all of which are elliptical galaxies. It has a total of about 1000 member galaxies.

TRAPPIST-1%7
AKA: EPIC 246199087, K2-112
Distance: 12.5 pc | Radius: 0.1 R, | Mass: 0.09 M,

A cool red dwarf star (spectral type M8V) with 7 known orbiting exoplanets (TRAPPIST-1b through
TRAPPIST-1h), with 4 in the habitable zone. Discovered by the Transiting Planets and Planetesimals
Small Telescope (TRAPPIST) in 2016. The planets are packed closely together and the whole system
is much tighter than the Solar System. The planets all have orbital resonances of 8:5, 5:3, 3:2, 3:2,
4:3, and 3:2 between each pair, which can keep the system stable for billions of years.

Prox Cen b**®

AKA: Proxima Centauri b

Distance: 1.3 pc | Radius: 1 R, | Mass: 1 M,

The closest exoplanet to Earth, around the star Proxima Centauri (the closest star to the Sun). It
orbits within the habitable zone, and is thought to be Earthlike in terms of its mass and radius.
Discovered in 2016 with the RV method.

Sgr A""259
AKA: Sagittarius A*
Distance: 8.3 kpc | Radius: 1.3 x 107 km | Mass: 4.3 x 10° M,

The supermassive black hole at the center of the Milky Way galaxy, located in the Sagittarius con-
stellation. Its mass has been determined by the orbits of stars around the galactic center, which
confirmed it to be a SMBH (2020 Nobel Prize: Ghez & Genzel). Imaged by the EHT in 2017.
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11 Prepared Question

Note: This section is obviously just for my own reference, as everyone’s prepared question will be
different. But perhaps looking at it might give others some ideas of the kinds of things to be looking
for when coming up with a prepared question.

Q: How can one measure the mass of a galaxy’s central supermassive black hole, assuming it
is part of a binary black hole system, using only the galaxy’s surface brightness profile? What
kinds of systems can we actually use this technique on, and how do its results compare to other
SMBH mass measurement techniques?

Everyone knows about the M — o relationship and reverberation mapping, but this method for esti-
mating black hole masses is much less well known. There is a beautiful coalescence of many areas
of physics in deriving this result, but it is held back by large uncertainties due to our rather limited
sample size of galaxies with black hole masses that can be estimated this way.

To start off, we need to have a galaxy with a “cored” surface brightness profile—that is, the intensity
I should level off to a near-constant value within some distance from the nucleus. Note that while
many dark matter density profiles have cored shapes (i.e. the core-cusp problem, §71Q125), we're
talking here about a brightness profile, which strictly traces the luminous matter. Most galaxies do not
have cored brightness profiles—they’re traced well by Sérsic, de Vaucouleurs, or exponential profiles
(i.e. Q118), which all continue increasing as r — 0.

Semimajor Axis (kpc)

20 - = -

22 -

Mag/arcsec? V—-Band (Vega)

24 -

el | | r
0.01 0.1 1 10

Semimajor Axis (arcsec)

Figure 11.1: An example of a Nuker profile being used to fit the surface brightness profile of the BCG
of Abell 2261%%°, The break radius is marked with triangles.

It is often conventient to parametrize this using the so-called Nuker profile

r\~Y r\270—B)a
I(r):z(ﬁ—”/“l,,(—) [1+(—)] (11.1)
r

b T'p
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This is characterized by having an inner core slope y that transitions to an outer envelope slope f3,
and a determines how quickly the transition occurs (i.e. the curvature). The transition between
slopes happens at a characteristic “break radius” r;,, at which the intensity is I, = I(r,). An example
of this profile is use is shown in Figure[11.1]

Incredibly, we can measure the mass of the central black hole directly from the size of the break radius
r,- Why? The idea is that, if the central SMBH is in a binary system, dynamical interactions with
the surrounding stars tends to give them a push, which boosts their energies and causes them to be
ejected from the core, which flattens out the core shape on scales much larger than the gravitational
influence of the binary itself. How would a binary black hole system form in the first place? The most
likely culprit would be recent galaxy mergers where the central black holes of both galaxies have not
coalesced yet.

So, to get our desired relationship (relating My to r;), we require 2 intermediate steps:
1. Relate the break radius r, to the stellar mass that has been ejected from the core, M,
2. Relate the ejected stellar mass M, to the black hole mass Mgy
For step 1, we can estimate the amount of light that is missing from the core by extrapolating the

outer envelope slope inwards and integrating the difference between this theoretical “unperturbed”
profile and the true, cored profile. This is shown schematically in Figure(11.2

-
o

Figure 11.2: An example showing how the missing light would be calculated from the difference of
two intensity profiles.

The light “deficit” can then be converted into the ejected mass by assuming some mass-to-light ratio
I'=(M/L), ie.

dM = 2nrI(r)rdr (11.2)

The Nuker profile is kind of cumbersome, so for simplicity, let’s assume a profile that instantly transi-
tions from a shallow core slope of —1/4 to a generic envelope slope —f at r,. Then our new profile
is

)= {Il(r) =L(r/r,) M r<r, 113

L(N=L(/r)" r=r
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We now want to integrate the difference betwen I,(r) and I,(r), extrapolated from O to r;:

Tp
MeJ=27'ch rl,(r)—1I,(r)]dr (11.4)
=2nT1, J (ri-Pr [5 r3/4 1/4)dr (11.5)
7/4 7
P 1/47 ] 11.6
”b[Z/&rbmo (1.6
1 4

=2nlLr?| — — = 11.7
T brb(z—ﬁ 7) ( )

4B —1
Mej = anmlbrlf (118)

It seems at first glance like M,; o< r , but I, and r;, are not independent parameters. These are
intrinsic properties of the core that depend on the dynamics of the binary BH interactions. Intuitively,
we would expect an inverse scaling, since as the black hole mass increases, the energies ejected into
the scatterings increases, so the core size increases, while at the same time the light from the stars
gets spread out further and decreases.

If we just require that the total integrated core light stays the same as I, and r;, change, we recover
the expected relationship. This makes sense—if the binary black hole changes in mass, then r, and
I, will change, i.e. the core mass/light will be more or less spread out, but this can’t magically add
or remove mass/light from the core:

" 1/ 4 3, 1
ICZJ Ib(L) dTZEIbrb — Ib: < X — (11.9)
0

ry 4l’b ry

Applying this to (T1.8)), we find that the ejected mass scales linearly with the break radius*®*

_34p-1

= —=——nl1 11.10
€J 214_7/57-[’- cTp ( )

And we’re done with step 1! Now onto step 2. This one is a bit involved. To relate M; to Mgy,
we need to understand how the binary interacts with and loses energy to the surrounding stars. In
general, these are complicated 3-body interactions, but we can simplify them by considering two
extremes: longer range dynamical friction interactions where we can look at each BH individually,
and shorter range ejection interactions where we can treat the binary as tightly bound.

We'll start with the first case. Assuming a wide binary orbit, as each BH travels along, it interacts with
nearby stars, which in the rest frame of the BH are seen to be moving towards it. The gravitational
force tends to pull the stars preferentially behind the BH’s direction of motion, which leads to an
overdensity and a drag force. Say a star with mass m is incident at an impact parameter b, see Figure
If we make the simplifying assumption that the perturbation in velocity is small, v, < v, such
that the star travels along a nearly straight path, we can find 6v, by integrating the perpendicular
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Figure 11.3: The dynamical friction caused by the pile-up of stars behind the direction of motion.

gravitational force F | :

F _GMmcose_ GMm b _ GMm 111D
T b2+ x2/p2+x2 b1 +v2t2/b2)32 '
Integrating the force (per unit mass) over time yields
5v, 1 (% GM [~ de
Fiaxm— — 0v, ~— F dt = 11.12
ST Y1 mf_m + b2 f—oo (1+ v2t2/h2)3/2 ( )
Making the substitution s = vt/b
GM [~ ds

ov, = 11.13
Ty J_oo (1+s207 (1119

And then making the further substitution s = tanu, ds = sec?udu and 1 + tan®u = sec?u, so

/2
GM 2GM
oV, =—— cosudu = (11.19)

bv /2 bv

This gives the velocity change due to one interaction. Now, the total energy of the system must be
conserved, so the star’s total relative velocity before and after the interaction (at an equally large
distance away) must be the same. Clearly, the relative parallel velocity must change to compensate:

Vi =V, — vzz(v+5v”)2+5vi (11.15)
0= 5V +2vov +&v] (11.16)

Using the quadratic formula and taking the positive root

SV =—v+4/v2=56v] (11.17)
=—v+v4y1—(6v, /v)? (11.18)

2
%—%v(%) (11.19)

The drag force acting on the black hole, then, must equal the drag force that causes the change in
the parallel velocity, i.e. in some small time window &t,

ov 5 2
o _ 1 L) ! (11.20)

F =m —mv —
drag 5t 2 (v St
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And we can estimate the amount of energy 6 E that is transferred from the BH to the star in this small
time window (the perpendicular components cancel out but the parallel components add up)

Svi\: 1 2G*M?
L) - 2 2 MM (11.21)

1
SE = Fy,v6t = Emvz( —mévi = a3

v

Many stars will undergo these interactions, which we can quantify by considering a cylinder of con-
stant impact parameter b around the BH (see Figure [11.4)).

Zrodlo

Figure 11.4: A number of stars at some range of impact parameters b = db will pass by the binary
and interact with it.

The number of stars passing through this cylinder will be proportional to its cross-sectional area,
2mb db, and incident star flux nv At where n is the number density of stars. Thus, dN = 2nbdbnvAt.
Each interaction causes the star to gain energy, while the BH loses energy. The total change in energy
of the BH can then be found by integrating over b, assuming all incident stars have the same mass
m

b
" 2G2M?
AE=5E =J 2 Mo nbnvAtdb (11.22)
i - v
Simplifying,
4nG2M2nmAt ™ db
AE = _— (11.23)
v bmin b
And using the Coulomb logarithm In A = In(b,,,,/bin)
AE G*M?
2F  aninpal A nm (11.24)
At 1%

Now we can rewrite this using the mass density p = nm, and relabeling v — (v). The constant we
found, 47 ln A, in general will change depending on what assumptions are made about the distribu-
tion of stars in position and velocity space (i.e. phase space), so I'll just replace it with a generic C.

G2*M?
vy P

How does this loss of energy actually impact the binary? The orbit between the black holes must
shrink, i.e. the semimajor axis a must get smaller. We know that a bound orbit has energy of the

E=C

(11.25)
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form

GM?
2a

E=— (11.26)

(assuming equal masses for the binary, M; = M, = M). So this corresponds to a change in a of
. GM?*d (1 G*M? d (1 Gp
E=— —|—-]=C — — |- |=H-—~ 11.27
2 dt(a) (v) P dt(a) (v) ( )

where we defined the hardening coefficient H = 2C. “Hardening” in the binary sense means the orbit
gets smaller.

In the regime where the star gets close to the black hole, i.e. b ~ a, the energy injection becomes
significant, as 6v, ~ v:
2GM , 2GM

_ Ve~
bv a

5V, ~ (11.28)

In this case, the assumption that v is small breaks down, so our parallel velocity change becomes

ovy ~ ov, ~v. Thus, the energy exchange for one strong encounter, using equation (11.21)), is

1 GMm
OFE = mv5v” ~ Emv2 ~

(11.29)
a

Then, if we consider m as a small element of the total ejected mass, m = 6 M,;, then over a small
time interval we get

p _OE  GMOoMqy
97 5t a 6ot

We can then equate the energy injected into the stars to the energy released from the binary.

(11.30)

. GMM,  G>M? 1dMy GM
Using (11.27)

_
dt = HGp d(1/a) (11.32)
din(1/a) = 379 _ a1/a) (11.33)

1/a

_ )

adt = HGpdln(l/a) (11.34)

we can replace the time derivative with an a derivative. I will now relabel M = My to be more

clear262:
dM..

(S

din(/a) Mo (159

where the mass ejection coefficient J is roughly a constant of order unity, J ~ C/H ~ 1/2. We can
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now integrate this equation to find M, as a function of Mp?%*:
ay

We see there is some upper limit, a,;, above which the binary mass ejection is not significant (and the
inspiral is dominated by dynamical friction), and a lower limit a ~ a;/2. The lower limit is caused by
the fact that, as the black holes continue to scatter with stars and clear out the local neighborhood,
eventually there are very few stars left that can actually be scattered and the binary hardening stalls.
The exact ratio of 1/2 is, of course, another approximation, but it does not affect the scaling, which
we can see shows M,; to be linearly proportional to Mpgy;:

M, ~ J In2 Mgy (11.37)

One may beg the question of how binary black holes can merge at all since the hardening stalls. From
this analysis, we in fact would not expect them to merge within the age of the universe, stalling out at
orbital separations on the order of parsecs. This is known as the final parsec problem, which I must
say is a pretty sick name. At the very smallest orbital separations (i.e. 0.01-0.001 pc), gravitational
radiation can kick in and become important in the final stages of the merger, but there is a critical
gap between the parsec scales that we are left with from dynamical friction and the milliparsec scales
needed for gravitational radiation. For more, see Ref. 264. But, this isn’t what this question is about,
so let’s get back on track.

With this, we’re done with step 2! Now all we have to do is combine them to see that the break radius
is linearly porportional to the black hole mass!

_34B—1 =Tl
T 214—7BJIn2

This is backed up by observed scaling relations which find a near-linear dependence?®!

log (i):(o 96 +0.09) log ( Mon )+(20ﬂ:0 1) (11.39)
10 pc . . 10 109M® . : )

Here, r, is related to rj, by a constant and is used more frequently in the literature as it has been
shown to have a tighter correlation with black hole parameters.

Now, the question becomes, if this scaling relation works, why is it used so much less frequently than
the more well known scaling relations like M — o? The simple answer is that there aren’t a lot of
systems where we can actually use this scaling relation, so the precise values in the above relation are
not as constrained as the uncertainties would lead you to believe. The inner intensity cores for black
holes of 107 M, are only on the order of parsecs, which we cannot resolve for most galaxies with
our current best spatial resolutions. You need to look at the highest mass/luminosity galaxies with
the highest mass black holes, such as brightest cluster galaxies (BCGs), to find ones where we can
resolve the cores of the intensity profiles. Circa 2007, there were only 11 core galaxies which had
independent measurements of black hole mass for which the relation can be calibrated. Depending
on the method one uses to fit it, you can recover power law indices ranging from 0.6-1.5%% (see

Figure|11.5).

However, it is still useful to constrain the scaling at the high mass/luminosity end of galaxies/BCGs,
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Figure 11.5: A fitted power law relationship between black hole mass and core radius from 261.

as the scaling deviates significantly from the canonical My, o< o*. In fact, using the scaling with ry
reveals a much steeper dependence,

r,oc o’ — My, 0<o’ (11.40)

for BCGs and cored galaxies®®Y. In other words, there is curvature in the gravitational scaling relation.
This hints that the relative importance of different physical processes changes as a function of galaxy
size. There is still a lot unknown about this, but modern research suggests that “dissipationless”
mergers become more important in the most massive elliptical galaxies. In these mergers, there is
less gas, so there is less dissipation of energy through collisions (the stars are collisionless). The lack
of gas could be explained as a result of ram pressure stripping in galaxy clusters, which coincides
with the most massive galaxies that this turnover is observed in%®>.
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12 Appendices

12.1 Physical Constants and Units

Mathematical constants

pi
e (Euler’s number)

Physical Constants

Speed of light in a vacuum
Gravitational constant
Boltzmann constant
Planck constant

Reduced Planck constant
Proton charge

Proton mass

Electron mass
Stefan-Boltzmann const.
Radiation constant
Classical electron radius
Thomson cross section
Fine structure constant

=h/2n

]

c
G
k
h
h
e
m
m

o

osp = m2k* /60132
a=4og/c

ro =e?/m,c?

or = 817:rez/3

a =e?/hc

3.141592653589793238462...
2.718281828459045235360...

2.99792458 x 10'° cms !
6.674 x 1078 dyne cm? g2
1.381 x 10710 ergk !
6.626 x 1072 ergss

1.055 x 107%" ergs

4.803 x 10719 statC

1.673 x 10724 g

9.109 x 10728 ¢

5.6705 x 10> ergs em 2K

7.5659 x 10 P ergem 3 K™
2.8179 x 10713 cm

6.6525 x 1072° cm?

1/137

Non-standard (but commonly used) units and conversions

angstrom
electron-volt
Rydberg
Jansky

A
eV
Ryd
Jy

Astronomical units and conversions

solar day
sidereal day
solar year
sidereal year
Lunar mass
Earth mass
Jupiter mass
Solar mass
Lunar radius
Earth radius
Jupiter radius
Solar radius
Astronomical Unit
lightyear

parsec

Solar luminosity

daYSol
daYSid
YTso1
YTsiq
My

1078 cm

1.602 x 102 erg
13.6eV

1072 ergs ' em™2Hz !

86,4005
86,164s

3.1557 x 107 s
3.1558 x 107 s
7.349 x 10 ¢
5.972x10% g
1.898 x 10°0 ¢
1.989 x 10%3 g
1.738 x 10% cm
6.371 x 108 cm
6.991 x 10° cm
6.958 x 10'°cm
1.496 x 103 cm
9.461 x 10'” cm
3.086 x 108 cm
3.839 x 10%3 ergs™!
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299792458 ms~!

8.617 x 10> eVK™!
4.136 x 107 eVs
6.582 x 10" 0eVs
1.602 x 1079 ¢C
938 MeV/c?
511keV/c?

1071%m
1.602 x 1071%J

24 hr

23hr56 min4s
365.242day,,
365.256day,

81 My,
318 M,
1047 M,

3.66Ry,

10.97Rg
9.95R;

206,265AU



12.2 The Electromagnetic Spectrum

Gamma-rays A<0.1A 124keV < hy
Hard X-rays 0.1ASA<S6A 2keV S hv < 124keV
Soft X-rays 6A <A <60A 0.2keV Shy S 2keV
Extreme Ultraviolet (EUV) 60A <A <S900A 13.6eV S hy S 0.2keV
Far Ultraviolet (FUV) 900A S A < 1200A 10eV Shv$13.6eV
Near Ultraviolet (NUV) 1200A < A <3100A 4eV<Shy<S10eV
Optical 3100A S A S 7000A 2eVShyS4ev
Near Infrared (NIR) 7000A <A <3 um 100THz S v S 430THz
Mid Infrared (MIR) 3um S A S 25um 10THz < v S 100THz
Far Infrared (FIR) 25um S A S 1mm 300GHz S v S 10THz
Microwave ImmsSAS1lcem 30GHz < v S 300GHz
Radio lem S A v S 30GHz
Penetrates Earth's N N

Atmosphere?

Radiation Type Radio
Wavelength (m)

Approximate Scale
of Wavelength

Buildings

Temperature of
objects at which
this radiation is the
most intense
wavelength emitted

104
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1072 107° 0.5x10° 1078 10710 1072
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108 10'2 10'° 10'® 10'® 10%°

)
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Figure 12.1: A diagram of the electromagnetic spectrum showing various properties of each wave-

length band.
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12.3 Thermal History of the Universe

* t=0,T=00,g2=00

— The Big Bang

t ~107% s, T ~ 10" GeV, 2 ~ 104

- Planck era (quantum gravity regime; read: we have no f*cking clue what happens here)

t ~107%8 s, T ~ 10'° Ge\| 2 ~ 10%7

— GUT phase transition (Strong and electroweak interactions become distinguishable)

t ~107%6-107%25, T ~ 10'° GeV, 2z ~ 10°°

— Inflation

t ~10730s T ~ 102 GeV, z ~ 105!

- Peccei-Quinn phase transition (if PQ is responsible for the charge/partiy problem)

t ~1071s, T ~ 100 GeV, z ~ 109

— Electroweak phase transition (weak and electromagnetic interactions separate)

t ~107%s, T ~ 10s of GeV, z ~ 107
— WIMPs freeze out (if WIMPs are the explanation for dark matter)

t ~107°s, T ~ 100-300 MeV, z ~ 10

— Quark-Hadron phase transition (Quarks/gluons become bound into hadrons)

t ~0.1s, T ~ 200 MeV, z ~ 102

- Neutrino decoupling (neutrinos stop interacting with other matter)

e t ~ seconds-minutes, T ~ 0.1-10 MeV, z ~ 100!

- Big Bang Nucleosynthesis (Neutrons and protons fuse into H, He, D, Li)

— Electron-positron Annihilation (ambient temperature no longer high enough to create
e’e” pairs)

t ~ days, T ~ keV, z ~ 10®

— Photon equilibrium (interactions that can change the photon number freeze out)

t ~10*yr, T ~ 3 eV, z ~ 3000

— Matter-Radiation Equality (previously were radiation dominated)

t ~400 kyr, T ~ eV z ~ 1100
— Recombination (electrons and protons combine to form atoms)
— CMB photons begin free-streaming

t ~ 400 kyr—1 Gyr, T ~ 10731 eV z ~ 10-1100

— Cosmic Dark Ages (before stars and galaxies start forming)
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e t~Gyr,T~102eV 2z~ 10

— First stars and (small) galaxies form

t~Gy, T~103eVz~6

— Reionization (radiation from stars and quasars reionizes the universe)

t~3Gyr, T ~10%e\ 2z~ 2.5

— Cosmic Noon (the peak of star formation and AGN activity)

t ~10 Gy, T ~ 104 eV z ~ 0.3

— Matter-A Equality (previously were matter dominated)

t~13.7Gy, T~10% eV z~0

- Today
iy -
Firsh staus [galaxies Cotmic
Z 3oc0 “ Te) 31 2 O
< +—VNN——A : i +—H
Ea.d.g noo G 0.3
Unierse Regorbinahon Reionizakon Maties -A
\ 1 E.T’d‘ha
L]
Cosmic Dosrk Ajo.!
Figure 12.2: Timeline of the late univererse.
See Ref. 266.
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12.4 Acronyms and Abbreviations

General terms:

AGB: Asymptotic Giant Branch

AGN: Active Galactic Nucleus

AO: Adaptive Optics

AXP: Anomalous X-ray Pulsar

BAO: Baryon Acoustic Oscillations
BBN: Big Bang Nucleosynthesis

BCG: Brightest Cluster Galaxy

BH: Black Hole

BLR: Broad Line Region

CCD: Charge-Coupled Device

CDM: Cold Dark Matter

CGRH: Cosmic Gamma-Ray Horizon
CIE: Collisional Ionization Equilibrium
CMB: Cosmic Microwave Background
CGM: Circumgalactic Medium

CNM: Cold Neutral Medium

DM: Dark Matter

DIB: Diffuse Interstellar Band

EBL: Extragalactic Background Light
EM: Electromagnetic

EMRI: Extreme Mass Ratio Inspiral
FLRW: Friedmann-Lemaitre-Robertson-Walker
FOV: Field of View

FRB: Fast Radio Burst

FWHM: Full-Width at Half-Maximum
GR: General Relativity

GRB: Gamma-Ray Burst

GUT: Grand Unified Theory

GW: Gravitational Waves

HH: Herbig-Haro (Object)

HIM: Hot Ionized Medium

HMXB: High-Mass X-ray Binary

HR: Hertzsprung-Russell (Diagram)
ICM: Intracluster Medium

ICL: Intracluster Light

IFU: Integral Field Unit

IGM: Intergalactic Medium

ISCO: Innermost Stable Circular Orbit
ISM: Interstellar Medium

ISW: Integrated Sachs-Wolfe (Effect)
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KH: Kelvin-Helmholtz

LMXB: Low-Mass X-ray Binary

LSF: Line-Spread Function

MACHO: Massive Compact Halo Object

Maser: Microwave Amplification by Stimu-
lated Emission of Radiation

MHD: Magnetohydrodynamics

MK: Morgan-Keenan (Luminosity class)
MOND: Modified Newtonian Dynamics
NLR: Narrow Line Region

NS: Neutron Star

PAH: Polycyclic Aromatic Hydrocarbon
PSF: Point-Spread Function

PSR: Pulsar / Pulsating Radio Source
RGB: Red Giant Branch

RTE: Radiative Transfer Equation

RV: Radial Velocity

SED: Spectral Energy Distribution

SFR: Star Formation Rate

SGB: Subgiant Branch

SGR: Soft Gamma Repeater

SIDM: Self-Interacting Dark Matter
SMBH: Supermassive Black Hole
SN(e): Supernova(e)

SR: Special Relativity

SSP: Simple Stellar Population

SW: Sachs-Wolfe (Effect)

SZ: Sunyaev-Zel'dovich (Effect)

TAMS: Terminal-Age Main Sequence
TRGB: Tip of the Red Giant Branch
TTV: Transit Timing Variation

WD: White Dwarf

WDM: Warm Dark Matter

WHIM: Warm-Hot Intergalactic Medium
WIM: Warm Ionized Medium

WIMP: Weakly Interacting Massive Particle
WNM: Warm Neutral Medium

XRB: X-Ray Binary

ZAMS: Zero-Age Main Sequence



AGN classifications:

* BL Lac: BL Lacertae Objects * NLRG: Narrow Line Radio Galaxy

* Blazar: “BL Lac Quasar” (or what I like to call * OVV: Optically Violently Variable Quasar
them, “Blasi-Ztellar Radio Source”) * QSO: Quasi-Stellar Object

* BLRG: Broad Line Radio Galaxy * Quasar: Quasi-Stellar Radio Source

* FR-I/II: Faranroff-Riley class I/II e Sy I/II: Seyfert I/11

Galaxy morphologies:

* BCD: Blue Compact Dwarf galaxy e Im-Ir: Irregular galaxy

* cD: Supergiant elliptical galaxy (“central dom- * S0,-S05: Lenticular galaxy

inant” backronym; “D” = diffuse) SBO._SBO.: B dlenticul |
* dE: Dwarf Elliptical galaxy 1—5B05: barred lenticular galaxy
* dSph: Dwarf Spheroidal galaxy * Sa-Sm: Spiral galaxy

* EO-E7: Elliptical galaxy * SBa-SBm: Barred spiral galaxy
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12.5 Telescopes and Surveys

Some widely used telescopes in each wavelength band. Telescopes with MIT involvement are an-
notated: either MIT was directly involved in its development and/or funding (*), or there are MIT
faculty who served some leadership role for it (7).

Gamma-rays:

Fermi: Fermi Gamma-ray Space Telescope
CTAO: Cherenkov Telescope Array Observatory (Cherenkov)
MAGIC: Major Atmospheric Gamma Imaging Cherenkov Telescope (Cherenkov)

X-rays:

Arcus® (PLANNED): Arcus

Athena (PLANNED): Advanced Telescope for High Energy Astrophysics

AXIS (PLANNED): Advanced X-ray Imaging Satellite

Chandra*: Chandra X-ray Observatory

HETE-2* (DEFUNCT): High-Energy Transient Explorer 2

Hitomi (DEFUNCT): Hitomi

IXPE: Imaging X-ray Polarimetry Explorer

NICER*: Neutron Star Interior Composition Explorer

NuSTAR: Nuclear Spectroscopic Telescope Array

REDSOX* (PLANNED): sounding Rocket Experiment Demonstration of a Soft X-ray polarimeter
ROSAT: Roentgen Satellite

STAR-X* (PLANNED): Survey and Time-domain Astrophysical Research eXplorer
Suzaku™ (DEFUNCT): Suzaku

Swift: Neil Gehrels Swift Observatory (X-ray/FUV/NUV/optical)

XMM-Newton: X-ray Multi-Mirror Newton

XRISM': X-Ray Imaging and Spectroscopy Mission

Ultraviolet:

FUSE (DEFUNCT): Far Ultraviolet Spectroscopic Explorer (FUV)
GALEX (DEFUNCT): Galaxy Evolution Explorer (FUV/NUV)
HWO (PLANNED): Habitable Worlds Observatory (UV/Optical/IR)

Optical /NIR:

ELT (PLANNED): Extremely Large Telescope (optical/NIR)

Gaia: Gaia Astrometry Mission (NUV/optical/NIR)

Gemini: Gemini North and Gemini South (optical/NIR)

GMT (PLANNED): Giant Magellan Telescope (optical/NIR)

HST: Hubble Space Telescope (FUV/NUV/optical/NIR)

Keck: Keck Telescopes (optical /NIR)

Kepler (DEFUNCT): Kepler Space Telescope (optical)

LBT: Large Binocular Telescope (optical /NIR)

Magellan*: Magellan Telescopes (optical/NIR) (MIT-built instruments: LLAMAS, FIRE)
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Roman (PLANNED): Nancy Grace Roman Space Telescope (NIR), formerly WFIRST
Rubin (PLANNED): Vera C. Rubin Observatory (optical /NIR), formerly LSST
Subaru: Subaru Telescope (optical/NIR/MIR)

TESS*: Transiting Exoplanet Survey Satellite (red-optical/NIR)

TMT (PLANNED): Thirty Meter Telescope (optical/NIR)

VLT: Very Large Telescope (optical/NIR)

Wallace*: MIT Wallace Observatory (mainly an educational facility) (optical/NIR)
WINTER*: Wide-field Infrared Transient Explorer (NIR)

WIYN*: WIYN Consortium telescope [University of Wisconsin-Madison (W), Indiana University (I),
Yale University (Y), and National Optical Astronomy Observatories (N)] (optical/NIR) (MIT-built in-
struments: WISDOM)

ZTF: Zwicky Transient Facility (optical/NIR)

MIR/FIR:

Akari (DEFUNCT): Akari, the Japanese word for “light” (NIR/MIR/FIR)

Herschel (DEFUNCT): Herschel Space Observatory (FIR)

IRTF: NASA Infrared Telescope Facility (NIR/MIR)

JWST: James Webb Space Telescope (NIR/MIR)

SOFIA (DEFUNCT): Stratospheric Observatory for Infrared Astronomy (NIR/MIR/FIR)
Spitzer (DEFUNCT): Spitzer Space Telescope (NIR/MIR/FIR)

WISE: Wide-field Infrared Survey Explorer (NIR/MIR)

Microwave:

ACT: Atacama Cosmology Telescope

COBE (DEFUNCT): Cosmic Background Explorer

Planck (DEFUNCT): Planck Mission

SPT': South Pole Telescope (microwave/radio)

WMAP (DEFUNCT): Wilkinson Microwave Anisotropy Probe

Radio:

ALMA: Atacama Large Millimeter/Submillimeter Array
Arecibo (DEFUNCT): Arecibo Observatory

CHIME': Canadian Hydrogen Intensity Mapping Experiment
EHT: Event Horizon Telescope

GBT: Green Bank Telescope

Haystack™: MIT Haystack Observatory

HERA': Hydrogen Epoch of Reionization Array

LOFAR: Low Frequency Array

MWAT: Murchison Wide-field Array

PAPER: Precision Array to Probe the Epoch of Reionization
SKA: Square Kilometer Array

VLA: Karl G. Jansky Very Large Array
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Gravitational waves:

Cosmic Explorer (PLANNED)

KAGRA: Kamioka Gravitational Wave Detector

LIGO*: Laser Interferometer Gravitational-wave Observatory
LISA (PLANNED): Laser Interferometer Space Antenna

Virgo: The Virgo Interferometer

Some of the most important catalogues and surveys of astronomical objects:

2MASS: 2 Micron All-Sky Survey (NIR all-sky survey)

3C: Third Cambridge Catalogue of Radio Sources (radio sources)

Abell: Abell Catalogue of Rich Clusters of Galaxies (rich galaxy clusters, z < 0.2)

BD: Bonner Durchmusterung catalogue (stars)

BOSS/eBOSS: (extended) Baryon Oscillation Spectroscopic Survey (galaxies)

C: Caldwell catalogue, a complement to Messier (109 bright star clusters, nebulae, and galaxies)
DSS: Digitized Sky Survey (optical/NIR all-sky survey)

FK5: The 5th Fundamental Catalogue (highly precise star locations used to define a reference frame)

— Superseded by the ICRS: International Celestial Reference System, which uses quasars

Gaia DR3: Gaia Data Release 3 catalogue (stars)

HD: Henry Draper catalogue (stars)

HIP: Hipparcos catalogue (stars)

IC: Index Catalogue, supplement to the NGC (star clusters, nebulae, galaxies)

KIC: Kepler Input Catalogue (stars/variables/transients)

M: Messier catalogue (110 star clusters, nebulae, and galaxies)

MACS: Massive Cluster Survey (X-ray luminous galaxy clusters selected from ROSAT)
Mrk/Mk: Markarian Catalogue (galaxies with a UV-bright continuum, i.e. AGN)

NGC: New General Catalogue of Nebulae and Clusters of Stars (star clusters, nebulae, galaxies, z < 0.1)
PGC: Principal Galaxies Catalogue (galaxies)

SDSS: Sloan Digital Sky Survey (optical/NIR all-sky survey)

TIC: TESS Input Catalogue (stars/variables/transients)

TOI: TESS Objects of Interest (exoplanet candidates)

W: Westerhout catalogue (local radio sources—star-forming regions, molecular clouds)

Zw: Zwicky Catalogue (galaxies and galaxy clusters)
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12.6 Common Photometric Systems and Filters

Filter name Central wavelength FWHM
Johnson-Cousins A A

U 3650 680
B 4400 980
\Y 5500 890
Rc 6470 1515
Ic 7865 1090
Stromgren A A

u 3500 340
v 4100 200
b 4670 160
y 5470 240
SDSS A A

u 3643 58

g 4770 1263
r 6231 1150
i 7625 1239
z 9134 994
JHKLM pm pm
J 1.25 0.38
H 1.65 0.48
K 2.2 0.70
L 3.5 1.20
L 3.8 0.60
M 4.8 5.70
WISE pwm pm
WISE 1 3.35 0.66
WISE 2 4.60 1.04
WISE 3 11.56 5.50
WISE 4 22.09 4.10

...and many many more!2672681269
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12.7 Chemical Notations

Often in astrophysics we encounter chemical formulas and borrow the notations used in nuclear
physics. This section is dedicated to explaining all of these notations since I often forget what all of
the different numbers mean.

12.7.1 Atoms and Isotopes

For a lone atom, we’ll often see it written as, e.g.,
12
C

Here, the upper left number indicates the atomic mass number, which is the total number of protons
and neutrons in the atomic nucleus. The lower left number indicates the atomic number, which is
just the number of protons in the atomic nucleus. Often the atomic number is left off since it can be
implied by the element (C always has 6 protons). But different isotopes will have different numbers
of neutrons, so the atomic mass number can change, e.g.

13
C

indicates an isotope of Carbon with 7 neutrons.

12.7.2 Molecules

In chemical formulas for molecules, we’ll often see things like
H,

Here, the lower right number on the H indicates the number of atoms of H that are contained in
the molecule.

12.7.3 Ions

In standard notation, an atom that has gained or lost electrons (called an ion) is typically written like
He2+

Here, the number on the upper right indicates the number of electrons that the atom has gained or
lost. If there is a + sign, this indicates a positive charge, so the atom has lost this many electrons,
and if there is a — sign, this indicates a negative charge, so the atom has gained this many electrons.

However, astrophysics actually has its own more commonly used notation for ions. In this notation,
the above example would be written

He1i1

Where the roman numerals designate the ionization state. I indicates a neutron atom, so He I is just
He. 11 would indicate singly ionized, so the atom has lost one electron, i.e. He 11 is He*. And so on.
The number on the roman numerals is just 1 more than the number of electrons that have been lost.
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Note that in this system, there is no way to indicate an ion that has gained electrons, so the standard
notation is used in these cases (i.e. H™ is still H™). Also notice that the roman numerals are written
in “small caps” (H 1, not HI).

12.7.4 Lines

Emission and absorption lines produced by an atom or ion are often notated by that atom/ion’s
symbol followed by the wavelength that the transition occurs at. For example,

He 11 14686 A
If the line occurs in a doublet, both wavelengths are annotated, e.g.
OVI A11032,1038A
And if the transition is forbidden, the atom/ion is put in brackets, e.g.
[Nevi] A7.652pym
There are also semi-forbidden transitions, which get an awkward half-bracket
Si1i] A1892A

For particularly common lines, they are often given shorthand notations. For example, the Balmer
series of Hydrogen lines (n — 2) is written
Ha =H1 A6563A =H13—2
HB =H1A4861A=H14—2
Hy = H1 A4340A =H15-2
H6 =H1 A4102A=H16—2
He =HI1A3970A=H17-2
H{ =H1A3889A=H18—2
Hn=H1A3835A=H19—2
H10 =H1A3798A=H110—2
On the far right column, the names are annotated by the different energy levels that produce the
line. The first number is the upper energy level and the second number is the lower energy level.
For example, H 1 3 —2 is the line produced by an electron in the third orbital dropping to the second
orbital. After Hn (or sometimes even before) people usually get lazy and just start writing the upper
level of the transition instead of the next greek letter. Similarly, the other Hydrogen line series are
named after the various people who discovered them and are written
Lyman Series (n — 1) : Lya, Lyf, Lyy, etc.
Paschen Series (n — 3) : Paa, Paf3, Pay, etc.
Brackett Series (n — 4) : Bra, Brf3, Bry, etc.
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Often for series above this, even for the two that have names, the named notation is dropped and
they are just written in terms of the transition

Pfund Series (n —»5): H16—5, H17—5, HI 8 —5, etc.
Humphreys Series (n —» 6): H17—6, HI8—6, HI 9—6, etc.

Lines from molecular transitions get a different notation that is also based on the different energy
levels. These molecular transitions happen due to rotations and vibrations in the molecule.

H, 1—0S(3)

The first numbers 1 — 0 indicate the transition in vibrational energy levels, while the S(3) indicates
the transition in rotational energy levels—the 3 is the lower energy level, and the S indicates that
AJ = 2. Therefore, S(3) indicates J =5 — 3.

There is also a subset of lines called the Fraunhofer lines that are given special labels. They were
first observed in absorption in the solar spectrum by Joseph von Fraunhofer in 1814, before we
knew that they were caused by atomic transitions, so they were originally just deesignated by capital
letters. Today we know what elements cause these lines, but we still often use Fraunhofer’s letters to
identify them as a shorthand instead of using their wavelengths (except for the ones that correspond
to Balmer lines and tellurics). They are written?°

Na1D = Nal A15896,5890 A
Fel E=TFel A5270A
G band = Ca1 A4307.7A , Fe1 A4307.9A , CH, and others
Call HandK = Ca11 A13968,3934A — start of 4000 A break
Fe1L =Fe1 A3820A
Fel N =Fe1 A3581A

Finally, we’ll talk about characteristic X-ray line notation. This grew out of a way of labeling electron
orbital shells called X-ray notation. Each shell gets a letter. This is sort of like how s, p, d, etc. label
the orbital quantum number £, but in this case we’re labeling the principle quantum number n.

K L M N
n= 1 2 3 4

If X-ray radiation is incident on an atom, it can kick out electrons in the inner orbitals without remov-
ing the electrons in the outer orbitals, leaving a “hole” that can be filled by one of the outer orbital
electrons. The X-ray line notation then labels the lines this produces by the lower orbital, e.g.

FeKa=FeL—->K(n=2—1,6.40keV)
FeKB =Fe M > K (n =3 — 1,7.06keV)
FeLa=FeM—>L(n=3—2)
FeLp=FeN—->L((n=4—-2)

Since the hole opens up regardless of the state of the outer shell electrons, these lines can be produced
by multiple different ionization states of the same species, which is why the ionization state is not
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annotated. This is fundamentally different than other lines, which are only produced by electrons
transitioning in the outer shells of an atom/ion (the inner shells have no freedom to move between
states). The iron lines above could be produced by Fe 1 all the way up to Fe xxvi1 (hydrogen-like ion
with only 1 electron). Even if we have fewer than 3 electrons (so there are none in the L shell), we can
still produce the lines through recombination with free electrons. This has the effect of broadening
the lines since the different ionization states will produce slightly different transition energies®

12.7.5 Electron Configurations

Electron configurations in atomic physics indicate the distribution of electrons in an atom’s or molecule’s
orbitals. The orbitals are filled up in the following order:

1s, 2s, 2p, 3s, 3p, 4s, 3d, 4p, 5s, 4d, 5p, 6s, 4f, 5d, 6p, 7s, 5f, 6d, 7p, 8s, 5g, 6f, 7d, 8p, 9s

In each of these, the first number indicates the principle quantum number n, where the nth shell
can accommodate 2n? electrons. Subshells are split up by their orbital angular momentum quantum
number £, each of which can accommodate 2(2¢ + 1). The letter in each orbital indicates the value
of{.Sos:{=0,p:£{=1,d:{ =2, f : £ =3, etc. The number of electrons in each shell is indicated
as a superscript. For example, for phosphorus (atomic number 15) we would have

15%225%2p©3s23p3

12.7.6 Term Symbols

Term symbols in atomic physics indicate an abbreviation for the total spin and orbital angular mo-
mentum quantum numbers of the electrons in an atom. The total orbital quantum number is L, the
total spin quantum number is S, and the total angular momentum quantum number is J. We also
have a parity of P which can be either +1 or —1. The term symbol then has the form

25+1LP
J

S and J are written as actual numbers, but L is written as letters which each correspond to a num-
ber2%,

P D F G H KL MN O Q R T U V
1 2 3 4 5 7 8 9

S I
L= 0 6 10 11 12 13 14 15 16

After V, this continues alphabetically. The parity P is also not written as a number—if the parity is
271

« 7

even, nothing is written, but if it’s odd, then a superscript letter “0” is written

Term symbols are often written in combination with electron configurations. So for example, the
ground state of a neutral carbon atom would be written

1s%2s%2p?3P,
This tells us that the quantum numbers are S = 1 (integer, boson-like), L =1, and J = 0.

Now let’s do an example for a transition that produces an emission line272;

[O11] A5007 A = 1522522p2 3P, — 15225%2p2 1D,
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For molecular term symbols, there are many similarities, but in particular the L number is writ-
ten with greek instead of latin letters, and there are a number of additional notations to indicate
symmetries:
25+1 5 (+/7)
AQ,(g/u)

Here, S as before is the total spin quantum number, A is the projection of L along the internuclear
axis, and 2 is the projection of J along the internuclear axis. The g/u indicates symmetry/parity
with respect to inversion, and the +/— indicates symmetry along an arbitrary plane containing the
internuclear axis’ .

Electronic states are often labeled with a single letter before the term, with X being the ground state,
and excited states with same multiplicity given capital letters in alphabetical order: A, B, C, etc.
Excited states with different multiplicities are given lowercase letter in the same way: a, b, c, etc.
Polyatomic molecules are given a tilde (i.e. X, @). For example, the ground state of H, would be
written

X'zt

g
And the first two binding electronic states with electric dipole transitions from the ground state are
B's! and C'I, (12.1)

Transitions from the ground state to these two states are called the Lyman and Werner bands re-
spectively®.
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12.8 Nuclear Processes
12.8.1 Triple-alpha Process

As the name suggests, it involves the fusion of three alpha particles (i.e. “He nuclei) into a '2C. This
can only happen in very massive stars with hot core temperatures (or post-main sequence stars), since
you need to have 3 alpha particles in close proximity to fuse at nearly the same time. This is necessary
because the intermediate product, ®Be, has a very short half-life and decays almost immediately:

“He + *He — ®Be + v (12.2)
8Be + ‘He — *C+¥ (12.3)

In the second step, a '2C is created in an excited state. Most of the time, it will just decay back into
3 “He, but there is a non-negligible fraction that decays into the ground state of 2C and therefore
produces some Carbon in the star. There exists a coincidental resonance in this reaction, meaning
that the energy of the beryllium and helium is almost exactly the same as that of the excited state of
Carbon. This increases the cross section of the reaction and makes it much more likely than it would
normally be. This is called the Hoyle resonance, named after Fred Hoyle, who predicted its existence
based on the fact that it must exist in order to explain the observed amount of Carbon in stars. It
was confirmed not long after with the observation of an emission line at ~7.65 MeV corresponding
to 12C* — 12C + .

The energy generation of the triple alpha process as a function of temperature is even more steep
than the CNO cycle, having a general scaling of

gq(3a) o< p?Y3 T (12.4)

where Y is the helium fraction’!. This is compared to the pp-chain and CNO cycle in Figure m

CNO Cycle

log ¢

Triple o
PP Chain

Sun log T

Figure 12.3: The energy generation rates of the pp-chain, CNO cycle, and triple-alpha process as a
function of temperature.
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12.8.2 s-process

Meaning “slow” process. This, along with the r-process (“rapid” process, see next section), explain
how we get elements heavier than Fe occurring naturally in our universe.

In the s-process, we take an Fe nucleus and keep adding neutrons to it slowly, one at a time, allowing
it to undergo a 3 decay between each addition and move up to the next element. This mostly happens
in 2nd generation stars that already had some Fe in them to start with. By the end of the chain, we
reach a stable point at lead:

Hg Tl Pb Bi Po alpha decay back to Pb (12.5)

12.8.3 r-process

The counterpart to the s-process. In the r-process, we add many neutrons quickly, not giving time
for anything to 3 decay, and just run up to the neutron drip line. Then we wait for everything to f3
decay into stable states. For this to occur, we need a free neutron density of ~ 1 gecm™ (giving ~100
neutron captures/second). This happens in neutron star-neutron star mergers and the ejecta of
core-collapse supernovae.

The sources of all elements is shown in Figure [12.4

Big Dying Exploding Human synthesis

Bang low-mass massive No stable isotopes H'ﬁ

fusion stars stars 2

Cosmic Merging Exploding % % l;' (8) E l\1106

ray neutron white -

fission stars dwarfs Al scolhiies ealBece aices Dkss sl
IEERSEE PoooraY>? BRSNS 77167 BaM Rt 1/

K Ca Sc Ti V Cr Mn Fe Co Ni Cu Zn Ga Ge As Se Br Kr
22 33 34

19 20 21 23 24 25 26 27 28 29 30 31 32

Rb Sr Y Zr Nb Mo Tc Ru Rh Pd Ag Cd In Sn Sb Te | Xe
40 41 42

37 38 39 43 44 45 46 47 48 49 50 51 52 58 54

Cs Ba Hf Ta W Re Os Ir Pt Au Hg Tl Pb Bi Po At Rn
73

55 56 72 74 75 76 77 78 79 80 81 82 83 84 85 86

Fr Ra

S e La Ce Pr Nd Pm Sm Eu Gd Tb Dy Ho Er Tm Yb Lu
57 58 59 60 i 61 2 63 64 65 66 67 68 69 70 71

A sl ki BPa ikl Ng) Pu Am Cm Bk Cf Es Fm Md No Lr
92 9

89 SEESSS FRssar 94 EICESEE SRREICEauy Euusiumned RRRSdChuny Ruuainsned BesiEbcuns ReukiRdsuy NECUEEERSs RRCERist

Figure 12.4: The periodic table of the elements, where each element is colored according to how
much of the current abundance in the universe is attributed to different nuclear processes, including
Big Bang Nucleosynthesis, stellar nucleosynthesis, s-process and r-process, and purely human syn-
thesized elements. Notice the outlier, Technetium (Tc). This, along with the heavy elements above
Plutonium (Pu), may be produced by some of the nucleosynthesis processes, but they have no stable
isotopes, so they quickly decay.
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12.9 Orbital Dynamics
12.9.1 Kepler’s Laws

In this section, we’ll derive Kepler’s 3 laws of orbital motion from first principles.

Kepler’s First Law

Kepler’s 1st law says that planets orbit in ellipses. To prove this, we’ll work in the reduced 1-body
problem where M is the total mass, u is the reduced mass, r is the relative position of the two
bodies, and R is the center of mass position, which we set to the origin. See Q20 for definitions
of these quantities. We only have a conservative force (gravity), so this is the perfect situation to use

Lagrangian mechanics. Our lagrangian is

GMu
r

1 2
Let’s work in plane-polar coordinates (7 5 ¢)

¢0 , ¢ =—9t
f=it+rit=rt+rdd — V=412

1 . GM
L Y= E,u(f”2 +r2¢p?) + bt
r

r=rt , t

Now, using the Euler-Lagrange equations:

24 _d(22)
dq dt\ 3q
We get two differential equations for r and ¢:
GMu
r2

i = pré®—
d 5
— (ur =0
1 W)
The second equation gives us the conservation of angular momentum
¢ = ur?$ = constant

Then we can rewrite the first equation as

Now let’s change from time derivatives to angle derivatives

. dr_drd¢ dr, £ dr

Ta T Tap? T urds

o d(Ld)_d( Ly, £ d (1
dt2 de\r2d¢ ) d¢ \ur2de )T  u2rzde \r2de¢
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And now we’'ll recast the problem in terms of the variable u = 1/r:

d 1d 2, d?
du __ldr po U pdu (12.17)
d¢ r2de¢ u?  de¢?
Plugging this into our differntial equation and rewriting everything in terms of u, we have
d?u GM u?
Now we’ll make one more substitution, w = u — GM u?/£?, such that
d*w
=W (12.19)
This is just a simple harmonic oscillator! We have solutions of the form
w(¢p) =Acos(¢p — ¢y) (12.20)
Therefore, converting this back to r = 1/(w + GMu?/£?), we get
(?/GMu?
r($) = /GMy (12.21)

1+ (£2A/GMp2) cos(¢ — )

This is just the equation of an ellipse with an eccentricity e = ¢(?A/GMu? and a semimajor axis
a=1{0?/GMu?(1—e?).

a(l—e?)
= — 12.22
r() 1+ecos¢ ( )
This gives the relation
(> = GMy*a(1—e?) (12.23)

Kepler’s Second Law

Kepler’s 2nd law states that planets sweep out equal areas in equal times during their orbits. This is
essentially a restatement of conservation of angular momentum. Consider a small time interval dt
during with the planet, at radius r, covers an angle d¢. Assuming r(¢ +d¢) ~ r(¢) (the change
in radius is negligible), the area swept out during this time interval is just a triangle with a base of r
and a height of rd¢, so

1 dA 1 ,d
dA= Erqub — |- Erzd_(f = 2% = constant (12.24)

Since £ and u are both constants, dA/dt must also be constant! QED.
Kepler’s Third Law

Kepler’s 3rd law says that the orbital period squared, P?, is proportional to the semimajor axis cubed,
a®. We can find this by recognizing that the orbital period is just the total area of the orbit A over the
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area rate of change dA/dt, which we proved in the 2nd law is constant:

A nab  2mabu

dajar  jzn 1 (12.25)

The semiminor axis is related to the semimajor axis by

b=av1—e? (12.26)

And we can use equation (12.23]) for ¢

2 1_ 2
pP=2m—0 ¢ L =2, (12.27)

VGMa(l—e?) GM

12.9.2 The Virial Theorem

This section will be dedicated to deriving the virial theorem, which I use often in these notes, but no
question directly asks for a proof. Let’s start by assuming we have a population of stars orbiting in a
galaxy with masses m;, positions r;, and momenta p; = m;v;. We define a quantity called the “virial”

as
G= Zpi T = Zmii‘i ‘T (12.28)
i i

We can rewrite this by using the derivative of rl.z, since

d d
a (rlz) == a (l‘i 'l‘l-) == i‘i . l‘i +1‘i ']"‘i == 21‘1 'l‘l- (12.29)

In which case we obtain
G 1d 9

Now we’ll recall that the moment of inertia about the origin is I = ), m;r?, meaning we can write

_1a
T 2dt

Now let’s look at the time derivative of the virial
dG 1d%I d

S = 12.32

dt 2dt2 dt(ZPl rl) ( )

:Zpl 'l‘i-l-zpi 'i‘i (12.33)

:ZFi R +Zmivi2 (12.34)

The first term F, - r; is just the work required to place a particle at r; from ©o, and for a conservative
force like gravity, this is just the potential energy U. The second term, by inspection, is just twice the

(12.31)
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kinetic energy 2T. Therefore

d?I

— =U+2T 12.35

e ( )
If a system is in a steady-state, it is said to be virialized. In this case, the moment of inertia should
not have a second time derivative d*I / dt? =0, so we get the virial theorem

2T+U=0 (12.36)

It’s important to remember the assumptions we made in deriving this equation:
1. The only forces F acting on the system are conservative

2. The system is virialized, i.e. dI[dt? =0.
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12.10 Equations of State
12.10.1 Equation of State Regimes

There are a few different equations of state of interest:

Classical ideal gas: P = LkT (12.37)
umy,
0 5/3
Non-relativistic degenerate: P = KNR(—) (12.38)
u
0 4/3
Ultra-relativistic degenerate: P = KUR(—) (12.39)
W
1
Radiation pressure: P = gaT4 (12.40)

These become important in different regimes of temperature and density, as shown in Figure [12.5

o

loa &" (% fewd)

Pwmnhs mhon riafon

O N £ § oo

Figure 12.5: The dominant equation of state across different regimes of temperature and density.
Note also the regions of pair instability and photodisintegration.

12.10.2 Polytropes

We often model the interiors of stars and stellar remnants using polytropic equations of state, with
the form

P=Kp' =Kp!ti/n (12.41)

where v is the adiabatic index and n = 1/(y — 1) is the polytropic index. When we have an equation
of state of this form, we can formulate a framework for modeling interior stellar density, temperature,
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pressure, etc. profiles. First, using hydrostatic equilibrium:

dp _GMp ., 2dp

=—-GM 12.42
dar r2 Jol dr (12.42)
d (r?dp dMm
Rl L e 12.43
dr (p dr) dr (12.43)
14 ("_zd_P) = —anG (12.44)
r2dr\ p dr/) p '

Notice that this is just a Poisson’s equation. Now, we can define the density profile p(r) = p.©"(r),
where p, is the core density and ©(r) is a dimensionless parameter than spans from ©(0) = 1 to
©(R) = 0. Substituting this into our Poisson’s equation:

1d/reP. d
— 0" | = —4nGp O™ 12.45
r2dr (p erndr ) AnGe. (12.45)

n+1P.\1d d@
e\l =—= —on 12.46
(477:G pf)rzdr( dr) ( )
Now we make some definitions
+1 P
at=" =L (12.47)
4nG p? a

Such that we can rewrite the Poisson’s equation in a purely dimensionless form

é% (gz = ) _on (12.48)

This is the Lane-Emden equation. To recap, this is a dimensionless version of a Poisson’s equation
that describes the interior of a polytropic fluid in hydrostatic equilibrium. It may or may not produce
physically realistic solutions depending on the choice of n, but it is typically easier to work with than
the set of 4 coupled differential stellar structure equations. Some typical solutions for real objects
are:

(0 rocky planets

0—1 neutron stars
n=13/2 convective zone / non-relativistic degenerate WD (y = 5/3) (12.49)
3 radiative zone / relativistic degenerate WD (y = 4/3)

| 00 isothermal sphere
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12.11 Radiative Transfer

12.11.1 Specific Intensity

Figure 12.6: Basic radiative transfer from a blob of material.

The most fundamental quantity in radiative transfer is the specific intensity (also sometimes called
surface brightness) I, which is defined as the energy per unit time per unit area per unit solid angle
per unit frequency of light that we receive from some object. There is an additional factor of cos 6
that is present such that we only account for the component of radiation that travels parallel to our
infinitesimal area. Thus, I, is defined by:

dE =1,cos0dtdAdQdv |, [I,]=ergs 'cm Zsr 'Hz! (12.50)

Where does each term come from?

* The area term is there because, as light radiates outward from an object, it expands in all
directions, creating this large “shell of light’—the amount of light received at some location
away from the source will only be the light that traveled in that direction, so it only collects the
light that covers a small infinitesimal area (dA) of this expanding shell.

* The solid angle term is there because the incoming light rays onto the infinitesimal area may
be different based on what direction they are coming in from. So the solid angle measures
the infinitesimal angle (d€2) that we collect light from on the plane of the sky. This becomes
particularly important when considering the radiation field inside certain objects (for example,
in the core of a star) where there is light coming from all directions.

* The time term is there because we want to measure the rate of energy we are receiving, which
can change over time and tells us a lot about the physical processes going on inside an object.

* The frequency term is there because we may receive different amounts of radiation at different
frequencies, which again is a useful tool to tell us what kinds of physical processes are going
on to produce this radiation.
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12.11.2 Specific Flux

The specific flux F,, is defined as the net energy per unit time per unit area per unit frequency coming
from all directions. As such, it is related to the specific intensity by integrating over the solid angle.

dE

dF, = ———
"7 dtdAdy

=I,cos0dQ — Fv:fdﬂlvcose , [F,]=ergs'em2Hz' (12.51)

12.11.3 Specific Luminosity

Then we have the specific luminosity L,, which is defined as the energy per unit time per unit
frequency. This is the most intrinsic measurement of an object’s overall brightness as we integrate
over both the solid angle and the area to remove the effects of the object’s distance from the point
where it is being measured (which reduces the specific flux by 1/r2):

dE
dL, = T I,cos0dAdQ — |L,= f dAF, |, [L,]=ergs 'Hz! (12.52)

L, =4nr?F, | (if the source is isotropic) (12.53)

12.11.4 Specific Mean Intensity

Note there is also the specific mean intensity J, which is obtained by averaging I, over the solid
angle:

1
Jv:—JdQIV (12.54)
4

such that for an isotropic source, J, =I,.

12.11.5 Specific Energy Density

The specific energy density u,, is the energy per unit volume per unit frequency. Recall that photons
travel at the speed c, so we have to take the specific intensity (integrated over the solid angle), which
gives the energy per unit area per unit time per unit frequency, and divide by the speed to get the
energy per unit volume per unit frequency. Therefore, it’s given by

1 4
u, = " f oI, = Tﬂ:‘]v , [u,]=ergem3Hz! (12.55)

Thus, in an isotropic radiation field, u, = (4n/c)I,.
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12.11.6 Radiation Pressure

Since photons have a momentum E/c, the momentum per unit area, time, solid angle, and frequency
is I,/c. If we imagine these photons bouncing off a mirror at angle 6, they transfer a momentum
2p cos 6. Therefore, we need another factor of cos 6 to get the radiation pressure:

c

1
P, = —f dQI,cos*6 |, [P,]=dynecm *Hz! (12.56)

The factor of 2 was only relevant for the mirror example—this expression just gives the radiation
pressure along a ray. Once again, it is useful to examine the case of isotropic radiation, where we
can pull I, out of the integral. Substituting in the specific energy density, we find

P, = —u, | (if the source is isotropic) (12.57)

12.11.7 Bolometric Quantities

By integrating over the frequency, we can get the intensity, flux, and luminosity (also sometimes
referred to as the bolometric intensity/flux/luminosity to clarify that it is over all frequencies):

-
I=|dvl, |, [I]=ergs 'cm %sr* (12.58)
J
-
F= | dvF,|, [F]=ergs'cm™ (12.59)
J
-
L= |dvL,|, [L]=ergs™ (12.60)
J

...etc for all of the other quantities.

12.11.8 Per Unit Wavelength Quantities

So far we have been working exclusively in per unit frequency units, but we can easily convert to per
unit wavelength units if desired by enforcing the rule that the integrated specific flux F, between v
and v+dv should be equal to the equivalent per unit wavelength flux F, between A and A +dA, i.e.

desz;Ldl I Fl:Fv Q (1261)
dA
Using Av = ¢, we have v=c/A and dv/dA = —c/A?, so:
¢ v 1.2 31
F, = Fvﬁ = FV? , [F)]=ergs cm“A (12.62)
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where the wavelength A is most often measured in 4ngstréms (1A = 107'"m).

12.11.9 In the context of distant objects

Now, in the case of observing distant objects (i.e. with imaging or spectroscopy from detectors on
Earth), the radiation field we observe becomes highly non-isotropic. We point our detectors at the
object of interest, so it’s basically all parallel light rays coming from one localized direction (note in
most cases the radiation field emitted by the object is still isotropic). Taking a look at Figure [12.6
again, for distant objects, we can consider 8 ~ 0 such that cosf = 1, since the light rays will be
parallel. Even for extended objects that cover multiple pixels, each individual pixel will have its own
incident radiation that is essentially parallel. Therefore, we have

dE ~1,dtdAdQdy (12.63)

And

F,~ f doI, (12.64)

We can then think of I, essentially like a 6-function that’s equal to I, , when pointing at the object
of interest, and 0 when in any other direction. Let’s say the object is at position (0,0) and has extent
(Ax,Ay). Then we have

1 S A d y<A
I(x,y)=1,,%06(x,y) where 6(x,y)= {0 z)ctherv;cis:n Y Y (12.65)
1
FVNIV,OJdQ5(x,y):Iv,0—2fdA5(x,y) (12.66)
r
Ax Ay
1 AxA
Y de dy =1, x —=% (12.67)
2 rz 0 0 2 rz
(12.68)
nF Ry x AQ (12.69)

where AQ = AxAy/r? is the angular size of the object of interest on the sky (or, if converting on a
per-pixel basis, AQ is the angular size per pixel, and assuming square pixels, AO = Ax/r = Ay/r
such that AQ = A62). Then for the luminosity

L,=4nr’F, ~ 4nrl, ,AQ (12.70)

where r is the distance from us to the object. Remember, we can do this because the radiation field
emitted by the object is still isotropic (independent of angle), even though the radiation field we see
is not.
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12.11.10 A note on the units of I,

The per solid angle (sr!) units may be eliminated in favor of measuring the per area units in the
context of the area on the object rather than the area at the location of measurement. For example,
using the approximation above, say we have an angle A6 = D/r where r is the distance from us to
the object and D is the length on the object that the angle Af sweeps out. Then we can rewrite I,
as

2 2
r L r L
I~ = (_) =L (_) =Ly (12.71)
AD? D 4nr2\ D 4nD?
Therefore the units of I, become ergs ' cm 2Hz ' with the cm now referring to cm on the object
instead of on our detector, and one can integrate I, over the size of the object to obtain the luminosity:

L,= f dAg, I, (12.72)

12.11.11 Emissivity

Now we’ll start getting into radiative transfer. A ray passing through matter may gain or lose energy
due to emission, absorption, and/or scattering. The spontaneous emission coefficient j, is defined
as the energy emitted per unit time per unit volume per unit solid angle per unit frequency.

dE =j,dtdvdvdQ|, [j,]=ergs 'em’sr 'Hz ' (12.73)

Thus, the intensity added to the beam dI,, is
dr,=j,de (12.74)

The emission is also sometimes described by the emissivity e, which is integrated over the solid
angle

£,= J dQj, |, [e,]=ergs ' ecm>Hz ' (12.75)

In an isotropic distribution, this is just

e, =4nj, (12.76)

12.11.12 Absorption

The absorption coefficient defines the fraction of intensity expected to be lost to absorption per
unit length. Therefore we can quantify it in terms of the number density n and cross section o, OR
equivalently the mass density p and the opacity «:

a,=no,=pk,|, [a,]=cm™! (12.77)
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Such that the change in intensity due to absorption is
dl,=—a,l,dl =—IdrT, (12.78)

The optical depth 7, is the absorption coefficient integrated over the path length, and thus it is
unitless

T, = f dl a, (12.79)

12.11.13 Equation of Radiative Transfer

Combining the effects of emission and absorption, the change in intensity over some path length £ is
given by the equation of radiative transfer (RTE)

dr,
de

=j,—a,l, (12.80)

In the simple case where we have no absorption, we have

{

1,(0) :I”(OHJ dej,0) (12.81)

0
And in the other simple case where we have no emission, we have

{

1,(0)= IV(O)exp[—J déav(é)] =1,(0)e™ (12.82)

0

And in the generic case, defining the source function S, = j,/a,, we have

Ty

I,(7,)=1,0)""+ f dt/ e " ™)s (7)) (12.83)
0

12.11.14 Blackbody Radiation

In this section we’re going to do a quick derivation of Planck’s Law (ooh, fun)!%7®

First, what is blackbody radiation? Well, a blackbody is an idealized body that absorbs all incident
radiation and does not reflect anything. Therefore, blackbody radiation is the radiation that such a
body emits when it’s in thermal equilibrium with itself and its environment.

We can start by imagining the boundaries of the black body as the walls of a box. Electromagnetic
waves propagating inside the box have the boundary condition that they must go to O at the edges
of the box (i.e. standing waves). Therefore, they must have the form

Y(r,t) =Asin (kxx) sin (kyy) sin (kzz) sin (wt) (12.84)

Where we had to take sin in each dimension due to the boundary conditions. The wavevector k =
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(ky,ky,k,) is quantized by the size of the box L (assuming the same size in every dimension).

A i
Tli? =L — ki == Zni (12.85)
(recall k =21 /A). Here n; are integers that enumerate the states in each dimension. Now consider
the 3D space of n = (n,,n,,n,). We have one possible mode per unit volume in this space, so if we

consider a spherical shell with a volume d®*n = 4nndn, we have a total number of modes
1, L,
dN =N(n)dn = =4nn*dn = —k*dk (12.86)
8 272
where the factor of 1/8 is because we only consider positive values of n, n,, and n,, so we only cover

1/8th of the sphere. In the second step we replaced n? and dn with k>L?/7? and Ldk/ 7 respectively.

Now we want to relate k to the frequency, which we can do using the classical wave equation

1 o2 2 2
vzl/’zc_zﬁw — kZ:k§+k§+k§:?—2 — k:%v (12.87)

Also notice that L® =V is the volume of the box. Therefore, we can write dN as

V 8m3v? 43V
dN = — dv=
272 3 c3

dv (12.88)

We need one more modification here: each wave can have 2 polarization states, so we multiply by a
factor of 2. Then, the number of states per unit volume d /4" is
dN _ 8my?

dA = v T o dv (12.89)

And the energy density u is related to the number density by

du =u(v)dv = (E)dN (12.90)
2
u(v) = 87;” (E) (12.91)

Now, the average energy of a harmonic oscillator in thermal equilibrium is (E) = kT, so we would
expect the energy density to become

8mv?

u(v) = kT (12.92)

63

This is the Rayleigh-Jeans formula. In general, it matches observed blackbody spectra well for low
frequencies, but it becomes problematic at high frequencies where it diverges. This becomes even
more of a problem when we consider the integral over all frequencies, which also diverges

J dvu(v) —» oo (12.93)
0

This seemingly implies that a blackbody has infinite energy. This problem was known as the ultraviolet
catastrophe. The conceptual problem here is that, if an electromagnetic wave can have any arbitrary
energy, then we should be able to increase the frequency v without bound, meaning we decrease the
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wavelength A to infinitessimally short values. Then, if each of these infinitessimally spaced modes
gets an equal amount of energy kT, obviously we are going to end up with an infinite amount of
total energy as A — 0.

The solution to this problem is that the energy of the light is quantized—that is, it’s split up into
discrete units of energy called photons. This eliminates our infinite energy problem because the
electromagnetic modes can no longer have any arbitrary frequency/wavelength. Each photon has an
energy hv = hc/A, and each mode has n photons, where n is an integer, corresponding to an energy
E, = nhv. If we then assume all of these modes are in thermal equilibrium, as we did before, then
the probability of a mode having an energy E, is given by Boltzmann statistics:

e En/KT
= 12.94
And the average energy is now given by
00 Zoi nhve—nhv/kT
E\=S F p = &n=0 (12.95)
(E) Z =T
We can define x = e *"/kT such that
(o) n 9
n=o 11X 1+2x+3x°+...
(E) = hvz+ = hyx (12.96)
Do X" T+x+x2+..

And we can use these known Taylor series expansions

1

=1+x+x2+.. (12.97)
1—x
— = 1+42x+3x%+... 12.98
d—x)2 x +3x ( )
To find
(E) hvx hv hv (12.99)

T1-x x1—1 etAT—]
Then we just replace this in (12.91) to find

8hmv® 1
u(n) = = (12.100)

From here it’s a simple matter to convert this to the intensity. Assuming the radiation is isotropic, we
divide out the solid angle of 47, and then we convert the energy density into a flux by multiplying
by c¢: B, = cu(v)/4mr. This gives

2hv? 1

(12.101)

This curve now has a well defined total energy since B, — 0 for both limits as ¥ — 0 and v — oo.
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See an example in Figure We can find the total energy by integrating

(%) (%S}
2h v’dv
0 0

14
E 12
o Classical theory (5000 K)
T
s
26
S 7]
8
B 44
©
2
a 5

0 T T T T T ]

0 0.5 1 15 2 25 3
Wavelength (um)

Figure 12.7: The Planck function for a series of different temperatures compared to the Rayleigh-
Jeans function at 5000 K.

Doing a substitution of x = hv/kT gives

2 kT\* [T x3dx
B="|= (12.103)
c2\_ h 0 ex—1

where the integral gives ©*/15. Therefore

_o2ntkt
~ 15h3c2
If we say that we have a uniformly bright spherical blackbody, then the flux just at the surface is

(12.104)

27 /2
F = J dQ cos OB = f d¢ f d6O sin 6 cos OB = 1B (12.105)
0 0

Where we integrate 6 only up to 7t/2 so that we’re only counting radiation that is going outwards
from the blackbody. Therefore, we can define the Stefan-Boltzmann Constant

oo = 2n°k*  mPk?
87 15m3c2 T 6OK3c2

~ 5.6705 x 10> ergs ' cm 2K ™* (12.106)

such that

F=0gk@T? (12.107)

Note: if we observe the flux further away from the surface, then the specific intensity is B only if a
ray from our line of sight intersects the sphere and 0 otherwise, so we must only integrate up to a
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polar angle 6. = arcsin(R/r) where R is the radius of the object and r is our distance away:
27 66 7'L'R2
F= J d¢ f d6 sin 6 cos B = mBsin® 6, = B—— (12.108)
r
0 0

Now let’s see what this gives us in the limit that r > R, which is certainly appropriate when we’re
observing, for example, stars in the Galaxy. Notice that the solid angle as a function of 6, is given by

21 0.
fdQ:f dc/)J d6 sin6® = 27(1 —cos6,) (12.109)
0 0
In the limit r > R, which corresponds to 6, < 1, we have
92
szn(1—1+?°):n93 (12.110)

Where we used the Taylor series cos 0 &~ 1 — 02/2. We can take a similar limit in our expression for
the flux using the first-order series for sin 6 ~ 6

F = nBsin® 0, ~ Bn6? (12.111)
Thus, when 6. is small we can write
F ~ BQ (12.112)

In agreement with what we found earlier in (12.69). Also note that for blackbody radiation, we can
write the radiation pressure by integrating equation (12.57) over frequency, which gives
41 40

P=—B=

” 3 T4 (12.113)

Defining the radiation constant as a = 40 g /c, this becomes simply

1
pP= §aT4 (12.114)

One more important relationship to know related to blackbody radiation is Wein’s displacement
law, which gives the peak frequency/wavelength as a function of temperature. This must be solved
for numerically, which gives:

2898 umK
Apeak R 7

s | Vpeak & (5.879 x 10" HzK™) T (12.115)

Also notice Ve, 7 €/ Apeax Since B, # B;.

12.11.15 Kirchhoff’s Law of Radiation
Say we have an enclosed box at a temperature T that is in thermal equilibrium. Then, anywhere

inside the box we must have blackbody radiation I,, = B,(T), as proven in the last section. Now say
that we have some small opening in the box, and we place some material at the opening with the
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same temperature T (but the material may have different absorption/emission properties than the
material within the box). By the first law of thermodynamics, the material is in thermal equilibrium
with the box, so there can be no net exchange of energy through the opening. This means that
any radiation passing through the opening also cannot change, since radiation carries energy. This
requires

dI
> =j —a,B(T)=0 12.116
de JV a‘V v( ) ( )
Therefore, we obtain Kirchhoff’s Law of Radiation
Jy=a,B,(T) (12.117)
Which means that our source function
S, =22 =B (T) (12.118)
av

We could have placed the material anywhere, so this relationship guarantees that the source function
is the Planck function everywhere inside the box. This also guarantees that I, = B,(T) everywhere
inside the box, as we expected. However, this does not mean that we will always observe I, = B,(T)
from blackbody sources. In fact, this is only the case if the source is optically thick. Using equation
(12.83) and assuming that S, = B,(T) is approximately constant over the integral, we obtain

I,=1,0) " +(1—e")B,(T) (12.119)

Consider a cloud of gas in thermal equilibrium at temperature T. If the cloud is optically thick
(7, > 1), then the intensity becomes

I,~B,(T) (optically thick) (12.120)
However, if the cloud is optically thin (7, < 1), then we instead get
I,~I1,0)(1—7,)+7,B,(T) (optically thin) (12.121)

Confusingly, people often define dimensionless quantities called the emissivity ¢, and absorptivity
a,. Despite having the same name and same symbol, this emissivity is not the same thing as what
was described in It is simply the ratio of the observed intensity to the intensity that would
be expected from a pure blackbody:

I,=¢,B,(T) (12.122)

Similarly, the absorptivity is not the same thing as the absorption coefficient. It is simply the ratio
of the absorbed intensity to the incident intensity. In general we know that after being extincted,
intensity goes as e *”, so the absorptivity must be

a,=1—e" (12.123)

On the walls of a blackbody, the incident intensity is B,(T) and the absorbed intensity is a,B,(T).
For there to be no net energy transfer, the emitted intensity then must also be a,B,(T). But we just
said above that the emitted intensity is €,B,(T). Therefore, in this language, Kirchhoff’s Law is recast
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as

e, =a,=1—e ™ (12.124)

12.11.16 Magnitudes are scuffed

A magnitude is a logarithmic measure of brightness that dates all the way back to the Greek as-
tronomer Hipparchus and for some reason is still in use today. It is defined such that a difference of
5 magnitudes corresponds to a factor of 100 in brightness, so a difference of 1 magnitude is a factor
of 100'/° ~ 2.5.

The apparent magnitude m of an object is analogous to the specific flux within some filter since it
measures the brightness as it appears to us. Now, at this point we still haven’t defined what the zero
point of our magnitude scale is, so for now we’ll work exclusively in relative quantities. If we have a
reference object with magnitude m,; and flux F,, ¢, then

F
m — m,; = —2.5log;, (—V) (12.125)

v,ref

Notice that because of the negative sign, stupidly, a brighter object corresponds to a smaller mag-
nitude. And yes, magnitudes can be negative if an object is bright enough. Makes perfect sense,
right?

Similarly, the absolute magnitude M of an object is analogous to the specific luminosity within some
filter, and is defined as the apparent magnitude that object would have if it were a distance of 10 pc
away (10 pc is chosen arbitrarily). If we do a similar relative relationship with a reference object at

M., we have

L

v,ref

Since everything is defined to be measured as if it were at 10 pc, we effectively remove the effects of
the distance and have a measure of the object’s intrinsic brightness:

F, 100 d
m—M = 2.5log,, (%) —s | m—M =5log,, (T) =5log,od —5 (12.127)
pc

v

Therefore, the quantity m — M is effectively a measurement of the distance to an object, so we call it
the distance modulus.

Now, if we have an extinction of A magnitudes (see Q83), this is modified by

m—M =5log,,d —5+A (12.128)

Notice that we still haven’t defined a zero point for our magnitude scale. That’s for good reason:
there are many different magnitude scales in use with different zero points and conventions, and
nobody ever specifies which magnitude scale they’re using, so it’s always a great fun time trying to
figure out how to compare magnitudes between studies. Two of the most common scales are:
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* Vega magnitudes: the zero point is defined to be the brightness of Vega. Note: the brightness
of Vega is different in different filters (duh, it’s a blackbody) AND it’s also not constant in time
(...oopsies teehee).

* AB mangitudes: the zero point in every filter is defined to be 3631 Jy.
myp = —2.5log,,(F,/3631Jy) =—2.5log,, F, —48.60

We also have bolometric magnitudes, which are magnitudes (either apparent or absolute) that are
integrated over all frequencies/wavelengths, analogous to bolometric fluxes and luminosities:

F,

Mpop — Mpolref = —2.51081 ( ol ) (12.129)
bol,ref
L

Mo — Myo)ref = —2.510g1 ( o, ) (12.130)
bol,ref

Often we only have measurements of an object within a few select filters rather than across the
whole spectrum, so astronomers have developed bolometric correction factors to convert these.
For example, to convert from a magnitude in the V filter:

BC = My, — My = Mbol _MV (12131)

Another “correction” term often applied to magnitudes is the K-correction. This correction accounts
for the fact that, if we observe a sample of objects at different redshifts in the same filter, the rest-
frame wavelengths that we cover in each object will be different. Thus, depending on the SED shapes
of the objects, we could get completely different values for the magnitudes than would be expected
if we were measuring them all in the same wavelength range. Not only that, but the bandpass of the
filter effectively shrinks by a factor of 1 + z. In general, K-corrections are hard to compute because
you need to have some idea of the underlying SED shape of the source you’re looking at.

Say the SED in the rest frame is given by F(v) and the response function of your filter is S(v). We
observe at a frequency v, that corresponds to a rest-frame frequency of Vv.,i; = Vos(1 + 2), so
the observed flux will be the integral of F(v.p (1 + 2))S(v.s) Over v,,. Notice the arguments for
F and S are different here, which captures the effect of the redshift shifting the bandpass that we
observe the source at. The flux that we would’ve observed if the source was not redshifted would be
F(Vgps)S( o) integrated over v,,,. Since we're integrating over all frequencies in both cases, we can
just drop the subscripts on the v’s. Therefore, remembering the additional factor of 1 + z to account
for the difference in bandpass size, the K-correction is defined by

[FOQ +z))S(v)dv] (12.132)
[ F(m)S(v)dv '

K =-2.5log,, [(1 +2)
0

such that we can convert our observed magnitude m,, to a “rest-frame magnitude” m,., by

Myese = rnobs_K (12133)

See Refs. 274,275.
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12.12 Cosmological Distance Measures

There are a lot of different measurements of “distance” in cosmology, so this section is dedicated to
going over the basics of what we mean when we say “distance” and how all of these different distance
measures are related to each other. See Ref. 276l

12.12.1 Expansion of the Universe and Coordinates

@)

)

Figure 12.8: The measurement of distance to an object in an expanding universe.

Let’s imagine the universe as an expanding sphere as in Figure with a radius R(t) as a function
of time. Then we can define the dimensionless scale factor as the ratio of the size of the universe at
some time t relative to some reference time t,:

_R()
~ R(to)

We can see from here that a(t,) = 1. Now, say we observe an object at a distance of y = r(¢t,) at
time t,. Then at some other time (assuming the object itself is not moving) the distance will just be

a(t) (12.134)

r(t)=a(t)y (12.135)

Thus, g is a scale-independent (and thus time-independent) measure of the distance, which we call
the comoving distance. Now we can derive the recessional velocity due to the expansion by just

taking the derivative of (12.135)):
()= ay = Sr(t) (12.136)
a

Now we can use this to generalize the Hubble law (v = H,d) over all of cosmic time. We just replace
v — |t| and d — |r|. Then the Hubble “constant” is just
_

H(t) = i (12.137)

r

Q| a
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12.12.2 The FLRW Metric

To find a metric that describes the expanding and potentially curved spacetime of the universe ac-
curately, let’s build up one step at a time, starting with the basic metric in flat polar coordinates:

ds*> = dp? + p?do? (12.138)

Where p and ¢ are the usual radial and azimuthal angle coordinates.

How does this change if our “2D” distance is actually on a curved surface like a sphere? Let’s call our
spherical coordinates (R, 6, ¢), where the radial coordinate R is always the full radius of the sphere
since we are considering a 2D surface. Then, a metric on the surface of this sphere should look like

ds*> = R%d0? + p>d¢? (12.139)

See Figure The relationship between the cylindrical radial coordinate p and the spherical radial
coordinate R is

P =Rsinf — dp =Rcos6d6O (12.140)
N
Rd0
ds
T e
vl
8 /8

2
¢ : 7Fd4>
78

Figure 12.9: The differential distance on a 2D spherical surface.

And

R2—p2 d Rd d
cosé’z—lo — RdO=—F = P _ P
R cos  JRZ—p2 /1—p?/R?

Therefore, if we want to express this metric in terms of the flat radial coordinate p, we have the
following, defining the curvature K = 1/R>

(12.141)

2

dp

ds® = —
1—-Kp

+ p?d¢? (12.142)
Now all we have to do is generalize this to a 3D curved space. This is hard to visualize since we have
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some curvature in addition to the 3 spatial dimension we already have. Nonetheless, it’s easy to just
write out what the metric should be if we don’t think about it too hard:

2

ds? =
1—Kr2

+r2d0?% + r?sin? 0d¢? (12.143)

And voila! The hard part is over. Now we just have to generalize to 4D spacetime with the Mike
Wazowski metric, which we can do by simply adding a negative time coordinate —c2dt?, and the
expansion of the universe. We can also simplify the notation by defining dQ? = d6? + sin* 6d¢2.

Now we’ll replace our radial coordinate with r — a(t)r such that r is now a comoving coordinate.
We'll also define the scale-independent curvature k such that K(t) = k/a?(t). This allows us to write
the metric as

2

1—kr2

ds? = —c?dt* + az(t)[ + rzdﬂz] (12.144)

This is the Friedmann-Lemaitre-Robertson-Walker (FLRW) Metric. In this formulation, k has units
of 1/length? and a is dimensionless. Sometimes it is alternatively written with the radius of curvature
R(t) = a(t)R(t,) (from above), dimensionless distance # = r/R(t,), and dimensionless curvature
k" = kR(t,)?. This has the advantage of being able to absorb the normalization of the curvature into
R(t), so k' only takes values in the set {—1,0,1}, representing an open, flat, and closed universe,
respectively.

=2

1—k'r2

ds? = —c?dt? +R2(t)[ + deﬂz] (12.145)
However, most of the time you will see it written following equation (12.144). We’ve built this
metric up from simple cases and adding complexity using mostly heuristic arguments, but it can
be constructed more formally using the Riemann curvature tensor in a manifold that is maximally
symmetric.

12.12.3 Redshift and the Scale Factor

Aemit Molas
— « 4 >
S
cat = aBdr

Figure 12.10: Diagram showing the redshifting of photons due to the expansion of the universe.

Redshift is defined as

Aobs _ Aemit A'obs 1 (12 146)
z= = — .
Aemit Aemit
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We can find the relationship between the cosmic scale factor a and the redshift z by considering two
pulses of light separated by a wavelength A, ;.. They travel a distance cdt = a(t)dr, and at the end
of their journey they are now separated by a distance A,,. See this depicted in Figure We can
integrate to find the comoving distance r that the first pulse travels:

Tobs Lobs

cdt
J dr = J — (12.147)

Temit Lemit a(t)

The second pulse travels the same distance but starts and arrives a bit later, so
Lo s+5to S Lobs Lo s+6to S Lemi +5temi
f R ede f * cdt N T cdt f ‘ " cdt (12.148)
temit+5temit a(t) Lemit a(t) Lobs a(t) Lemi a(t)

Then we set these two distances equal and approximate the small integrals by assuming a(t) does
not change over the short integration time

tobs Lobs

cdt cdt c c

f <. f 8ty — — bt (12.149)
temit a( t) temit a ( t) aObS aemit

The left two terms cancel with each other, leaving only the differential terms. Notice that we have
essentially said the quantity c6t/a, which is like a comoving distance between the wave crests, should
be constant from the time of emission and the time of observation. Then, with 6t =1/v = A/c, we
have
A Aemi a A
obs — Zemit | obs — obs (12150)

Aops Aemit Aemit Aemit

Now we set a,,, = 1 for today, and we use the definition of redshift to obtain

1
—=1+z (12.151)
a
12.12.4 Hubble Distance
This is just a constant, defined as
dy = c¢/H, ~ 4300h_; Mpc (12.152)

12.12.5 Comoving Distance

We can already see our first important distance measure: the comoving distance d, = y. As men-
tioned, this represents the actual physical distance between two objects that would be measured by
a ruler at the present epoch (t,). To find an expression for the comoving distance in terms of ob-
servable parameters, let’s consider a photon traveling from some distant object towards us along a
radial line of sight. Then, using the FLRW metric (12.144) in the case where ds? = 0 (light-like), and
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choosing d6? = d¢? = 0 (radial path), we have

r / to /
X:J d—r=J cdt’ (12.153)

o Y1—kr2 ), a(t)
The comoving coordinate r here must be distinguished from the comoving distance y—r here is
just the radial comoving coordinate, but y is the actual comoving distance that would be measured
by a ruler. In a spatially flat universe, these are the same (k = 0), but they differ in curved universes.
To see why, think of an ant on the surface of a sphere (Figure[12.11)). It walks down some distance
D from the top and traces out a circle. The circle has a circumference 2tp where p = Rsin9 is
the perpendicular distance from the vertical axis, but the ant expects it to have a circumference of
21D since that’s how far it walked from the center. The difference is due to the curved nature of the
surface. The “coordinate distance” here is r = p, but the actual distance from the center is y = D.

We see that y > r in this case, since we have positive curvature. Likewise, y < r if we have negative
curvature.

Figure 12.11: Demonstration of the effect of curvature of measured coordinates**.

We can get the full relationship between r and y by integrating the LHS of (12.153]). We see

|k|~*/?arcsinh(r+/]k]) k<O open universe
X =1Tr k=0 flat universe (12.154)
k|2 arcsin(r+/]k]) k>0 closed universe

Note, we can also write the integral in terms of the redshift by noticing that

gg’_ da _ dz 1 __%
aa Ha> (1+2)2Ha®? H

(12.155)
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x—fz cdz’ _LJZ dz’ (12.156)
, H(z) H, J, Ez) ’

In summary, the comoving distance is

e ©dy
dc(Z)—L () —dHfo ) (12.157)

The interpretation here is that for each small timestep d¢t, the photon travels a distance cdt. By
dividing this by the scale factor at the time a(t), we convert this into the distance it would be today.

Note: sometimes people write the FLRW metric in terms of the comoving distance y rather than the
coordinate distance r. In this case, it takes the form

ds? = —c?dt® + az(t)[d)(2 + Sz(x)dﬂz] (12.158)

where S(y) is the inverse of equation (12.154).

12.12.6 Proper Distance

Next up, we have the proper distance. As the name suggests, this is literally just the actual distance
between two objects that would be measured by a ruler at any point in cosmic time. Therefore, at the
present epoch, this is the same thing as the comoving distance, but at different epochs it will differ
by the scale factor, i.e.

d,(z) = a(t)d,(z) = ﬁdc(z) (12.159)

12.12.7 Transverse Comoving Distance / Proper Motion Distance

Let’s look back at the comoving coordinate . We can try to find this as a function of z by reversing the
relationships we derived for the comoving distance d.. Particularly, the reverse of equation (12.154)),
substituting Q = —kc*/H} = —kd?, gives

( dy .
\/IQ_KISIH (\/|Q |dc(2)/ ) Q>0

dy(z)=r=1 d.(2) Q=0 (12.160)

dy .
msm(v |QK|dC(z)/dH) Qr <0

\ K

As discussed above, this is the comoving coordinate, which is NOT the same as the comoving
distance. However, this quantity is still useful to us because it can help us determine perpendicular or
transverse distances. For this reason, it is often given its own special name: the transverse comoving
distance or the proper motion distance, with the symbol d,,(2).
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To see why we need to use this instead of the comoving distance, look back at the FLRW metric again.
This time, consider that we have 2 objects at the same redshift z separated by an angle 6. To get the
proper distance between these two objects at the current time t,, we can set dt =dr = d¢ =0, and
with a(t,) = 1 we find

ds=rd8 — r=dy,(z)=ds/do (12.161)

This shows that the transverse comoving distance is the correct distance to use when we want to
convert angular separations to physical separations (at the current epoch). The reason this is also
sometimes called the proper motion distance is because this can be equivalently thought of as the
ratio of the physical transverse velocity to the angular velocity:

dy(2)=5/0 (12.162)

since the dt’s cancel.

12.12.8 Angular Diameter Distance

If we want to know the physical separation between two objects at the same redshift z at the epoch
given by z rather than the current epoch, then we need to correct the transverse comoving distance
by the scale factor. This is called the angular diameter distance:

D 1
du(z) = 7= a(t)dy(z) = 1—+ZdM(z) (12.163)

This distance is used often to determine the physical sizes of objects (D) based on their angular sizes
on the sky (60), since for a gravitationally bound object like a galaxy, the physical size will not change
with the expansion of the universe. Note that for a flat universe, this is equal to the proper distance.

Also noteworthy here is that this gives a relationship between the apparent angular size of an object
0 as a function of redshift (since D is fixed): 6(z) = D/d,(2z). The angular diameter distance actually
has a turnover, meaning that the angular sizes of objects paradoxically start increasing with redshift
after this turnaround point (at g ~ 1).

12.12.9 Luminosity Distance

The observed luminosity of an object will be affected by the expansion of the universe. Photons
emitted will be redshifted, therefore decreasing their energy hv by a factor of 1+ z. But in addi-
tion, photons will arrive to us less frequently since the expansion increases the timescale &t between
receiving each photon by another factor of 1 + z. Therefore

h Vobs _ h Vemit 1 Lemit

L. o< = o<
P T Sty 142 6te(1+2)  (1+2)?

(12.164)

Then this luminosity will also be attenuated by the usual 1/r? law, but what distance do we use here
to find the attenuation? The answer is simple if we consider a source that is emitting light at the
origin of our coordinate system (so r = 0). Using the FLRW metric, we see that at the current time
(a = 1), the surface area of the sphere that the photons radiate outwards into at a distance r is just
47r? (since the dO and d¢ components of the metric have no dependence on the curvature), so we
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should use the coordinate distance r, AKA the transverse comoving distance d,;, in the calculation
of the flux. Note that despite the area being 47r?2, the proper distance from the origin to the surface
of the sphere is NOT r, it is still dp. This is analogous to the 2D example with the ant on the surface
of the sphere where the little guy expects his circle’s circumference to be 2tD when in actuality it’s
21 p. With this in mind, we have

F. — Lobs _ Lemit _ Lemit (12 165)
T 4nd2 T 4n(1+2)2dE  4m(1+2)4d? '

If we want to relate the observed flux to the emitted luminosity L., we define the luminosity
distance such that

L

Fp = —22t 12.166
obs 47'Cdf ( )

Comparing these two equations, we see that
d;(2) = (1 +2)dy(2) = (1 +2)*d.(2) (12.167)

Notice that if we have a surface brightness (intensity):

obs 1/ d]% dj

F
I,.= o< o<
T T 1/d2 T (1+2)4d?

Iy O< (12.168)

(1+2)*

It gets dimmed by a factor of (1 + z)*.

12.12.10 Light-travel Distance

What if we want to find the total time that it takes a photon to reach us from a distant object? We
can rewrite dt in terms of the redshift
dt = da dz 1 1 dz
a  (142)2aH Hl+z

(12.169)

And from here it is a matter of integrating to find the total time. We can then multiply this by the
speed of light to find the light-travel distance

’ dz’

As the name suggests, this gives the total distance traveled by a photon on its journey from the
source to us. This is different from the proper distance because when the photon is emitted, the
proper distance between us and the source is shorter than the present-day value (the universe has
expanded during the photon’s travel time). This effect is shown in Figure Dividing by ¢ here
gives the lookback time, which tells us how far back in time we observe the source at.
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otons arrive on Earth

Figure 12.12: Depiction of the light travel distance compared to the proper distance when the photon
is emitted and the proper distance today (i.e. the comoving distance)27Z,

12.12.11 Horizon Distance

We call the proper distance to the farthest observable point the horizon distance. Any two points
separated by a larger distance are thus not in causal contact with each other. As such, this may be
thought of as the radius of the observable universe as a function of time. We can get it by just taking
the integral for the proper distance and extending the limits to reach t = 0, corresponding to z = oo:

_ " edt! _dy *
d,(z) = a(t)JO () 1tz JZ E&) (12.171)

We can approximate this for different eras of the history of the universe. In the radiation-dominated
era, we can plug in a o< t*/? from (8.142)

t

dt’

d, () =~ tl/ZJ im — | dy(t) ~2ct ~ ng) (12.172)
0

In the matter-dominated era, we have a o< t*/° from (8.145)

t

dt’ 2

dh(t)ztz/Bf i/z—/tg — dh(t)zSCtzPTcz) (12.173)
0

And finally, in the A-dominated era, a o< exp(t) from (8.151))

t
cdt’ c
dp,(t) ~ eXP(Ho QAt)f — | d(t) ~
0 exp(H0 QAt’) Hy/ €2y

(exp(H0 QAt)—l) (12.174)
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